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sited in what was then called Broad Street (now Bflllldwick Str"totJ, IInd to Snow thi" WUH "viti",j(,,' 
supporting his theory that the disease was waterborne. Acting on hi .. ndvicc the handl.. wus "'lUov"d 
from the pump and the epidemic ended Soon after-although it may already have been past its peak. 
Snow's discovery eventually led to massive public investment during the second half of the nineteenth 
century to secul'e safe public water supplies for the rapidly growing industrial cities of the UK, and is 
arguably the most influential research using spatial analysis ever conducted. The events are now 
celebrated by a small monument in the form of a water pump and by a nearby pub called the John Snow. 
Of course, the stoty is not quite as simple as is often suggested. It is clear that the map servmi to confirm 
Snow's already well developed theories about cholera transmission, and also that its purpose was largely 
to sell his theory to skcptical officialdom. This need for theory in the analysis of geogra.phic information, 
and the US!) of well·cho.."n displays to communicate ideas, are recurrent themes in this book. We have 
little doubt that if' we fast-rorwarded to the beginning of the twenty-first century, Snow would almost 
c()rtuinly huv!' f"""rdcd, analyzed, and visualized his data using geographic information system software 
nnd then nppliminny one of several statistical tests for randomness in a spatial point pattern that we 
diHcu>!>! in Chupt(lf 4 of this book. 

~'or 11 r""ent account of Snow's work, see H. Brody, M. R. Rip, P. Vinten-Johansen, N, Paneth, and S. 
Itlldlllllll1 (200()), Map-making and myth-making in Broad Street: the London cholera epidemic, 1854. The 
/'''IIt'I't. aGo (9223), 64-68. 
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Preface 


-


Like Topay, this book "jes growed" out ofa little book one of us wrote in the 
period from 1979 to 1981 (Introductory Spatial Analysis, Methuen, 
London). Although it was fully a decade after the appearance of the first 
commercial geographical information system (G18) and more or less coin
cided with the advent of the first microcomputers, that book's heritage was 
deep in the quantitative geography of the 1960s, and the methods discussed 
used nothing more sophisticated than a hand calculator. Attempts to pro
duce a second edition from 1983 onward were waylaid by other projects
almost invariably projects related to the contemporary rapid developments 
in GISs. At the same time, computers became available to almost everyone 
in the developed world, and in research and commerce many people discov
ered the potential of the geography they could do with GIS software. By the 
late 1990s, it was apparent that only a completely new text would do, and it 
was at this point that the two of us embarked on the joint project that 
resulted in the present book. 

The materials we have included have evolved over a long period of time 
and have been tried and tested in senior undergraduate and postgraduate 
courses that we have taught at universities in Leicester, London (Birkbeck 
and University Colleges), Pennsylvania (Penn State), Waikato, Canterbury 
(New Zealand), and elsewhere. We are passionate about the usefulness of 
the concepts and techniques we present in almost any work with geographic 
data and we can only hope that we have managed to communicate this to 
our readers. We also hope that reservations expressed throughout concern
ing the overzealous or simpleminded application of these ideas do not 
undermine our essential enthusiasm. Many of our reservations arise from 
a single source, namely the limitations of digital representations ofexternal 
reality possible with current (and perhaps future?) technology. We feel that 
if GIS is to be used effectively as a tool supportive of numerous approaches 
to geography and is not to be presented as a one-size-fits-all "answer" to 
every geographical question, it is appropriate to reveal such uncertainty, 
even to newcomers to the field. 

Although it was not planned this way, on reflection we progress from 
carefully developed basics spelled out in full and very much grounded in

• 
ix 
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the intellectual trudition or IlItroductory Spatial Alla/:vsis, to mom dif.lt~lIr
sive accounts of recent compututionally intmH-1iv(~ procedures. 'rlw 
material emphasizes the importance of fundamental concepts and problems 
common to any attempt to apply statistical methods to spatial data and 
should provide a firm grounding for further study of the more advanced 
approaches discussed in more general terms in later chapters. The vintage 
of some of the references we provide is indicative of the fact that at least 
some of the intellectual roots of what is now called geographical information 
science are firmly embedded in the geography of the 1960s and range far 
and wide across the concerns of a variety of disciplines. Recent years have 
seen massive technical innovations in the analysis of geographical data, 
and we hope that we have been able in the text and in the suggested read
ing to capture some of the excitement this creates. 

Two issues that we have struggled with throughout are the use of mathe
matics and notation. These are linked, and care is required with both. 
Mathematically, we have tried to be as rigorous as possible, consistent 
with our intended audience. Experience suggests that students who find 
their way to GIS analysis and wish to explore some aspects in more depth 
come from a wide range of backgrounds with an extraordinary variety of 
prior experience of mathematics. As a result, our "rigor" is often a matter 
merely of adopting formal notations. With the exception of a single "it can 
be shown" in Chapter 9, we have managed to avoid use of the calculus, but 
matrix and vector notation is used throughout and beyond Chapter 5 is 
more or less essential to a complete understanding of everything that is 
going on. Appendix B provides a guide to matrices and vectors that should 
be sufficient for most readers. If this book is used as a course text, we 
strongly recommend that instructors take time to cover the contents of 
this appendix at appropriate points prior to the introduction of the relevant 
materials in the main text. We assume that readers have a basic grounding 
in statistics, but to be on the safe side we have included a similar appendix 
outlining the major statistical ideas on which we draw, and similar com
ments apply. 

Poor notation has a tremendous potential to confuse, and spatial analysis 
is a field blessed (perhaps cursed) by an array of variables. Absolute con
sistency is hard to maintain and is probably an overrated virtue in any case. 
We have tried hard to be as consistent and explicit as possible throughout. 
Perhaps the most jarring moment in this respect is the introduction in 
Chapters 8 and 9 of a third locational coordinate, denoted by the letter z. 
This leads to some awkwardness and a slight notational shift when we deal 
with regression on spatial coordinates in Section 9.3. On balance we prefer 
to use (x,y,z) and put up with accusations of inconsistency than to have 
too many pages bristling with subscripts (a flip through the pages should 

'" 

Preface 

reussure Lilo WHH (H1Hlly intimidated that many subscripts remain l. 'I'his 
pragmatic approach Hh(1Uld serve as a reminder that, like its predect!HHor, 
this book is about the practical analysis of geographic information rather 
than being a treatise on spatial statistics. First and foremost, this is a -geography book! 

No book of this length covering so much ground could ever be the unaided 
work of just two people. Over many years one of us has benefited from 
contacts with colleagues in education and the geographic information 
industry far too numerous to mention specifically. To all he is grateful for 
advice, ·fe'r discussion, and for good-natured argument. It is a testament to 
the open and constructive atmosphere in this rapidly developing field that 
the younger half of this partnership has already benefited from numerous 
similar contacts, which are also difficult to enumate individually. Suffice it 
to say that supportive environments in University College London's Centre 
for Advanced Spatial Analysis and in the Penn State Geography 
Department have helped enormously. As usual, the mistakes that remain 
are our own. 

David O'Sullivan, The Pennsylvania State University (St. Kieran's Day, 

2002) 

Dave Unwin, London, England Valentine's Day, 2002) 
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Geographic Information Analysis and Spatial 
Data 

CHAPTER OBJECTIVES 

In this first chapter, we: 

• Define geographic information analysis (or spatial analysis) as it is 
meant in this book 

• Distinguish geographic information analysis from GIS-based spatial 
analysis operations while relating the two 

• Review 	the entity~attribute model of spatial data as consisting of 
points, lines, areas, and fields, with associated nominal, ordinal, 
interval, or ratio data, 

• Review GIS 	spatial manipulation operations and emphasize their 
importance 

After reading this chapter, you should be able to: 

• 	List three different approaches to spatial analysis and differentiate 
between them 

• Distinguish between spatial objects and spatial fields and say why 
the vector versus raster debate in GIS is really about how we choose 
to represent these entity types 

• Differentiate between point, line, and area objects and give examples 
of each 

• Differentiate between nominal, ordinal, interval, and ratio attribute 
data and give examples of each 

• Give examples of at least 12 resulting types of spatial data 
• List some of the basic geometrical analyses available in a typical GIS 

1 
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• GiVIl "(1111'411111'1 IlWt.hlldH of Hputilll 1IIIIIIYHiH IIm not W(~1l 
reprllHNI t.nd in kit.H 1lI'llvhh·d bv 11 tVl>iclI1 OlH 

1.1 . INTRODUCTION 

Geographic informlltion analysis is not an established discipline. In fact, it 
is n rather new concept. To define what we mean by this term, it is neces
Hury first \;0 define a much older term-spatial analysis-and then to 
deHcribe how wc sce the relationship between the two. Of course, a succinct 
dofinition of spatial analysis is not straightforward either. The term comes 
up in vuriouH contexts. At least four broad areas are identifiable in the 
Iitnrature, each using the term in different ways: 

1. 	Spatial data manipulation, usually in a geographic information 
system (GIS), is often referred to as spatial analysis, particularly 
in GIS companies' promotional material. Your GIS manuals will 
give you a good sense of the scope of these techniques, as will 
texts by Tomlin (1990) and, more recently, Mitchell (1999). 

2. 	Spatial data analysis is descriptive and exploratory. These are 
important first steps in all spatial analysis, and often all that can 
be done with very large and complex data sets. Books by geogra
phers such as Unwin (1981), Bailey and Gatrell (1995), and 
Fotheringham et al. (2000) are very much in this tradition. 

3. 	Spatial statistical analysis employs statistical methods to interro
gate spatial data to determine whether or not the data are "typical" 
or "unexpected" relative to a statistical model. The geography texts 
cited above touch on these issues, and there are a small number of 
texts by statisticians interested in the analysis of spatial data, 
notably those by Ripley (1981, 1988), niggle (1983), and Cressie 
(1991). 

4. 	Spatial mode ling involves constructing models to predict spatial 
outcomes. In human geography, models are used to predict flows 
of people and goods between places or to optimize the location of 
facilities (Wilson, 1974, 2000), whereas in environmental science, 
models may attempt to simulate the dynamics of natural processes 
(Ford, 1999). Modeling techniques are a natural extension to spa-

analysis, but most are beyond the scope of this book. 

In practice, it is often difficult to distinguish among thcl!Il.l approaches, 
and most serious quantitative research or investigation in geogrnphy and 
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allied diHciplitll'H Illlly involve all fimr. Data are stored llnd vhmalizml in 11 

GIS environnwnt. Hnd dm;criptive and exploratory techniques may raise 
questions !lnd HuggeHt theories about the phenomena of interest. These 
theories may be subjected to traditional statistical testing using spatial 
statistic~l techniques. Theories of what is going on may be the basis for 
computer models of the phenomena, and their results may in turn be sub
jected to statistical investigation and analysis. 

Current GISs typically include item 1 as standard (a GIS without these 
functions would be just a plain old IS!) and have some simple data analysis 
capabilities, especially exploratory analysis using maps (item 2). GISs only 
rarely incorporate the statistical methods of item 3 and almost never 
include the capability to build spatial models and determine their probable 
outcomes. Items 2, 3, and 4 are closely interrelated and are distinguished 
here just to emphasize that statistics (item 3) is about assessing probability 
and assigning confidence to parameter estimates of populations, not simply 
about calculating summary measures such as the sample mean. In this 
book we focus most on items 2 and 3. In practice, you will find that statis
tical testing of spatial data is relatively rare. Statistical methods are well 
worked out and understood for some types of spatial data, but less so for 
many others. As this book unfolds, you should begin to understand why this 
is so. 

Despite this focus, don't underestimate the importance of the spatial data 
manipulation functions provided by a GIS, such as buffering, point-in-poly
gon queries, and so on. These are an essential precursor to generating 
questions and formulating hypotheses. We review these topics in Section 
1.3, to reinforce their importance and to consider how they might benefit 
from a more statistical approach. More generally, the way that spatial data 
are stored-or how geographical phenomena are represented in a GIS-is 
increasingly important for subsequent analysis. We therefore spend some 
time on this issue in most chapters of the book. This is why we use the 
broader term geographic information analysis for the material we cover. A 
working definition of geographic information analysis is that it is concerned 
with investigating the patterns that arise as a result of processes that may 
be operating in space. Techniques and methods to enable the representa
tion, description, measurement, comparison, and generation of spatial pat
terns are central to the study of geographic information analysis. 

For now we will stick with whatever intuitive notion you have about the 
meaning of two key terms here: pattern and process. As we work through 
the concepts of point pattern analysis in Chapters 3 and 4, it will become 
clearer what is meant by both terms. For now, we will concentrate on the 
question of the general spatial data types you can expect to encounter in 
studying geography. 
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1.2. SPATIAL DATA TYPES 

Thought Exercise: Representation 

Throughout this book you will find thought exercises to help you feJ1Qw the 
materials presented. Usually, we~ you to do $omethi~gand U$~ the 
results to draw some useful torli::t~si~:Yo~ fitltlthat~tne.yti~lp 
you remember what we'vefhe{tist;exe~~;lsicQf1ce~ned.wi1:nh~ 
we represent geography In adigltaf;~Q~~teF.. .. '., . ..... . . 

1. 	 Assume that you at~W6r~g:~~l:i·r~a(Jmalnte~li~c~~gency. YouI' 
responsibilities extendb;{thf,!~~d$6Ver, say, ae~~nty.sjzed area. 
Your GIS is required to $t.l'pp()~opera(lons suc~as.: 

• 	Surfa~. renewaf ,1i~,. requ~r~rJ, .,' . 
• 	Avoiding dashes witt:lptbe\r agendes---utility: c;;ompanies, for 

ex~mpl~tt:lat als~~ig·hp~. i~ the roads . 
"lmprOv~me~tstOtherOa~,;~fU~ure 

Thlhkaboutanowrltedowl'1 ho~ you wouldtecOratfiegeometry of the 
netiwor:k of roads in your da:tahasEl,What road attfibuteswouldyou collect? 

2. 	 Imagine that you are workif)gfor.a bus company for the ,same area. 
Now the'.,(aS must ,support operations s~ch.as: . 

• 	Timetabling 
• Predidingdemandfor t:l\.I.:;tLIII~~.flo,l 
• 	Optimizing whe~st(lpsare 

How would the rec(:lrdmg of the geometry onhe road network and its 
attributes differ frof\l y()ur suggestfons instep 18,bove? 

What simple conclusion can we draw. from thiS? It should be dear that 
how we represent t"e~amegeographj~t ~ntlties differs according to the 
purpose.,'<~d tile representation. ThisisQbv.i~usbut i,s often forgotten I

"' "," 	 ,,") :,",' ' '," ), ,', " '~ ; 

When you think of the world in map form, how do you view it? In the early 
GIS literature a distinction was often made between two kinds of system, 
characterized by the way that geography was represented in digital form: 

1. 	A vector view, which records locational coordinates of the points, 
lines, and areas that make up a map. In the vector view we list the 
features present on a map and represent each as a point, line, or 
area object. Such systems had their orib>ins in the use of computers 
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to drllw IIIl1pM ImM(ld on digitul datn and were particularly vuluml 
whon t~olllpll\'(\r memory was an expensive commodity. Although 
the fit iM im~xact, the vector model conforms to an object view of 
the world, where space is thought of as an empty container occu
p!'ed by different sorts of objects. 

2. 	Contrasted with vector systems were raster systems. Instead of 
starting with objects on the ground, a grid of small units of 
Earth's surface (called pixels) is defined. For each pixel, the 
value, or presence or absence of something of interest, is then 
recorded. Thus, we divide a map into a set of identical, discrete 
elements and list the contents of each. Because everywhere in 
space has a value (even if this is a zero or null), the raster approach 
is usually less economical of computer memory than is the vector 
system. Raster systems originated mostly in image processing, 
where data from remote sensing platfonns are often encountered. 

In this section we hope to convince you that at a higher level of abstrac
tion, the vector-raster distinction is not very useful and that it obscures a 
more important division between what we call an object and a field view of 
the world. 

The Object View 

In the object view, we consider the world as a series of entities located in 
space. Entities are (usually) real: You can touch them, stand in them, per
haps even move them around. An object is a digital representation of all or 
part of an entity. Objects may be classified into different object types: for 
'example, into point objects, line objects, and area objects. In specific applica· 
tions these types are instantiated by specific objects. For example, in an 
environmental GIS, woods and fields might be instances of area objects. In 
the object view of the world, places can be occupied by any number of 
objects. A house can exist in a census tract, which may also contain lamp
posts, bus stops, road segments, parks, and so on. 

Different object types may represent the same real·world entities at dif
ferent scales. For example, on his daily journey to work, one of us arrives in 
London by rail at an object called Euston Station. At one scale this is a dot 
on the map, a point object. Zoom in a little and Euston Station becomes an 
area object. Zooming in closer still, we see a network of railway lines (a set 
of line objects) together with some buildings (area objects). Clearly, the 
same entity may be represented in several ways. This is an example of 
the multiple-representation problem. 
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advantages when well-defined objectH changll in time: fhr example, the 
changing data for a census area object over a series of population censuses. 
Life is not so simple if the objects are poorly defined (fuzzy objects), have 
uncertain boundaries, or change their boundaries over time. Note that we 
have said nothing about object orientation in the computer science sense. 
Worboys et al. (1990) give a straightforward description ofthis concept as it 
relates to spatial data. 

The Field View 

In the field view, the world is made up of properties varying continuously 
across space. An example is the surface of Earth itself, where the field 
variable is the height above sea level (the elevation). Similarly, we can 
code the ground in a grid cell as either having a house on it or not. The 
result is also a field, in this case of binary numbers where 1 house and 
o no house. If it is large enough or if its outline crosses a grid cell bound
ary, a single house may be recorded as being in more than one grid cell. The 
key factors here are spatial continuity and self-definition. In a field, every
where has a value (including "not here" or zero), and sets of values taken 
together define the field. In the object view it is necessary to attach further 
attributes to represent an object fully-a rectangle is just a rectangle until 
we attach descriptive attributes to it. 

You should note that the raster data model is just one way to record a 
field. In a raster model the geographic variation of the field is represented 
by identical, regularly shaped pixels. An alternative is to use area objects in 
the form of a mesh of nonoverlapping triangles, called a triangulated irre
gular network (TIN) to represent field variables. In a TIN each triangle 
vertex is assigned the value of the field at that location. In the early days 
ofGISs, especially in cartographic applications, values of the land elevation 
field were recorded using digital representations of the contours familiar 
from topographic maps. This is a representation of a field using overlapping 
area objects, the areas being the parts of the landscape enclosed within each 
contour. 

Finally, another type of field is one made up of a continuous cover of 
assignments for a categorical variable. Every location has a value, but 
values are simply the names given to phenomena. A good example is a 
map of soil type. Everywhere has a soil, so we have spatial continuity, 
and we also have self-definition by the soil type involved, so this is a field 
view. Other examples might be a land-use map, even a simple map of areas 
suitable or unsuitable for some development. In the literature, these types 
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of fi"ld vl1riuhltlH hllv(' hmm given many different names. Quantitativo gllO
grapherM uMod to l~1l11 them k-color maps on the grounds that to show thorn 
as maps the Ulmul way was to assign a color to each type to be represented 
and that a number of colors (k) would be required, depending on the vari
able. ~en there are just two colors, call them black (1) and white (0), this 
gives a binary map. A term that is gaining ground is categorical coverage, to 
indicate that we have a field made up of a categorical variable. 

For a categorical coverage, whether we think of it as a collection of objects 
or as a field is entirely arbitrary, an artifact ofhow we choose to record and 
store it. On the one hand, we can adopt the logic discussed above to consider 
the entities as field variables. On the other, why don't we simply regard 
each patch of color (e.g., the outcrops of a specified rock type or soil type) as 
an area object in an object view of the world? In the classic georelational 
data structure employed by early versions of ArcInfo, this is exactly how 
such data were recorded and stored, with the additional restriction that the 
set of polygonal area objects should fit together without overlaps or gaps, a 
property known as planar enforcement. So is a planar-enforced categorical 
coverage in a GIS database an object or a field representation of the real 
world? We leave you to decide but also ask you to consider whether or not it 
really matters. 

Choosing the Representation to Be Used 

In practice, it is useful to get accustomed to thinking of the elements of 
reality modeled in a GIS database as having two types of existence. First, 
there is the element in reality, which we call the entity. Second, there is the 
element as it is represented in the database. In database theory, this is 
called the object (confusingly, this means that a field is a type of object). 
Clearly, what we see as entities in the real world depends on the applica
tion, but to make much sense, an entity must be: 

• Identifiable. If you can't "see" it, you can't record it. Note that many 
of the critiques of work based on this approach make the point that 
this severely restricts what we can ever know from our analyses. 

• Relevant. It must be of interest. 
• Describable. 	It must have attributes or characteristics that we can 

record. 

Formally, an entity is defined as a phenomenon of interest in reality that 
is not further subdivided into phenomena of the same kind. For example, a 
road network could be considered an entity and subdivided into component 
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parts called road.'!. 'l'hese might bo suhdividmi f'ul't1wr, but those parts 
would not be called roads. Instead, they might bo road segments or some
thing similar. Similarly, a forest entity could be subdivided into smaller 
areas, which we could call stands, which are in turn made up of individual 
trees. 

The relationship between the two types of spatial representation-object 
or field-is a deep one, which it can be argued goes back to philosophical 
debates in Ancient Greece about the nature of reality: continuously varying 
field of phenomena or empty container full of distinct objects? You should 
now be able to see that the key question from the present perspective is not 
which picture of reality is correct but which we choose to adopt for the task 
at hand. 

Although the vector-raster distinction still has echoes in the way that 
GISs are constructed, it camouflages a number of things: 

1. 	The choice ofviewpoint really depends on what you want to do with 
the data once they have been entered into the system. For example, 
a GIS-equipped corporation concerned with the management of 
facilities such as individual buildings, roads, or other infrastruc
ture may consider an object view most appropriate. In contrast, 
developers of a system set up to allow analysis of hazards in the 
environment may adopt a field view. Most theory in environmental 
science tends to take this approach, using for example, fields of 
temperature, wind speed, and atmospheric pressure from meteor
ology. Similarly, most data from remote sensing platforms are col
lected in a way that makes the field view the most obvious one to 
take. In recent years some population geographers have, perhaps 
surprisingly, found that, rather than using planar-enforced census 
reporting areas for which data were recorded, representing popula
tion density as continuous fields can be useful for visualization and 
analysis. 

2. 	Representing the content of a map is not the same as representing 
the world. The objectives of map design are visual, to show map 
users something about the real world, whereas the objectives of a 
database have to do with management, measurement, analysis, 
and modeling. It pays to keep these objectives distinct when choos
ing how to represent the world in digital form. 

3. Being overly concerned with the distinction between the two sys
tems confuses methods of coding in the database with the model of 
reality being coded. As we have seen, the best example of this is 
that continuous fields can be represented using either raster or 
vector coding. 
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4. 	1'llll diHt.indioll hides the fhct that there are aspects of geographic 
renlity thllt wo might want to capture that are not well repre
sented in oither the raster-vector or object-field views. The 
o..vious 'example here is a transport network. Often, a network 
is modeled as a set of line objects (the routes) and a set of point 
objects (transport nodes), but this data structure is very awkward 
in many applications. Another example is becoming increasingly 
important, that of image data. An image in a GIS might be a 
scanned map used as a backdrop, or it might be a photograph 
encoded in any of the standard formats. At the nuts-and-bolts 
level, images are coded using a raster approach, but the key to 
understanding them is that other than being able to locate where 
a cursor is Qn an image, the values of the attributes themselves 
are not readily extracted, nor for that matter are individual pixel 
values important. It is the image as a whole that matters. In the 
most recent revision of the ArcInfo GIS, some of these complex
ities are recognized by having five representations of geography, 
called locations, features (made up of locations), surfaces (fields), 
images, and networks (see Zeiler, 1999). 

5. 	The extended academic debates often ignore the fact that it is pos
sible to convert from one representation to another and that the 
software required has become increasingly common. The obvious 
example is vector-to-raster conversion, and vice versa. 

Types of Spatial Object 

']'he digital representation of different entities requires the selection of 
appropriate spatial object types. There have been a number of attempts 
to define general spatial object types. A common idea-reinvented many 
times-uses the spatial dimensionality of the object concerned. Think 
about how many types of object you can draw. You can mark a point, an 
object with no length, which may be considered to have a spatial dimension, 
or length raised to the power zero, hence LO. You can draw a line, an object 
having the same spatial dimension as any simple length, that is, L 1. Third, 
you can shade an area, which is an object with spatial dimension length 
squared, or L 2 

• Finally, you can use standard cartographic or artistic con
ventions to represent a volume, which has spatial dimension length cubed, 
or L3 

• The U.S. National Standard for Digital Cartographic Databases 
(DCDSTF, 1988) and Worboy's generic model for planar spatial objects 
(Worboys 1992, 1995) both define a comprehensive typology of spatial 
objects in terms similar to these. 
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There are several theorotical and pructklll i.M.MlWH that Huch Ilh.Mtr'llct 
theoretical ideas about spatial objects must recognize: 

1. 	There is a need to separate the representation of an object from its 
fundamental spatial characteristics. For example, a line object may 
be used to mark the edge of an area, but the entity is still an area. 
Real line objects represent entities such as railways, roads, and 
rivers. 

2. 	Geographic scale is important. As we have seen, dependent on the 
scale at which we examine it, a railway station may be represented 
as a point, a set oflines, or an area. The same is true of many other 
entities. Another example of scale dependency is that some real
world objects turn out to be fractal, having the same or a similar 
level of detail no matter how closely we examine them. The classic 
example is a coastline whose "crinkliness" is the same no matter 
how close we look. This implies that no matter how accurately we 
record its spatial coordinates, it is impossible to record faithfully all 
the detail present. We look at this issue in more detail in Chapter 6. 

3. The objects discussed 	are often two-dimensional, with depth or 
height as an attribute, whereas real-world objects exist in all 
three spatial dimensions. A volume of rock studied by a geologist 
exists at some depth at a location but also has attributes such as its 
porosity, color, or whatever. 

4. 	This view ofthe world is a static one, with no concept of time except 
as an attribute of objects. This is fine for some problems, but in 
many applications our main interest is in how things evolve and 
change over time. 

5. Even 	in this limited world view, the number of geometric and 
spatial analytical operations that we might require is already 
large. We have operations involving just points (distance), just 
lines (intersection), just areas (intersection and containment), or 
any combination of point, line, or area objects. 

Ceo.,.phlc Information Analysis and Spatial Data 

fl.ld, If the entity Is to be represented as an object, say whether It Is 
a point, IIn., or area object. 

2. 	 If you were asked to produce an initial specification for a data model 
tat would enable a mapping agency to Hplay back" this map 
a digital version held in a database;. how· many specific instaJ'tt'tJSl:: 
objects (of all kinds)a,nd fields.woold·you need to recol'd?· 

course, nq, single correct 

1.3. SCALES FOR ATTRIBUTE DESCRIPTION 

In addition to point, line, and area object types, we also need a means of 
assigning attributes to spatially located objects. The range of possible attri 
butes is huge, since the number of possible ways we can describe things is 
limited only by our imagination. For example, we might describe buildings 
by their height, color, age, use, rental value, number of windows, architec
tural style, ownership, and so on. Formally, an attribute is any character
istic of an entity selected for representation. In this section we explore a 
simple way of classifying attributes into types based on their level of mea
surement. This is often a constraint on the choice ofmethod of analysis and, 
ultimately, on the inferences that can be drawn from a study of that attri 
bute's spatial structure. 

Before describing the levels of measurement that are usually recog
nized, it is important to clarify what is meant by .measurement. When 
information is collected, measurement is the process of assigning a class 
or value to an observed phenomenon according to some set rules. It is not 
always made clear that this definition does not restrict us to assignments 
involving numbers. The definition also includes the classification of phe
nomena into types, or their ranking relative to one another on an assumed 
scale. You are reading a work that you assign to the general class of 
objects called books. You could rank it relative to other books on some 
scale of merit as good, indifferent, or bad. It is apparent that this general 
view of measurement describes a process that goes on in our minds vir
tually all our waking lives, as we sense, evaluate, and store information 
about our environment. 

If this everyday process is to yield useful measurements, it is necessary to 
insist that measurements are made using a definable process, giving repro
ducible outcomes that are as valid as possible. The first requirement implies 

the measurer knows what they are measuring and is able to perform the 
necessary operations; the second, that repetition of the process yields the 
same results and gives similar results when different data are used; the 
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third implies that the mmumrementH urn true or uccurnte. If any of thoHe 
requirements are not met, the resulting measurement!:! will be oflimitod use 
in any GIS. In short, we need to know what we are measuring, there must be 
a predefined scale on to which we can place phenomena, and we must use a 
consistent set of rules to control this placement. 

Sometimes what we need to measure to produce attribute data is 
obvious, but sometimes we are interested in analyzing concepts that are 
not readily measured and for which no agreed measurement rules exist. 
This is most common when the concept of interest is itself vague or spans 
a variety of possible interpretations. For example, it is easy to use a GIS 
to map the population density over a region, but the concept of overpopu
lation cannot be measured simply by the population density, because it 
involves people's reactions, standard of living, and the resources available. 
Note that, provided attention is paid to the difficulties, these ideas do not 
prevent us from creating measures based on opinions, perceptions, and so 
on, and therefore admit the development of a GIS dealing with qualitative 
data. 

The rules defining the assignment of a name, rank, or number to phe
nomena determine what is called the level of measurement, different levels 
being associated with different rules. Stevens (1946) devised a useful clas
sification of measurement levels that recognizes four levels: nominal, ordi
nal, interval, and ratio. 

Nominal Measures 

Because no assumptions are made about relative values being assigned 
to attributes, nominal measures are the lowest level in Stevens's 
scheme. Each value is a distinct category, serving only to label or 
name the phenomenon. We call certain buildings "shops" and there is 
no loss of information if these are called "category 2" instead. The only 
requirement is that categories are inclusive and mutually exclusive. By 
inclusive we mean that it must be possible to assign all objects to some 
category or other ("shop" or "not a shop"). By mutually exclusive we 
mean that no object should be capable of being placed in more than 
one class. No assumption of ordering or of distance between categories 
is made. With nominal data, any numbers used serve merely as symbols 
and cannot be manipulated mathematically in a meaningful way. This 
limits the operations that can be performed on them. Even so, we can 
count category members to form frequency distributions. If entities are 
spatially located, we may also map them and perform operations on 
their (x.y) locational coordinates. 
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Ordinal Measures 

For nominal n\OUHUrm! there are no implied relationships between classes. 
If it is P8ssible to rank classes consistently according to some criterion, we 
have an ordinal level of measurement. An example is the classification of 
land into capability classes according to its agricultural potential. We know 
the order, but not the difference, along an assumed scale. Thus, the differ
ence between the first and second classes may be very different from that 
between the ninth and tenth classes. Like nominal data, not all mathema
tical operations are clearly meaningful for ordinal data, but some statistical 
manipulations that do not assume regular differences are possible. 

Attributes measured on the nominal and ordinal scales are often referred 
to collectively as categorical data. 

Interval and Ratio Measures 

In addition to ordering, the interval level of measurement has the property 
that differences or distances between categories are defined using fixed 
equal units. Thermometers typically measure on an interval scale, ensuring 
that the difference between, say, 25 and 35"C is the same as that between 
75.5 and 85.5°C. However, interval scales lack an inherent zero and so can 
be used only to measure differeRces, not absolute or relative magnitudes. 
Ratio scales have an inherent zero. A distance of 0 m really does mean no 
distance, unlike the interval scale O°C, which does not indicate no tempera
ture. By the same token, 6 m is twice as far as 3 m, whereas 100°C is not 
twice as hot as 50°C. 

This distinction can be clarified by examining what happens if we calcu
late the ratio of two measurements. If place A is 10 km (6.2137 miles) from 
Band 20 km (12.4274 miles) from C, the ratio of the distances is 

distance AB 10 
distance AC 20 

6.2137 
= 12.4274 

1 
=2 

whatever units of distance are used. Distance is fundamentally a ratio
scaled measurement. Interval scales do not preserve ratios in the same 
way. If place X has a mean annual temperature of 10°C (50"F) and place 



14 15 GEOGRAPHIC INFORMATION ANALYSIS 

Y is 20"C (68'F), we cannot claim that Y iH twice UH hot aH X becamm the 
ratio depends on our units of measurement. In CelsiuH it is 20/10 2, but in 
Fahrenheit it is 68/50 = 1.36. Despite this difference, interval and ratio 
data can usually be manipulated arithmetically and statistically in similar 
ways, so it is usual to treat them together. Together, they are called numer
ical measures. 

Although data may have been collected at one measurement level, it is 
often possible and convenient to convert them into a lower level for mapping 
and analysis. Interval and ratio data can be converted into an ordinal scale, 
such as high/low or hot/tepid/cold. What is generally not possible is to collect 
data at one level and attempt to map and analyze them as if they were at a 
higher level, as, for example, by trying to add ordinal scores. 

It is important to note that not everybody is happy with Stevens's scheme 
for classifying levels of measurement. Velleman and Wilkinson (1993) have 
pointed out that it is unnecessarily restrictive to rule out various types of 
analysis because the level of the attribute measurement seems not to sup
port them (they also point out that this was not Stevens's intention). A good 
example is where a nominal attribute-say, a county ID number-seems to 
have some relationship with another variable of interest. Often, in spatial 
numbering schemes there is a spatial pattern to the numbering-perhaps 
from east to west or north to south, or from an urban center outward. In 
such cases, relationships might very well be found between a theoretically 
nominal attribute (the ID number) and some other variable. Of course, in 
this case it would be important to determine what is responsible for the 
relationship, not simply to announce that county IDs are correlated with 
crime rates or whatever. 

Later, Stevens himself added a log interval scale to cover measures such 
as earthquake intensity and pH, where the interval between measures rises 
according to a power rule. More recently still, Chrisman (1995) has pointed 
out that there are many other types of data that don't fit this scheme. For 
example, many types of line object are best represented by both their mag
nitude and direction as vector quantities (see Appendix B), and we often 
refer measures to cyclical scales such as angles that repeat every 3600 

• 

Similarly, recent developments have led to common formats for many 
types of data. What type of variable is an MP3 file? Are photographic 
images hot-linked to a point on a GIS merely nominal data? There seems 
to be no other place in Stevens's scheme for photographs, which neverthe
less seem to contain a lot more information than this would imply. Such 
criticism of the measurement-level approach emphasizes the important 
principle that it is always good to pursue investigations with an open 
mind! Nevertheless, the nominal-ordinal-interval-ratio scheme remains 
useful in considering the possibilities for analysis. 
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Dim ens i on s an dUn its 

Apart from their lovel of measurement, attributes also have the property of 
dimensifJ,nalit.y Hnd are related to some underlying scale of units. If we 
describe a stream as a line object, variables we might consider important 
include its velocity, cross-sectional area, discharge, water temperature, and 
so on. These measurable variables are some of its dimensions of variability. 
The choice of dimensions is dependent on the interests of the researcher, 
but in many problems in applied science it can often be reduced to combina
tions of the three fundamental dimensions of mass, length, and time, indi
cated by the letters M, L, and T. For example, a velocity dimension is 
distance L divided by time T, or LIT. This is true regardless of whether 
velocity is recorded in miles per hour or meters per second. LT-1 is another 
way of writing length divided by time. 

Similarly, cross-sectional areas can be reduced to the product of two 
length dimensions, or L2, discharge is a volume L3 per unit of time T with 
dimensions L 3T- 1

, and so on. Nondimensional variables are an important 
class whose values are independent of the units involved. For example, an 
angle measured in radians is the ratio oftwo lengths-arc length and circle 
radius-whose dimensions cancel out (LL -1 = L0), to give no dimension. An 
important source of nondimensional values is observations recorded as pro
portions of some fixed total. For example, the proportion of the population 
that is white in some census district is a nondimensional ratio. 

Dimensional analysis, is an extremely valuable method in any applied 
work. Because equations must balance dimensionally as well as numeri
cally, the method can be used to check for the existence of variables that 
have not been taken into account, and even to help in suggesting the correct 
form of functional relationships. Surprisingly, geographers have shown 
little interest in dimensional analysis, perhaps because in a great deal of 
human geographic work no obvious fundamental dimensions have been 
recognized. Yet, as Haynes (1975, 1978) has shown, there is nothing to 
stop the use of standard dimensions such as P (= number of people) or $ 

money), and this usage may often suggest possible forms of equations. 
Finally, interval and ratio attributes are related to a fixed scale of units, 

the standard scales used to give numerical values to each dimension. 
Through history many systems of units have been used to describe the 
same dimensions. For example, in distance measurement use has been 
made of British or Imperial units (inches, feet, miles), metric units (meters, 
kilometers), and other traditional systems (hands, rods, chains, nautical 
miles), giving a bewildering and confusing variety of fundamental and 
derived units. Although many systems were used because of their relevance 
to everyday life and are often convenient, in science they are unsatisfactory 
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and can become confusing. This is something thut tho National Aeronautics 
and Space Agency found out at enormous cost when confusion over the 
system of units used to measure the gravitational acceleration of Mars 
spelled disaster for a recent mission. 
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The answers to these questions give a sense of how potentially rich, but 
also how reductlve the entlty-attrlbute framework Is. As.we exp/orespatl.1 
analysis further, remember this point: Regardless of the inslghts that spatial 
analYis may yield, it Is always performed on a representa.tion 

..may Jttlmately limit its usefulness. . 

1.4. GIS ANALYSIS, SPATIAL DATA 
MANIPULATION, AND SPATIAL ANALYSIS 

It is impossible to consider geographic information near the beginning of 
the twenty-first century without considering the technology that is increas
ingly its home: geographical information systems. Although GISs are not 
ubiquitous in the way that (say) word processors are, they seem likely to 
continue to infiltrate more and more businesses, government agencies, and 
other decision-making environments. Even if this is the first time you've 
read a geography textbook, chances are that you will already have used a 
GIS without knowing it, by using a Web site to generate a map of some 
holiday destination or driving directions to get there. The capacity for GIS 
users to collate and transform spatial data is apparently endless. In this 
section we highlight the increasing need for spatial analysis that we believe 
the rapid diffusion of GIS technology trails in its wake. The operations that 
GISs typically provide are described below. 

Mapping and Visualization 

Often neglected is the most basic function of a GIS, one that it performs 
almost without thinking, which is the provision ofmaps-and, increasingly, 
three-dimensional visualizations-of either landscapes or "datascapes." 
More and more frequently, maps are offered as evidence for some case 
the presenter is arguing, but maps have been used for centuries as a data 
storage and access mechanism for topographic and cadastral (land owner
ship) information. Since the nineteenth century, the thematic map has been 
used to display statistical data and the results of other systematic surveys. 
Board (1967) elaborates on this use of maps as data models. Similarly, 
Downs (1998) points out that just as microscopes and telescopes magnify 
objects so that they can be studied, so maps "mimify" them as an aid to 
study. These uses of maps for storage, access, and communication of results 
are well known, and by and large, understood and accepted. Less widely 
accepted is the use of maps as a direct means of analysis where the act of 
display is itself an analytical strategy. 
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A Real Exercise 

An early example of this type of use is the work of John Snow, who 
produced a map of the distribution of deaths in an 1854 cholera outbreak 
in the London district of Soho. In today's terminology, this was a simple dot 
map and made possible by Snow's access to individual case addresses. 
Viewed on its own, this map showed some evidence of spatial clustering 
ofcases of the disease, but following a hunch, Snow overlaid a second map of 
water pumps in the area and was able to show that many cases were con
centrated around a single source of infected water. On his advice the autho
rities closed the pump and the epidemic was halted. The discovery of a link 
between cholera and water supply led to a movement in the United 
Kingdom toward public water supply in the second half of the nineteenth 
century. Had Snow worked a little more than a century later with access to 
a GIS, he would almost certainly have addressed the same problem using a 
battery of techniques from spatial statistical analysis of the sort we intro
duce later in this book. For now, the important lesson from his work is that 
a map can itself be strong evidence supporting a scientific theory. 

Snow's work is a classic, if disputed (see Brody et al., 2000), example of 
scientific visualization. This may be defined as exploring data and informa
tion graphically as a means ofgaining understanding and insight. There 
are many reasons why visualization has recently become popular in all the 
sciences. Developments in sensor technology and automated data capture 
mean that data are now produced at rates faster than they can easily be 
converted into knowledge. Streams of data are being added to warehouses 
full of old data at an extraordinary rate (at perhaps 3 million gigabytes a 

day in one recent estimate; see Lyman and Varian, 2000). Second, some of 
the most exciting discoveries in science have been associated with nonlinear 
dynamics, or chaos theory, where apparently simple mathematical equa
tions conceal enormously complex behavior and structure that are most 
readily appreciated when displayed graphically. To appreciate this point, 
just spend half an hour in the popular science section of any bookshop. 
Third, as complex simulation models become common scientific products, 
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it. hllK bccom(\ IWt~(lHHIII'y t.o UHC visualization as the only practical way to 
assimilate thn tnoci(11 outputs. A good example is the display of output from 
the atmOflplwric general circulation models used in the investigation of 
global l;arming. (In Chapter 12 we explore other developments in geo
graphic information analysis that may also stem from these changes.) 

Visualization is in the tradition ofexploratory data analysis in statistics. 
Its worth lies in its emphasis on the use of graphics in the development of 
ideas, not, as in traditional graphics, in their presentation. Indeed, visua
lization often turns traditional research procedures upside-down by devel
oping ideas graphically and then presenting them by nongraphic means. 
This view is illustrated in Figure 1.2. Traditional research plans are illu
strated on the left-hand side, proceeding in a linear fashion from questions 
to data, followed by analysis and conclusions, where maps were important 
presentation tools. The contemporary GIS research environment is more 
like that illustrated on the right. Data are readily available in the form of 
maps, prompting questions. Of course, the researcher may also come to a 
problem with a set of questions and begin looking for answers using avail
able data by mapping them in a GIS. Maps produced as intermediate 
products in this process (and not intended for publication) may prompt 
further questions and the search for more data. This complex and fluid 
process is pursued until useful conclusions are produced. Of course, the 
traditional approach was never as rigid or linear as portrayed here, and 

Figure 1.2 Changing role of maps in the analysis process. 
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the contemporary approuch muy he mort! Mtl'llcllll'od than this deM(:ription 
suggests. The important point is that maps haw become tools ol analysis 
and are no longer simply tools for the presentation of'results. 

A further, related consequence of the changing role of maps has been the 
demise of cartography as a distinct discipline amid recognition that maps 
are just one form of display. Early progress in relating ideas from visualiza
tion to GISs and mapping can be found in Hearnshaw and Unwin (1994), 
MacEachren and Fraser Taylor (1994), and Unwin (1994). Now, in a world 
where one well-known cartographer has remarked, "the user is the carto
grapher" (Morris on, 1997), it is worth emphasizing two things. First, ifmap 
displays are to be used effectively as a means of spatial analysis, it is 
important that the lessons learned by cartographers about making useful 
and meaningful map products not be forgotten. There are some excellent 
basic texts, including those by Dent (1990), Monmonier (1991), and 
Robinson et a1. (1995). Don't be put off by references to older methods of 
mapmaking in these books: It is precisely the point that changes in the 
technology of mapmaking have not made the accumulated knowledge of 
cartographers redundant. Second, and notwithstanding the ability of 
maps to prompt and sometimes answer questions, spatial analysis is 
often required to dig deeper: There seems to be a pattern, but is it signifi
cant? Or does the map really support the case being made? Visualization 
and mapping techniques can often make it appear obvious what is going on, 
but we often need spatial analysis to answer questions about the signifi
cance or importance of the apparently obvious. 

Geometric Intersections, Buffering, and Point
in-Polygon Tests 

It is easy using a GIS to raise questions and issues that would once have 
taken many months to investigate. Often, the ability to intersect different 
types of spatial units in different ways is key to this. For example, we can 
easily determine how many cases of a disease occur within various dis
tances of certain kinds of factory or other facility. We need geocoded data 
for cases of the disease and also for the facilities. These are usually avail
able in the form of mailing addresses for both those aillicted by the disease 
and for the suspect facilities. We can then buller the facilities to some 
distance (say, 1 km), perhaps even introducing distortions in the buffer 
shapes to account for prevailing wind directions. Point-in-polygon opera
tions then allow us to determine how many cases of the disease occur in 
the relevant buffer areas. The end result is a set of numbers recording how 
many cases of the disease occurred in the vicinity of each factory and how 
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many occur'I'(ld IlOwIWI'(\ IWIlI'lllhctury. The results of such u study could 111\ 
presented HI!! (lvidolleo of cllusal links. But how do we assess the numbers 
produced by thiH H(lqU(lI1Ce of routine GIS operations? This is exactly the 
type of problem with which spatial analysis is concerned, which GISs them
selves a~e often ill equipped to handle. 

Map Overlay 

In map overlay, two or more layers are combined in various ways to produce 
additional new, combined layers. The classic example is combining a num
ber of development suitability classifications into a single composite index. 
This application was one ofthe original inspirations for GIS technology (see 
McHarg's 1969 classic Design with Nature). Input coverages might include 
land slope, woodland density, transport accessibility (which might in turn 
have been generated from a buffer operation on the transport system), 
environmental sensitivity, and geological suitability for building. Map over
lay of these coverages produces a composite coverage formed from multiple 
intersections of all the input layers. Areas in the composite layer each have 
multiple attributes, derived from the attributes of their "parents" and can 
be assigned an overall suitability for development. 

The fundamental operation here is geometric intersection. A related 
operation merges polygons in different layers, depending on the similarity 
of their attributes. Again the operation is essentially the geometric manip
ulation of input polygons. Incidentally, both these cases are good examples 
of the interchangeability of the raster and vector mo~els, since either can 
readily be performed in a ,system based on either model. In fact, the two 
operations are developments-in geographical space-of the intersection 
and union operations familiar from set theory and Venn diagrams. 
Because it is so often a part of any geographic information analysis, map 
overlay and some ofthe issues it raises are discussed further in Chapter 10. 

Linking GIS and Spatial Analysis 

We have been deliberately vague about this so far, but an obvious question 
arises. If spatial analysis is so necessary-even worth writing a book 
about-why isn't it a standard part of the GIS tool kit? Why don't we 
have geographical information analysis systems? We would suggest a num
ber of reasons, among them: 

L 	The GIB view of spatial data and that of spatial analysis are dif 
ferent. As we have seen, GIS is mostly built around the entity



21 
~~ GEOGRAPHIC INFORMATION ANALYSIS 

attribute model. 'l'hiH iH important in Hpntilll nl1lllYHiH bcclIuHe thut 
is the form in which the duta we analyze are avuilable. However, 
the spatial analysis view of spatial data is more concerned with 
processes and patterns, which we will see is a very different per
spective. . 

2. 	Spatial analysis is not widely understood. Spatial analysis is not 
obvious or especially easy, although it is not as difficult as some 
accounts make it appear. The apparent difficulty means that it is 
hard to convince software vendors to incorporate spatial analysis 
tools into standard products. The basic requirement for a spatial 
database is far more important to most large GIS buyers (govern
ment agencies, utilities) than the ability to perform obscure and 
complex spatial analysis functions. Spatial analysis tools are there
fore one of the possible additions to GISs that are frequently left 
out. This problem is becoming less significant as software engineer
ing methods enable vendors to supply add-ons and extensions for 
their products that can be sold separately from the original soft
ware-often at considerable profit. Third-party vendors can also 
supply add-on components more easily than previously. 

3. 	The spatial analysis perspective can sometimes obscure the advan
tages of GIS. By applying spatial analysis techniques, we often 
raise awkward questions: "It looks like there's a pattern, but is it 
significant? Um ... maybe nO,t." This is a hard capability to sell! 

As a result, there is no single, readily available software package that 
implements many ofthe techniques we will be studying. This is unfortunate 
for two reasons. First, you may find that you cannot use a lot of the tech
niques you learn in this book right away, simply because they are not 
generally available. Second, one of the reasons for writing this book is our 
belief that spatial analysis, no matter how it is defined, has a crucial· role 
to play in the ongoing development of geographical information science 
and technology, so that its absence from that technology must surely be 
regrettable. 

1.5. CONCLUSION 

In the remainder of this book we take you on a tour of the field of spatial 
analysis, in the context of GIS technology-geographic information analy
sis, as we have called it. We have organized the tour in what we hope you 
will find is a logical way. In the next chapter we look at some of the big 
problems of spatial analysis: what makes spatial statistical analysis differ
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ont from Htundnrd HtlltiHtimlllnulysis and the pitfalls and potential therein. 
In Chapter awo dOHcl'ibc Home fundamental issues in the analysis ofspatiul 
data, defining the important concept of process. In Chapter 4 we deal with 
the descrjption and statistical analysis of point patterns, and in Chapter 5 
we look at more recent approaches to this important topic. We explore 
similar topics for line objects in Chapter 6 and for areas in Chapter 7. 
Chapters 8 and 9 deal with the analysis of continuous fields. In Chapter 
10 we look at map overlay operations from a spatial analytic perspective. 

data are commonly encountered in geography, and in Chapter 
11 we briefly review some simple methods for exploring such data, empha
sizing the idea that these data are inherently spatial. Finally, in Chapter 12 
we describe some newer directions and developments in spatial analysis. 
Throughout, we have tried to keep the level of mathematics and the statis
tical prerequisites as low as possible, but there are places where we have to 
draw on what may be unfamiliar mathematics to some. To help you along, 
we have included two appendixes that summarize the statistics and matrix 
algebra that you will find useful. If your mathematics is a little rusty, we 
suggest that you have a look at these more or less straightaway ... 

CHAPTER REVIEW 

• Spatial analysis is just one part of a whole range of analytical tech
niques available in geography and should be distinguished from GIS 
operations, on the one hand, and spatial modeling, on the other. 

• 	For the purposes of this book, geographical information analysis is 
the study of techniques and methods to enable the representation, 
description, n;teasurement, comparison, and generation of spatial 
patterns. 

• Exploratory, descripti~e, and statistical techniques may be applied to 
spatial data to investigate the patterns that may arise as a result of 
processes operating in space. 

• 	Spatial data may be of various broad types: points, lines, areas, and 
fields. Each type typically requires different techniques and 
approaches. 

• 	The relationship between real geographic entities and spatial data is 
complex and scale dependent. 

• 	Representing geographic reality as points, lines, areas, and fields is 
and this must be borne in mind in all subsequent analysis. 

• Although we have emphasized the difference between spatial analy
sis and GIS operations, the two are interrelated, and most current 
spatial analysis is carried out on data stored and prepared in GISs. 
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• 	 Even so, relativl~ly Jittlo /oIputinlllllulY/oIi/olllfUw type to be dl!H(~rihlld in 
this book is currently carried out in Btundurd cas software packages. 
This situation is likely to change, albeit less rapidly than we are 
accustomed to in other technology products. 
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Chapter 2 

The Pitfalls and Potential of Spatial Data 

CHAPTER OBJECTIVES 

In this chapter, we: 

• 	 Justify the view that says that spatial data are in some sense 
"special" 

• Identify a 	number of problems in the statistical analysis of spatial 
data associated with spatial autocorrelation, modifiable areal units, 
the ecological fallacy, scale, and nonuniformity-what we call the 
"bad news" 

• 	 Outline the ideas of distance, adjacency, interaction, and neighbor
hood. These ideas are the "good news" central to much spatial ana
lysis 

• Show how proximity polygons can be derived for a set of point objects 
• 	 Introduce the variogram cloud used to examine how attributes of 

objects and continuously varying fields are related by spatial dis
tance 

• Along the way, introduce the idea that spatial relations can be sum
marized using matrices and encourage you to spend some time 
getting used to this way of organizing geographic data 

After reading this chapter, you should be able to: 

• 	List five major problems in the analysis of geographic information 
• 	 Outline the geographic concepts of distance, adjacency, interaction, 

and neighborhood and show how these can be recorded using matrix 
representations 
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• 	 Explain how 1)l'Oxilllity POIYJ.(OIlM and the related Delaunay triall/-!1tla
tion can l){l (\t'Vnloped Ihr point objects 

• Explain how 	 a uario!fram cloud plot is constructed and, at least 
infoimally, show how it can throw light on spatial dependence 

2.1. INTRODUCTION 

It may not be obvious why spatial data require special analytic techni
ques, distinct from standard statistical analysis that might be applied to 
any old ordinary data. As more and more data have had the spatial 
aspect restored by the diffusion of GIS technology and the consequent 
enthusiasm for mapping, this is an important areu to understand clearly. 
In the academic literature one often reads essays on why space either is 
or is not important, or on why we should or should not tuke the letter 
"G" out of GIS. In this chapter we consider some of' the reasons why 
adding a spatial location to some attribute data changes thesn data in 
fundamental ways. 

There is bad news and good news here. Some of the most important 
reasons why spatial data must be treated differently appear as problems 
or pitfalls for the unwary. Many of the standard techniques and meth
ods documented in standard statistics textbooks have significant pro
blems when we try to apply them to the analysis of the spatial 
distributions. This is the bad news, which we deal with first in 
Section 2.2. The good news is presented in Section 2.3. This boils 
down to the fact that geospatial referencing inherently provides us 
with a number of new ways of looking at data and the relations 
among them. The' concepts of distance, adjacency, interaction, and 
neighborhood are used extensively throughout the book to assist in 
the analysis of spatial data. Because of their all-encompassing impor
tance, it is useful to introduce these concepts early on in a fairly 
abstract and formal way, so that you begin to get a feeling for them 
immediately. Our discussion of these fundamentals includes two other 
analytical tools that are often not discussed early on, even in more 
advanced text~. Proximity polygons are an interesting way of looking 
at many geographical problems that appear repeatedly in this book. 
The variogram cloud is a more specialized tool that sheds considerable 
light on the fundamental question of spatial analysis: Is there a rela
tionship between data attributes and their spatial locations? We hope 
that by introducing this idea early, you will begin to understand what it 
means to think spatially about the analysis of geographic information. 
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2.2. 	THE BAD NEWS: THE PITFALLS OF SPATIAL 
DATA 

Conventional statistical analysis frequently imposes a number of conditions 
or assumptions on the data it uses. Foremost among these is the require
ment that samples be random. The simple reason that spatial data are 
special is that they almost always violate this fundamental requirement. 
The technical term describing this problem is spatial autocorrelation, which 
must therefore come first on any list of the pitfalls of spatial data. Other 
tricky problems frequently arise, including the modifiable areal unit pro
blem and the closely related issues ofscale and edge effects. These issues are 
discussed in the sections that follow. 

Spatial Autocorrelation 

Spatial autocorrelation is a mouthful of a term referring to the obvious fact 
that data from locations near one another in space are more likely to be 
similar than data from locations remote from one another. If you know 

"that the elevation at point X is 250 m, you have a good idea that the eleva
tion at a point Y, 10 m from X, is probably in the range 240 to 260 m. Of 
course, there could be a huge cliff between the two locations. Location Y 
might be 500m above S,3a level, although it is highly unlikely. It will almost 
certainly not be 1000 m above sea level. On the other hand, location Z, 
1000 m from X, certainly could be 500 m above sea level. It could even be 
1000 m above sea level or even 100 m below sea level. We are much more ..., 
,uncertain about the likely elevation of Z because it is farther from X. IfZ 
were instead 100 km from X, almost anything is possible, because knowing 
the elevation at X tells us very little about the elevation 100 km away. 

If spatial autocorrelation were not commonplace, geographic analysis 
would be of little interest, and geography would be irrelevant. Again, 
think of spot heights: We know that high values are likely to be close to 
one another and in different places from low values-in fact, these are 
called mountains and valleys. Many geographical phenomena can be char
!:l.cterized in these terms as local similarities in some spatially varying phe
nomenon. Cities are local concentrations of population-and much else 
besides: economic activity and social diversity, for example. Storms are 

foci of particular atmospheric conditions. Climate consists of the 
repeated occurrence of similar spatial patterns of weather in particular 
places. Ifgeography is worth studying at all, it must be because phenomena 
do not vary randomly through space. The existence of spatial autocorrela
tion is therefore a given in geography. Unfortunately, it is also an impedi
ment to the application of conventional statistics. 
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The nonrnn<iol11 <iiMt.I·ihution of phenomenu in space hUR variouH COll/U'

quences for conv(lIltiolllll Htutistical analysis. For example, the usual para
meter estimnteH baHed on samples that are not randomly distributed in 
space w~l be biased toward values prevalent in regi~ns favo:red in the sam
pling scheme. As a result, many of the assumptions we are required to m~ke 
about data before applying statistical tests become invalid. Another way.of 
looking at this is that sp~tial autocorrelation introduces redundancy into 
data, so that each additional item of data provides less new information 
than is indicated by a simple assessment based on n, the sample size. This 
affects the calculation of confidence intervals and so on. Such effects mean 
that there is a strong case for assessing the degree of autocorrelation in a 
spatial data set before doing any conventional statistics at all. Diagnostic 
measures for the autocorrelation present in data are available, such as the 
Joins count statistic, Moran's I, and Geary's C, and these are described in 
Chapter 7. Later in this chapter we introduce the variogram cloud, a plot 
that helps us understand the autocorrelation pattern in n spatial data set. 

These techniques help us to describe how useful knowing the location of 
an observation is if we wish to determine the likely value of an 
measured at that location. There are three general 
autocorrelation, negative autocorrelation, and noncorrelation or zero auto
~C}rrelation. Positive autocorrelation is by far the most commonly observed 
case and refers to situations where nearby observations are likely to be 
similar to one another. Negative autocorrelation is much less common 
and occurs when observations from nearby locations are likely to be differ
ent from one another. Zero autocorrelation is the case where no spatial 
effect is discerni~le, and observations seem to vary randomly through 
space. It is important to be clear about the difference between negative 
and zero autocorrelation, as students frequently confuse the two. 

Describing and mode ling patterns of variation across a study region, 
effectively describing the autocorrelation structure, is of primary impor
tance in spatial analysis. Again, in general terms, spatial variation is of 
two kinds: first and second ~. First-order spatial variation occurs when 
-" -observations across a study region vary from place to place due to changes 
in the underlying properties of the local "environment." For example, the 
incidence of crime might vary spatially simply because of variations in the 
population density, such that rates increase near the center of a large city. 
In contrast, second-order variation is due to local interaction effects 
between observations, for example, the existence of crime in an area mak
ing it more likely that there will be crimes surrounding that area, perhaps 
in the shape of local hot-spots in the vicinity of bars and clubs, or near 

street drug markets. In practice, it is difficult to distinguish between 
first- and second-order effects, but it is often necessary to model both when 
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developing statisticul nwthods Ilu' hnndling sputilll dnt.u. We disclIsH tht! 
distinction between first- and second-order H!latinl vnriution in more dduil 
in Chapter 3 when we introduce the idea of El spatial process. 

Although autocorrelation presents a considerable challenge to the opera
tion of conventional statistical methods and remains problematic, it is fair 
to say that quantitative geographers have made a virtue of it, by developing 
a number of autocorrelation measures into powerful, geographically 
descriptive tools. It would be wrong to claim that the problem of spatial 
autocorrelation has been solved, but considerable progress has been made 
in developing techniques that account for its effects and in taking advan
tage of the opportunity it provides for meaningful geographical descrip
tions. 

The Modifiable Areal Unit Problem 

Another major difficulty with spatial data that many geographic data aTe 
aggregates of data compiled at a more detailed level. The best example isa 
national census, which is collected at the household level but reported for 
practical and privacy reasons at various levels of aggregation: for example, 
city districts, counties, and states. The issue here is that the aggregation 
units used are arbitrary with respect to the phenomena under investiga
tion, yet the aggregation units used will affect statistics determined on the 
basis of data reported in this way. This difficulty is referred to as the 
modifiable areal unit problem (MAUP). If the spatial units in a particular 
study were specified differently, we might observe very different patterns 
and relationships. The problem is illustrated in Figure 2.1, where two dif
ferent aggregation schemes applied to a spatial data set result in two dif
ferent regression results. There is a clear impact on the regression equation 
and the coefficient of determination, R2. This is an artificial example, but 

effect is general and not particularly well understood, even though it 
has been known for a long time (see Gehlke and Biehl, 1934). Usually, as 
shown here, regression relationships are strengthened by aggregation. In 
fact, Openshaw and Taylor (1979) showed that with the same underlying 
data it is possible to aggregate units together in ways that can produce 
correlations anywhere between -1.0 and +1.0! 

The effect is not altogether mysterious and two things are happening. 
The first relates to the scale of analysis and to aggregation effects such 
that pairs of observations that are aggregated are more likely than not to 
lie on opposite sides of the original regression line. After aggregation, their 
average value will therefore be closer to the line. Repeated for a complete 
set of pairs, the resulting scatter plot will be more nearly linear and there-

GEOGRAPHIC INFORMATION ANALYSIS 
 Th. Pitfalls and Potential of Spatial Data 

Independent variable Dependent variable 

Aggregation scheme 1 

73.591 57 

47.5 55 47.5 

35.5 33.5 32 

27.535 35.5 

42.546.5 52 

40 49 42 

Aggregation scheme 2 

Figure 2.1 Modifiable areal unit 

fore have a stronger coe~cient of determination. This effect is shown in our 
example by both the aggregation schemes used producing better fits than 
the original disaggregated data. Usually, this problem persists as we aggre
gate up to larger units. A secondary effect is the substantial differences 
between the results obtained under different aggregation schemes. 

The MAUP is of more than academic or theoretical interest. Its effects 
have been well known for many years to politicians concerned with ensur
ing that the boundaries of electoral districts are defined in the most advan
tageous way for them. It provides one explanation for why in the 2000 U.S. 
presidential election, Al Gore, with more of the popular vote than George 
Bush, still failed to become president. A different aggregation ofU.S. coun
ties into states could have produced a different outcome. (In fact, it is likely 
in this very close election that switching just one northern Florida county to 
Georgia or Alabama would have produced a different outcome!) 
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The practical implicntiOllH or MAlll' m'l' i1ll1lllllHW IlIr nlllloHt nil d(leiHioll
making processes involving GIB technology, Hince the now ready nvnilabil
ity of detailed but still aggregated maps could eaHily sce policy focusing on 
issues and problems which might look very different if the aggregation 
scheme used were to be changed. The implication is that our choice of 
reference frame is itself a significant determinant of the statistical and 
other patterns that we observe. Openshaw (1983) suggests that a lack of 
understanding of MAUP has led many to choose to pretend that the pro
blem does not exist, in order to allow some analysis to be performed, so that 
we can "just get on with it." This is a little unfair, but the problem is a 
serious one that has had less attention than it deserves. Openshaw's own 
suggestion is that the problem be turned into an exploratory and descriptive 
tool, a little like spatial autocorrelation has been. In this view we might 
postulate a relationship between, say, income and crime rates. We then 
search for an aggregation scheme that maximizes the strength of this rela
tionship. The output from such an analysis would be a spatial partition into 
areal units. The interesting geographical question then becomes: Why do 
these zones produce the strongest relationship? Perhaps because of the 
computational complexities and the implicit requirement for very detailed 
individual-level data, this idea has not yet been taken up widely. 

The Ecological Fallacy 

The modifiable areal unit problem is closely related to a more general sta
tistical problem: the ecological fallacy. This arises when a statistical rela
tionship observed at one level of aggregation is assumed to hold because the 
same relationship holds when we look at a more detailed level. For example, 
we might observe a strong relationship between income and crime at the 
county level, with lower-income areas being associated with higher crime 
rates. Iffrom this we conclude that lower-income persons are more likely to 
commit crime, we are~f~r:~he_ ecological fallacy. In fact, it is only valid 
to say exactly what the data says: that lower~income counties tend to 
experience higher crime rates. What causes the observed effect may be 
something entirely different-perhaps lower-income households have less 
effective home security systems and are more prone to burglary (a relatively 
direct link); or lower-income areas are home to more chronic drug users who 
commit crime irrespective of income (an indirect link); or the cause may 
have nothing at all to do with income. 

It is important to acknowledge that a relationship at a high level of 
aggregation may be explained by the same relationship operating at 
lower levels. For example, one of the earliest pieces of evidence to make 
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the connoctioll h(.t.wo(·1I HlIloking and lung cancer was presented by Doll 
(1955; cited by J<'r'OlHlman et aI., 1998) in the form of a scatter plot showing 
per capita rateH of cigarette smoking and the rate of death from lung cancer 
for 11 countries. A strong correlation is evident in the plot. However, we 
would b:wrong to conclude on this evidence alone that smoking is a cause 
of lung cancer. It is ... but this conclusion is based on many other studies 
conducted at the individual level. Data on smoking and cancer at a national 
level can still only support the conclusion that countries with larger num
bers of smokers tend to have higher death rates from lung cancer. 

Having now been made aware of the problem, if you pay closer attention 
to the news, you will find that the ecological fallacy is common in everyday 
and media discourse. Crime rates and (variously) the death penalty, gun 
control or imprisonment rates, road fatalities and speed limits, or seat belt 
laws are classic examples. Unfortunately, the fallacy is almost as common 
in academic discourse! It often seems to arise from a desire for simple 
explanations. In fact, especially in human geography, things are rarely 
simple. The common thread tying the ecological fallacy to MAUP is that 
statistical relationships may change at different levels of aggregation. 

Sc a Ie 

This brings us neatly to the next point. The geographical scale at which we 
examine a phenomenon can affect the observations we make and must 
always be considered prior to spatial analysis. We have already encoun
tered one way that scale can dramatically affect spatjal analysis since the 
object type that is appropriate for representing a particular entity is scale 
dependent. For example,. at continental scale, a city is conveniently repre
sented by a point. At the regional scale it becomes an area object. At a local 
scale the city becomes a complex collection of point, line, area, and network 
objects. The scale we work at affects the representations we use, and this in 
turn is likely to have affects on spatial analysis, yet, in general, the correct 
or appropriate geographical scale for a study is impossible to determine 
beforehand, and due attention should be paid to this issue. 

Nonuniformity of Space and Edge Effects 

A final significant issue distinguishing spatial analysis from conventional 
statistics is that space is not uniform. This is particularly problematic for 
data gathered about human geography at high resolution. For example, we 
might have data on crime locations gathered for a single police precinct. It 
is very easy to see patterns in such data, hence the drawing pin maps in any 
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self-respecting movie police chief'H llf1ico. PuttornH mny llppour particularly 
strong if crime locations are mapped simply as pointl'l without reference to 
the underlying geography. There will almost certainly be clusters simply as 
a result of where people live and work, and apparent gaps in (for example) 
parks, or at major road intersections. These gaps and clusters are not 
unexpected but arise as a result of the nonuniformity of the urban space. 
Similar problems are encountered in examining the incidence of disease, 
where the location of the at-risk population must be considered. Methods 
for handling these difficulties are generally poorly developed at present. 

A particular type of nonuniformity problem, which is almost invariably 
encountered, is due to edge effects. These arise where an artificial boundary 
is imposed on a study, often just to keep it manageable. The problem is that 
sites in the center of the study area can have nearby observations in all 
directions, whereas sites at the edges of the study area only have neighbors 
toward the center of the study area. Unless the study area has been defined 
very carefully, it is unlikely that this reflects reality, and the artificially 
produced asymmetry in the data must be accounted for. In some specialized 
areas of spatial analysis, techniques for dealing with edge effects are well 
developed, but the problem remains unresolved in many others. Note also 
that the modifiable areal unit problem is in some sense a heavily disguised 
version of the problem of edge effects. 

2.3. THE GOOD NEWS: THE POTENTIAL OF 
SPATIAL DATA 

It should not surprise you to find out that many of the problems outlined in 
Section 2.2 have not been solved satisfactorily. Indeed, in the early enthu
siasm for the quantitative revolution in geography (in the late 1950s and 
the 1960s) many of these problems were glossed over. Unfortunately, deal
ing with them is not simple, so that only more mathematically oriented 
geographers paid much attention to the issues. By the time, well into the 
1970s, that much progress had been made, the attention of mainstream 
human geography had turned to political economy, Marxism, and structur
alism, and quantitative methods had a bad name in the wider discipline. 
This is unfortunate, because many of the techniques and ideas that have 
been developed to cope with these difficulties are of great potential interest 
to geographers and shed light on what geography is about more generally. 
To give you a sense of this, we continue our overview of what's special about 
spatial data, focusing not on the problems that consideration of spatial 
aspects introduces, but instead, examining some of the potential for addi
tional insight provided by examination of the locational attributes of data. 
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Important Mpatilll ellne(~ptH thut uppear throughout thi", book uro CUll

tance, adjacem',Y. IInd interaction, together with the closely related notion 
of neighborhood. '('hoHe appear in a variety of guises in most applications of 
statistical method", to spatial data. Here we point to the importance of these 
concepts~ outline some of their uses, and indicate some of the contexts 
where they will appear. The reason for the importance of these ideas is 
clear. In spatial analysis, while we are still interested in the distribution 
of values in observational data (classical descriptive statistical measures 
such as the mean, variance, and so on), we are now also interested in the 
distribution of the associated entities in space. This spatial distribution 
may be described in terms of the relationships between spatial entities, 
and spatial relationships are usually conceived in terms of one or more of 
distance, adjacency, or interaction. 

Distance 

Distance is usually (but not always) described by the simple crow's flight 
distance between the spatial entities of interest. In small Htudy regions, 
where Earth curvature effects can be ignored, simple EuciiriC'an c1illtcmees 

are often adequate and may be calculated using Pythagoras's familiar 
formula, which tells us that 

dij = j(;, - Xj)2 +(Yi - (2.1) 

is the distance between two points (Xi,Yi) and (Xj,Yj):Over larger regions, 
more complex calculations may be required to take account of the curvature 
of Earth's surface. There are many other mathematical measures of dis
tance. In fact, mathematically, distance has a precise and technical mean
ing, which is discussed further in Chapter 11. 

Of course, it may also be necessary to consider distances measured over 
an intervening road, rail, river, or air transport network. Such notions of 
distance significantly extend the scope of the idea. It is a short step to go 
from distance over a road network to expected driving time. Distance is 
then measured in units of time, hours and minutes, rather than kilometers. 
Such broader concepts of distance can be nonintuitive and contradictory. 
For example, we might have a distance measure based on the perceived 
travel time among a set of urban landmarks. We might collect such data by 
surveying a number of people and asking them how long it takes to get from 
the museum to the railway station, or whatever. These distances can exhi
bit some very odd properties. It may, for example, be generally perceived to 
take longer to get from A to B than from B to A. Such effects are not entirely 
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absent from real distances, however. In n dty tho structuro oftho transport 
network can affect distances, making them actually vary at different times 
of the day or in different directions. As another example, transatlantic flight 
times at northern latitudes (the V.S. eastern seaboard to Western Europe) 
generally vary considerably, being shorter flying east, with the prevailing 
winds, than flying west against the same winds. 

Perhaps sadly, in most of the chapters in this book we ignore these com
plexities and assume that simple Euclidean distance is adequate. Ifyou are 
interested, Gatrell's book Distance and Space (1983) explores some of these 
intricacies and is recommended. 

Adjacency 

Adjacency can be thought of as the nominal, or binary, equivalent of dis
tance. Two spatial entities are either adjacent or they are not, and we 
usually do not allow any middle ground. Of course, how adjacency should 
be determined is not necessarily clear. A simple formulation is to decide 
that any two entities within some fixed distance of one another (say lOOm) 
are adjacent to one another. Alternatively, we might decide that the six 
nearest entities to any particular entity are adjacent to it. We might even 
decide that only the single nearest neighbor is adjacent. 

Like distance, we can play around with the adjacency concept, and two 
entities that are adjacent may not necessarily be near each other. A good 
example of this is provided by the structure of scheduled air transport 
connections between cities. It is possible to fly between London and 
Belfast, or between London and Dublin, but not between Belfast and 
Dublin. If adjacency is equated with connection by scheduled flights, 
London is adjacent to Belfast and Dublin (both about 500 to 600 km 
away), but the two Irish cities (only 170 km apart) are not. 

The adjacency concept is of central importance to the study of networks 
(Chapter 6). In fact, one way of thinking about networks is as descriptions 
ofadjacency structures. Adjacency is also an important idea in the measure
ment of autocorrelation effects when a region is divided into areal units 
(Chapter 7) and in spatial interpolation schemes (Chapters 8 and 

Interaction 

Interaction may be considered as a combination of distance and adjacency 
and rests on the intuitively obvious idea that nearer things are "more 
related" than distant things, a notion often referred to as the first law of 
geography (see Tobler, 1970). Mathematically, we often represent the 
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dogrno of in\'(Irlldioll 11I'(,wmm two Hputiui entities as a number between () 
(no interaction) IInd 1 (a high degree of interaction). If we represent adja
cency in the slime way, it can be measured on the same scale with only 0 
(nonadjlcent) or 1 (adjacent) allowed, because adjacency is binary. 
Typically, in spatial analysis, the interaction between two entities is deter
mined by some sort of inverse distance weighting. A typical formulation is 

1 
(2.2)Wij ex. dk 

where wij is the interaction weight between the two (mtities i andj that are 
a distance d apart in space. The distance exponent, k, controls the rate of 
decline of the weight. An inverse power law for interaction like this ensures 
that entities closer together have stronger interactionH than those farther 
apart. 9ften, the interaction between two entities is positivllly weighted by 
some attribute of those entities. A common formulation usos some measure 
of the size of the entities, such as the populations Pi and Pi' 'I'hiH gives us a 
modified interaction weight 

PifJi (2.3)ex. dk 

Working with purely spatial characteristics of entities, we might positively 
weight the interaction between two areal units by their respective areas 
and divide by the distance between their centers. 

As with distance, measures other than simple geographic distance may be 
appropriate in different contexts. For example, we might think of the trade 
volume between two regions or countries as a measure of their degree of 
interaction. Interaction of the simple geometric kind is important to the 
study of simple interpolation methods discussed in Chapters 8 and 9. 

Neighborhood 

Finally, we may wish to employ the concept of neighborhood in a study. 
There are a number of ways of conceptualizing this. We might, for example, 
define the neighborhood of a particular spatial entity as the set of all other 
entities adjacent to the entity we are interested in. This clearly depends 
entirely on how we determine the adjacencies. Alternatively, the neighbor
hood of an entity may be defined, not with respect to sets of adjacent enti
ties, but as a region of space associated with that entity and defined by 
distance from it. 
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An approach closer to tho common WIll of till' word ltl'iJ,lh/w,,/umd t1llln 

either of these is the idea that regions in a spatiul distribution that are 
are neighborhoods distinct from other regions, which are also internally 
similar, but different from, surrounding regions. This notion of neighbor
hood is very general indeed. Many geographical objects may be thought of 
as neighborhoods in numerical field data in this sense. For example, a 
mountain is a neighborhood in a field of elevation values that is distin
guished by its consisting of generally higher values than those in surround
ing regions. 

Figure 2.2 illustrates versions of these four fundamental concepts. In the 
top left panel, the distance between the central point object A and the others 
in the study region has been measured and is indicated. Generally speak
ing, it is always possible to determine the distance between a pair of objects. 
In the second panel, adjacency between object A and two others (E and F) is 
indicated by the lines joining them. In this case, objects E and F are the two 
that are closest to A in terms of the distances shown in the first paneL This 
definition of adjacency might have been arrived at by a number ofmethods. 
For example, we may have decided that pairs of objects within 50 m of one 
another are adjacent. Notice that this definition would mean that the object 
labeled D has no adjacent objects. An alternative definition might be that 

B 

'0'0 
.•0 

o 

F 

Figure 2.2 Distance, adjacency, interaction, and neighborhood concepts. 
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tho two 1lt1llr(lHt ol~i(!dH t,o onch object are adjacent to it. This would guar
antee that nil Ltw Obj(1dH have two other adjacent objects, although it would 
also mean thut udjacency was no longer a symmetrical relationship. For 
example, on this definition, E is adjacent to D (whose two nearest neighbors 
are C a~d E), but D is not adjacent to E (whose two nearest neighbors are A 
and F). In the third panel at the lower left, an interaction measure is 
indicated by the line thickness drawn between A and each other object. 
The interaction weight here is inversely related to the distances in the 
first panel, so that interaction between A and E is strongest, and is weak 
between A and each ofB, C, and D. In the final panel, two possible ideas of 
the neighborhood of object A are illustrated. The outlined curved area is the 
set of objects adjacent to A, which includes A, E and F. An object is usually 
considered to be adjacent to itself, as here. Another possible interpretation 
is the shaded polygon, which is the region of this spaco that is closer to A 
than to any other object in the region. 

Summarizing Relationships in Matrices 

One way of pulling all these concepts together is to noto that they may all be 
represented conveniently in matrices. If you know nothing at all about 
matrices, we advise you to read Appendix B, where some of the mathe
matics of matrices is introduced. Simply put, a matrix is a table of numbers 
organized in rows and columns, for example: 

(2.4)[~ ~] 

is a two-by-two (2 x 2) matr.ix, with two rows and two columns. Matrices are 
normally written in this way with square brackets. Now, we can summarize 
the information on distances in any spatial data using a distance matrix: 

0 66 68 68 24 41 

66 0 51 110 99 101 

68 51 0 67 91 116 
D= I 

68 110 67 0 60 108 
(2.5) 

24 99 91 60 0 45 

101 116 108 45 0 

where the upper case, bold face letter D denotes the entire table of num
bers. The distances in this matrix are all the distances between objects A, B, 
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C, D, E, and F, in Figure 2.2. Notice that Uw Iir'HL f'OW I'Opf'l~I;ontH ohjoct A, 
with its series of distances to objects H, C, D, ~, llnd 1<', rOl'lpectively of66,68, 
68, 24, and 36 m. A number of things are important to note: 

• 	The row and column orders in the matrix are the same: Both are in 
ABCDEF order. 

• 	This means that, because it contains the distance from each object to 
itself, the main diagonal of the matrix from top left to bottom right 
has all zeros. 

• The matrix is symmetrical about the main diagonal with (for exam
ple) the number in the third row fourth column equal to the number 
in the fourth row third column (equal to 67). This is because these 
elements record the distances from C to D and from D to C, which are 
identical. 

• 	All the distance information for the data set is contained in the 
matrix. Therefore, any analysis based on these distances alone can 
be performed using the matrix. 

In much the same way, although matrix elements are now ones or zeros, 
we can construct an adjacency matrix, A, for this set of objects: 

* o 0 0 1 1 

0 * 0 0 0 0 

~<50 = -

0
I 0 

0 

0 
* 0 0 

0 * 0 

0 

0 
1 (2.6) 

1 o 0 0 * 1 

1 0 0 0 1 * 

This is the adjacency matrix we get if the rule for adjacency is that two 
objects must be less than 50 m apart. Again, the matrix is symmetrical. 
Notice that if we sum the numbers in any row or column, we get the number 
of adjacent objects to the corresponding object. Thus, the row total for the 
first row is 2, which corresponds to the fact that object A has two adjacent 
objects. Notice also that we have put asterisks in the main diagonal posi
tions, because it is not really clear if an object is adjacent to itself or not. 

Using a different adjacency rule gives us a different matrix. If the rule for 
adjacency is that each object is adjacent to its three nearest neighbors, we 
get a different A matrix: 
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* 1 o 0 1 1 

1 * 1 0 1 0 

.. A k=3 =1 
1 

1 

1 

0 
* 1 0 

1 * 1 

0 

0 
1 (2.7) 

1 0 0 1 * 1 

1 1 0 0 1 * 

This matrix is no longer symmetrical because a nearest-neighbors rule for 
adjacency makes the relationship asymmetric, Each row sums to 3, as we 
would expect, but the column totals are different. This is because the defi
nition of adjacency is such that E being adjacent to B doos not guarantee 
that B is. adjacent to E. We can see from this matrix that object A is actually 
adjacent to all the other objects. This is due to its central location in the 
study area. 

Finally, we can also construct an interaction or wei/ihts matrix, W, for 
this data set. If we use a simple inverse distance (lid) rule, wo get tho 
following matrix: 

row totals: 

00 0.0151 0.0147 0.0147 0.0417 0.0244 0.1106 

0.0151 00 0.0197 0.0091 0.0101 0.0099 0.0639 

W I 
0.0147 

0.0147 

0.0197 

0.0091 

00 

0.0149 

0.0149 

00 

0.0110 

0.0167 

0.0086 

0.0093 

0.0689 

0.0637 

0.0417 0.0101 0.0110 0.0167 00 0.0222 0.0917 

0.0244 0.0099 0.0086 0.0093 0.0222 00 0.0744 
(2.8) 

Note how the main diagonal elements have a value of infinity. Often, these 
are ignored because infinity is a difficult number to deal with. A common 
variation on the weights matrix is to adjust the values in each row so that 
they sum to 1. Discounting the infinity values shown above, we divide each 
entry in the first row by 0.1106, the second row entries by 0.0639, and so on, 
to get 
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<Xl O.la~9 O.I~90 0.1 ~90 O.;~6/)/) ()'~4;i6 

0.2373 00 0.3071 0.1424 0.1582 0.1551 

W=I 
0.2136 0.2848 00 0.2168 0.1596 0.1252 

0.2275 0.1406 0.2309 00 0.2578 0.1433 

0.4099 0.0994 0.1081 0.1640 00 0.2186 

0.3279 0.1331 0.1159 0.1245 0.2987 00 

column totals: 1.4162 0.7908 0.8910 0.7767 1.2398 0.8858 

(2.9) 

In this matrix each row sums to 1. Column totals now reflect how much 
interaction effect or influence the corresponding object has on all the other 
objects in the region. In this case, column 1 (object A) has the largest total, 
again reflecting its central location. The least influential object is D, with a 
column total of only 0.7767 (compared to A's total of 1.4162). 

The important point to take from this section is not any particular way of 
analyzing the numbers in a distance, adjacency, or interaction weights 
matrix, but to note that this organization of the spatial data is helpful in 
analysis. Matrix-based methods become increasingly important as more 
advanced techniques are applied. Sometimes this is because various math
ematical manipulations of matrices produce a new perspective on the data. 
Often, however, it is simply because concise description of rather complex 
mathematical manipulations is possible using matrices, and this helps us to 
develop techniques further. You will be seeing more of matrices elsewhere 
in the book. 

Proximity Polygons 

Another very general tool in the context of specifying the spatial properties 
of a set of objects is the partitioning of a study region into proximity poly-
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};Ol/S. This npprolldl iH mOHL c!llsily explained by Htarting with the proximity 
polygons of n Hill1pl(~ HnL of' objects. The proximity polygon of any entity is 
that region of the space which is closer to the entity than it is to any other. 
This is ~own in Fif:,rure 2.3 for a set of point entities. Proximity polygons, 
also known as Thiessen or Voronoi polygons, have been rediscovered several 
times in many disciplines (for a very thorough review see Okabe et al., 
2000). For point objects the polygons are surprisingly easy to construct 
using the perpendicular bisectors of lines joining pairs of points as shown 
in Figure 2.4, although this is a computationally inefficient approach. 

More complex constructions are required to determine the proximity 
polygons for line and area objects. However, it is always possible to parti
tion a region of space into a set of polygons, each of which is nearest to a 
specific object of whatever kind-point, line, or area-in the region. This is 
true even for mixed 'sets of objects, where some arc points, some are lines, 
and some are areas. The idea of proximity polygon!:! is therefore very gen
eral and powerful. In fact, it can also be applied in three dimensions, when 
the polygons become like bubbles. Note that the polygons alwuYH fill the 
space, without overlapping, since any particular location mw,t he elm-mst to 
only one object, or if it is equidistant from more than onc object, it lieR on n 
polygon boundary. 

From. a set of proximity polygons we can derive at least two different 
concepts of neighborhood. First is the obvious one. The proximity polygon 
associated with an entity is its neighborhood. This idea has some geogra
phically useful applications. For example, the proximity polygons asso
ciated with a set of (say) post offices allow you quickly to decide which is 
closest-it is the one whose polygon you're in! The same idea may be applied 
to other services, such as schools, hospitals, and supermarkets. The proxi
mity polygon ofa school is often a good approximation of its catchment area, 
for example. 

A second concept of neighborhood may also be developed from proximity 
polygons. Thinking again of point objects, we may join any pair of points 

Figure 2.3 Proximity polygons for a set of point events. 
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, 
•~. 

•\ 
Figure 2.4 Construction of proximity polygons. Polygon edges are all perpendicular 
bisectors of lines joining pairs of points. 

whose proximity polygons share an edge. The resulting construction, shown 
in Figure 2.5, is known as the Delaunay triangulation. A triangulation of a 
set of points is any system of interconnections between them that forms a 
set of triangles. The Delauanay triangulation is frequently used, partly 
because its triangles are as near to equilateral as possible. This is useful, 
for example, in constructing representations of terrain from spot heights. 

One criticism of the other approaches to neighborhood and adjacency 
we have examined is that they ignore the non uniformity of geographical 
space, because they simplistically apply an idea such as "any two objects 
less than 100 m apart are adjacent," regardless of the numbers of other 
objects nearby. Although proximity polygons do not address this criticism 
directly, the neighborhood relations that they set up are determined with 
respect to local patterns in the data and not using such criteria as "nearest 
neighbor" or "within 50 m" or whatever. This may be an advantage in some 
cases. The proximity approach is easily extended to non uniform spaces if 
determination of distance is done over (say) a street network rather than a 
plane area (see Okabe et aI., 1994). Other versions of the idea include 
defining polygons that are regions where objects are second-closest, third
closest, or even farthest away. These constructions are generally more 
complex, however, with overlapping regions, and they have less obvious 
application. 

Figure 2.5 Derivation of the Delaunay triangulation from the proximity polygons. 
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ApprOHchml hnHIICI 011 proximity polygons are still relatively unexpJorHd. 
because conHtruction orthe polygons, although simple, is extremely tedious. 
More recently, I'lll-llmrchers have started to take advantage of the ready 
availabily.y of computer processing power and the idea is used increasingly 
widely in many areas of spatial analysis. We will encounter it again. 

2.4. 	PREVIEW: THE VARIOGRAM CLOUD AND 
THE SEMIVARIOGRAM 

All of the concepts in Section 2.3 focus on ways of describing and represent
ing the spatial relationships in spatial data. They are concerned with the 
purely spatial aspects of the data, and not with its other attributes. 
Frequently, what we are really concerned about is tho rl'lationship between 
the spatial locations of objects and the other data attrihutl's. We can get a 
very useful general picture of these relationships in a vory diroct way by 
plotting the differences in attribute values for pairs of entitios against the 
difference in their location. Difference in location is simply distance as 
discussed in Section 2.3. A plot that does precisely thikl is the lIariogram 
cloud. First, examine the data in Figure 2.6. These are spot heights gath
ered across a 310 x 310 ft survey area (see Davis, 1973, for details). A hand
drawn contour scheme has been added to give you some sense of an overall 
structure. There is a general upward slope from north to south, with some 
more confusing things happening in the southern part of the map. 
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Figure 2.6 Spot heights and their contour pattern. Note that this contour pattern is 
for indication only and was done bv hand. 
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From these data, for each p()HHibl£l!!licQLuuin.~H we plot the H4uar'(~ root of' 
the difference in their heights againHt the dh,tanco they are apart. There 
are 52 spot heights and thus 1326 pairs of points. This gives us the vario
gram cloud of points shown in Figure 2.7. What can we tell from this figure? 
The most obvious point to note is that there is a tendency for larger differ
ences in heights to be observed the farther apart that two spot height loca
tions are. However, this is a very "messy" trend, even including spot heights 
separated by as much as 300 ft that have no height difference. 

Referring back to Figure 2.6, we can see that most of the upward trend in 
heights is from north to south. In fact, we can also make a plot of pairs of 
spot heights whose separation is almost north-south in orientation. In 
other words, we only plot the pairs of points whose separation is close to 
exactly north-south in orientation. If we were to restrict pairs used in the 
variogram cloud to precisely this directional separation, we would probably 
have no pairs of points to plot. Instead, we allow separations at north-south 
±5'. Similarly, we can plot pairs that lie almost exactly east-west of one 
another. Both these sets of pairs are plotted in a single cloud in Figure 2.8. 
Pairs of points almost on a N-S axis are indicated by open circles, and pairs 
almost on an E-W axis are indicated by filled circles. 
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Figure 2.7 Variogram cloud for the spot height data in Figure 2.6. 

Th' Pitfalls and Potentia' of Spatia' Data 

20 

i 15 
0 0 0 

~ -
:, 0<00 00 

00 
0" .c 

Cl 
'ijj " 	 o~. 0 cP 000 000 

.c 10 e 000 0 00 

'0 
 • o.~oo o.r'fl; III 0 .00 
0... tf6>0 ~ : •••q,~ • 0 

.00 • O.I!! 
III 
:::I 5 ~O'O ,0. ,.', •r:r 

tI) 
0

0 
0 o. - " ••

Bat • •• • •o. • ••0. 

o • •• 0 

o J • • 
0 100 200 300 400 500 

Distance between spot heights 

Figure 2.8 Variogram clouds for N-S oriented pairs in Figure 2,6 (open circles), and 
for E-W oriented pairs (filled circles). 

There are a number things to note in this diagram: 

• 	There are many few~r points plotted. This is because pairs at NS ± 5" 
or at EW ± 5° are much less numerous. In fact, we would expect only 
10/180 = 1/18 as many points in each group as in the full plot of 
Figure 2.7 . 

• 	The distance range of the plot is shorter because of the allowed 
orientations and the shape of the study area. Since the study area 
is about 300 ft in both the NS and EW directions, only pairs of points 
at these separations are available. Note that this is another example 
of an edge effect in spatial analysis. 

• Although there is considerable overlap in the two clouds, it is evident 
that in general there are greater differences between NS-separated 
pairs of spot heights than between EW-separated pairs. This is con
sistent with the overall trends in the data indicated by the contours 
in Figure 2.6. 

• This difference is indicative of anisotropy in this data set; that is, 
there are directional effects in the spatial variation of the data. This 
concept is discussed in more detail in Chapter 3. 
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Variogram clouds can be uHeful (~xplol'llt.()I'Y t.oolH, hullll'(l sOll1otinws dif~ 
ficult to interpret, largely because there aro so many point!!. A more con
densed summary is provided by subdividing the distance axis into intervals, 
called lags, and constructing a summary of the points in each distance 
interval. This has been done in Figure 2.9, where a box plot summarizes 
the data in each ofl0 lags (for an explanation of box plots, see Appendix A). 
Here the rising trend in the difference between spot heights at greater 
distances is clearer. Edge effects due to the definition of the study area 
are also clear in the drop-off in height differences beyond lags 6 and 7. 
These lags correspond to separations of around 300 ft. Lags 8, 9, and 10 
are made up of differences between spot heights in diagonally opposite 
corners of the study region and inspection of Figure 2.6 shows that these 
heights are typically similar to one another. A less restricted study region 
would probably not show this effect at these distances. 

All of these plots are indicative of a tendency for greater height differ
ences between spot heights the farther apart they are. This is consistent 
with what we expect oflandscape topography. Plots like these are useful in 
showing aspects of the autocorrelation structure of data in a general· way, 
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Figure 2.9 Series of box plots for distance intervals summarizing the data in Figure
2.7. 

The Pitfalls and Potential of Spatial Data 4', but it may 1)(' impm'tllllt to condemolc the information contained in Huch plotH 
still further HO that it iH more usable. This can be done by estimating a 
functional rell.ltionHhip between differences in attribute values and their 
spatial se~aration called the semivariogram. The semivariogram is impor
tant in optLmum interpolation and is illustrated and discussed in Chapter 9. 

CHAPTER REVIEW 

• 	Autocorrela~f9nund~I'll].iI!es (!(>nye.ntional inferenti~l§t!'ttist!~§...~g1!~ 
~d;;-~dancyin data aIjsing fr~m similarity in nearby observations. 

-'"" ..._-, ..,'-	 "," 

• The modifiable areal u,1]it problem (MAUP) also undermines conven
tional methods, especially correlation and regression. ' 

• 	As always in geography, scale can have a significant impact on spa
tial analysis, and choice of an appropriate scale is an important first 
step in all spatial analysis. 

• The 	nonuniformity of space is also problematic. Edge ('tTeets are 
almost always present, and should be considered. 

• Although 	these issues remain problematic, the last 30 yearA or so 
have seen progress on many of them, and quantitative geographic 
methods are more sophisticated now than when they were heavily 
criticized in the 1970s and 1980s. 

• 	Important concepts in geographic information analysis are distance, 
adjacency, interaction, and neighborhood, and all may be defined in 
different ways. 

• 	 Using matrices is a convenient way to summarize these concepts, as 
they apply to any particular distribution of geographic objects. 

• Proximity polygons and their dual, the Delaunay triangulation, are 
useful constructions in geographic analysis. 

• 	Th~czz:i9g~am cloud, and its summary semivariogrgm provide a use
ful way to explore the spatial dependence between attributes of 
objects. 

• 	Spatial data really are special! 
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Chapter 3 
.. 

Fundamentals: Maps as Outcomes of 
Processes 

CHAPTER OBJECTIVES 

In this chapter, we: 

• 	 Introduce the concept of patterns as realizationH ofproceslws 
• Describe a simple process model for point patterns: the independent 

random process or complete spatial randomness 
• Show how expected values for one measure of a point pattern can be 

derived from this process model 
• 	 Introduce the ideas of stationarity and first- and s,econd·order effects 

in spatial processes 
• 	Differentiate between isotropic and anisotropic processes 
• Briefly extend these ideas to the treatment of line and area objects 

and to spatially continuous fields 

After reading this chapter, you should be able to: 

• JustifY the stochastic process approach to spatial statistical analysis 
• Describe and provide examples ofdeterministic and stochastic spatial 

processes 
• 	 List the two basic assumptions of the independent random process 
• 	 Outline the logic behind the derivation of long-run expected out· 

comes of this process using quadrat counts as an example 
• 	 List and give examples ofnonstationarity involving first- and second

order effects 
• 	Differentiate between isotropic and anisotropic processes 

51 
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to anllt, 


objects 

• Outline how these idem; might alHo ho 

3.1. INTRODUCTION 

In Chapter 1 we highlighted the importance of spatial patterns and spatial 
processes to the view of spatial analysis presented in this book. Patterns 
provide clues to a possible causal process. The continued usefulness of maps 
to analysts remains their inherent ability to suggest patterns in the phe
nomena they represent. In this chapter we look at this idea more closely 
and explain the view that maps can be understood as outcomes of processes. 

At the moment, your picture of processes and patterns, as described in 
this book, may look something like that shown in Figure 3.1. We agree that 
this is not a very useful picture. In this chapter we plan to develop your 
ideas about processes in spatial analysis so that the left-hand side of this 
diagram becomes more complete. In Chapter 4 we develop ideas about pat
terns-filling in the right-hand side of the picture-and also complete it 
describing how processes and patterns may be related statistically. 
However, by the end of this chapter you should already have a pretty 
good idea of where this discussion is going because in practice it is difficult 
to separate these related concepts entirely. We develop ideas with particu
lar reference to point pattern analysis, so that by the time you have read 
these two chapters you will be well on the way to an understanding of both 
general concepts in spatial analysis, and more particular concepts relating 
to the analysis of point objects. 

In Section 3.2 we define processes starting with deterministic processes 
and moving on to stochastic processes. We focus on the idea that processes 
make patterns. In Section 3.3 we show how this idea can be formalized 
mathematically by showing how the pattern likely to be produced by the 
independent random process can be predicted. This involves some mathe
matical derivation, but is done in steps so that it is easy to follow. It is 
important that you grasp the general principle that we can propose a math
ematical model for a spatial process and then use that model to determine 
expected values for descriptive measures of the patterns that might result 
from that process. This provides a basis for statistical assessment of the 
various point pattern measures discussed in Chapter 4. The chapter ends 

Processes Patterns 
? ? 

Figure 3.1 Our current view of spatial statistical analysis. In this chapter and the next, 
we will be out this rather thin description! 

Fundamentals: Maps as Outcomes of Processes 

with n disl~UHHioll of how this definition of a process can be extended to line, 
area, and field OhjoctH. 

3.t. PROCESSES AND THE PATTERNS THEY 
MAKE 

We have already seen that there are a number of technical problems in 
applying statistical analysis to spatial data: principally spatial autocorrela
tion, the modifiable areal unit problem, and scale and effects. There is 
another, perhaps more troublesome problem, which seems to make the 
application of inferential statistics to geography at best questionable, and 
at worst simply wrong: Geographical data are often not .'1amples in the sense 

. meant in standard statistics. Frequently, geographical data represent the 
whole population. Often, we are only interested in unden~tllnding the study 
region, not in making wider inferences about the whole wodd, so that the 
data are the entire population of interest. For example, consus data are 
usually available for an entire country. It would be perverse to study only 
the census data for the northeastern seaboard if our intereHt extended to nIl 

lower 48 U.S. states, since data are available for all states. Therefhre, 
we really don't need the whole apparatus of confidence intervals for the 
sample mean. If we want to determine the infant mortality rate for the 
lower 48, based on data for 3000-odd counties, we can simply calculate it, 
because we have all the data we need. 

One response to this problem is not to try to say anything statistical about 
geographical data at all! Thus we can describe and m.ap geographical data 
without commenting on its likelihood, or on the confidence that we have a 
good estimate of its mean, or whatever. This is a perfectly reasonable 
approach. It certainly avoids the contradictions inherent in statements 
such as "the mean Pennsylvania county population is 150,000 ± 15,000 
with 95% confidence" when we have access to the full data set. 

The other possibility, the one we adopt throughout this book, is to think 
in terms of spatial processes and their possible realizations. In this view, an 
observed map pattern is one of the possible patterns that might have been 
generated by a hypothesized process. Statistical analysis then focuses on 
issues around the question: Could the pattern we observe have been gen
erated by this particular process? 

Deterministic Processes 

Process is one of those words that is tricky to pin down. Dictionary defini
tions tend to be unhelpful and a little banal: "Something going on" is typi
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ca!. We are not going to help nnwh wit.h our d(llinitioll (!ithor, but bOil!' with 
us, and it will all start to make senso. A spatial PI'O('('ss is a description of' 
how a spatial pattern might be generated. Often, the process dO!-1cription is 
mathematical, and it may also be deterministic. F'or example, if x and y are 
the two spatial coordinates, the equation 

z=2x+3y (3.1) 

\describes a spatial process that produces a numerical value for z at every 
location in the x-y plane. If we substitute any pair of location coordinates 
into this equation, a value for z is returned. For example, location (3,4) has 
x = 3 andy 4, so thatz = (2 x 3) + (3 x 4) = 6 + 12 18. The values ofz at 
a number of other locations are shown in Figure 3.2. In the terms intro
duced in Chapters 1 and 2, the entity described by this equation is a spa
tially continuous field. The contours in the figure show that the field, z, is a 
simple inclined plane rising from southwest to northeast across the mapped 
area. This spatial process is not very interesting because it always produces 
the same outcome at each location, which is what is meant by the term 
deterministic. The value of z at location (3,4) will be 18 no matter how 
many times this process is realized. 

A Stochastic Process and Its Realizations 

Geographic data are rarely deterministic in this way. More often, they 
appear to be the result of a chance process, whose outcome is subject to 

x 
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Figure 3.2 Realization of the deterministiC spatial process z 2x + 3y for a :'S x :'S 7, 
a Y:'S 7. Isolines are shown as dashed lines. This is the only possible realization 
because the process is deterministic. 

GEOGRAPHIC INFORMATION ANALYSIS 
 Fundamentals: Maps as Outcomes of Processes 

vnrilltion thllt ClIIlIwl Im given precisely by a mathematical function. 
u pparcntly chnnco element seems inherent in processes involving the indi
vidual or collective rcsults of human decisions. It also appears in applica
lions such as meteorology, where although the spatial patterns observed 
are the ~esult of deterministic physical laws, they are often analyzed as if 
they were the results of chance processes. The physics of chaotic and com
plex systems has made it clear that even deterministic processes can 
produce seemingly random, unpredictable outcomes-see James Gleick's 
excellent nontechnical book Chaos for a thorough discussion (Gleick, 
1987). Furthermore, the impossibility of exact measurement may introduce 
random errors into uniquely determined spatial patterns. Whatever the 
reason for this "chance" variation, the result is that the same process 
may generate many different spatial structures. 

If we introduce a random, or stochastic, element into u process descrip
tion, it becomes unpredictable. For example, a process similar to the pre
ceding one is z =" 2x + 3y +d, where d is a randomly chosen value at each 
location, (say) -1 or +1. Now different outcomes are pOf'lsiblc llllCh time the 
process is realized. Two realizations of 

z=2x+3y±1 (3.2) 

are shown in Figure 3.3. If you draw the same isolines, you will discover 
that although there is still a general rise from southwest to northeast, the 
lines are no longer straight (try it). There is an effectively infinite number of 
possible realizations of this process. If only the 64 locations shown here are 

x x 

20 X24 X26 X26 X28 x30 X34 X34 22 X22 X24 X26 X28 X32 X34 X3677 

17 X19 X21 X23 X25 X29 X31 X33 19 X21 X21 X25 X 27 X29 X31 X316 6 

16 X16 X18 X21 X23 X24 3016 X16 X18 X22 X22 X26 X 26 X285 5 x 

11 X15 X17 X17 X21 X23 X25 X25 11 X 13 X 15 X 17 X21 X21 X25 X254 4 

8 X12 X12 X14 X 18 X18 X22 X22X14 X16 X16 X18 x 20 X22 33f x 10 

7 x 9 X11 X11 X15 X15 X17 X21 

4 6 X6 x 10 X12 X14 X14 X18 

2 7 X9 X9 X11 X15 X15 X19 X21 2 

2 10X4 x X12 X12 X16 X18x 

o *-1 )( 1 )(5 )(5 )(7 )(11 )(13 )(15 ~ Y 0 -1 5 5 7 11 13 13 
Y 

0 1 2 3 4 5 6 7 0 2 3 4 5 6 7 

Figure 3.3 Two realizations of the stochastic spatial process z 2x + 3y ± 1 for 
a :'S x :'S 7, a y 7. 
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of interest, there are 2!l4 or 18,446, 744,07:l,709.lili 1.616 POHHihle r(~lllizntionH 
that might be observed! 

it. However, it is a 
Use the same basi 

Ing 1 from each "all! 
In the range 0 
numbers from xaOfestn 
two digits db ... 
first digit is 

What would be the outcome if there were absolutely no geography to a 
process-if it were completely random? Ifyou think about it, the idea of no 
geography is the ultimate null hypothesis for any geographer to suggest, 
and we illustrate what it implies in the remainder of this section using as 
an example a dot map created by a point process. Again to fIX ideas, we 
suggest that you undertake the following exercise. 

Fundamentals: Maps as Outcomes of Processes 

2. 	 Use random number tables, or the last two digits In a column of 

numbers in your telephone directory, to get two random numbers 

each In the range 0 to 99. 


3. 	U,ling these random numbers as the eastings and northings coordi

ncles, mark a dot at the location specified. 


4. 	 Repeat steps 2 and 3 as many times as seems reasonable (50f) to 

get your first map, 


r§get anothe'maPIJe~at steps 1 to 4. 

The result is a dot map generated by the independent random process 
(IRP), sometimes called complete spatial randomneHH (CSRl. Every time you 
locate a point, called an event in the language ofstatiHticH, you are randomly 
choosing a sample value from a fixed underlying probability diHtribution in 
which every value in the range 0 to 99 has an equal chunce of being 
selected. This is a uniform probability distribution. It should be evident 
that although the process is the same each time, very different-looking 
maps can be produced. Each map is a realization of a proceHH involving 
random selection from a fixed, uniform probability distribution. 

It is important to be clear on three issues: 

l. The word random is used to describe the method by which 
symbols are located, not the patterns that result. It is the process 
that is random, not the pattern. We can also generate maps of 
realizations randomly using other underlying probability distribu
tions, not just uniform probabilities. 

2. The maps produced by the stochastic processes we are discussing 
each display a spatial pattern. It comes as a surprise to people 
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doing these exercisoH fbr the firHt tinHl that rundmn Hdection fl'Om II 
uniform probability distribution can give marked clusters of events 
of the sort often seen, for example, in dot maps of disease incidence. 

3. 	In no sense is it asserted that spatial patterns are ultimately chance 
affairs. In the real world, each point symbol on a map, be it the 
incidence of a crime, illness, factory, or oak tree, has a good beha
vioral or environmental reason for its location. All we are saying is 
that in aggregate the many individual histories and circumstances 
might best be described by regarding the location process as a 
chance one, albeit a chance process with well-defined mechanisms. 

3.3. 	PREDICTING THE PATTERN GENERATED BY 
A PROCESS 

~·f··.//{'i··r·'·'· ..•. .... (..""..'tI~J~at~~t! . 

~~:~'l!~"\~~~',m'~~!:",~Etft..({~ .. •<I'Q~ ·thfrlg5'iCa~~~q.M

se~~j~JllsWherewe,.stal'tt~ IOgk·atthe~attern$tn:ro~p$.llla 
mathe~iltit.alway,.. Tner~.·ls~~;PQSSlbly muddy mat . 

ahead. A$w!1~~~~~II~~YJ'th.•r~al!y fl1iuqdy grOijndl ·.' .. 

not get stuck lf~et~~~~1:ir~'I11~Afl~rn~"e.~h~~q·

objective is notto bog¥Oti4~ ". . .'. .' 

follow it completely) but . 

then to use some mathematicstou!:;~:.".(~~ 


Now we use the example of the dot map produced by a point process to 
show how, with some basic assumptions and a little mathematics, we can 
deduce something about the patterns that result from a process. Of the 
infinitely many processes that could generate point symbol maps, the sim
plest is one where no spatial constraints operate, called the independent 
random process (IRP) or complete spatial randomness (CSH). You will 
already have a good idea of how this works if you completed the exercise 
in Section 3.2. Formally, the independent random process postulates two 
conditions: 

1. 	The condition of equal probability. This states that any' point has 
equal probability of being in any position or, equivalently, each 
small subarea of the map has an equal chance of receiving a point. 

Fundamentals: Maps.as Outcomes of Processes 5' 

2. 'rht' eoudition of independence. This states that the positioning of 
any point iH independent of the positioning of any other point. 

Such a iroccss might be appropriate in real-world situations where the 
locations of entities are not influenced either by the varying quality of the 
environment or by the distances between entities. 

It turns out to be easy to derive the long-run expected results for this 
process, expressed in terms of the numbers of events we expect to find in a 
set of equal-sized and nonoverlapping areas, called quadrats. Figure 3.4 
shows an area in which there are 10 events (points), distributed over 
eight hexagonal quadrats. In the figure, a quadrat count (see Chapter 4 
for a more complete discussion) reveals that we hnvll two quadrats with no 
events, three with one, two with two, and just one quadrnt has three events. 
Our aim is to derive the expected frequency distribution of these numbers 
for the independent random process outlined above. With OUI' study region 
divided into these eight quadrats for quadrat counting, whnt iH the prob
ability that anyone event will be found in a particular qundrllt? Or two 
events? Or three? Obviously, this must depend on the numb~r of eV(1ntA in 
the pattern. In our example we have 10 events in the puttern Ilnd we nre 
interested in determining the probabilities of 0.1. 2, ... up to 10 events 
being found in a particular quadrat. It is obvious that under our assump
tions the chance of all 10 events being in the same quadrat are very low, 
whereas the chance of getting just one event in a quadrat will be relatively 
high. 

So what is the probability that one event will occur in a particular quad
rat? For each event in the pattern, the probability that it occurs in the 
particular quadrat we are looking at (say, the shaded one) is given by the 
fraction of the study area that the quadrat represents. This probability is 
given by 

P(event A in shaded quadrat) ~ 	 (3.3) 

3.4 Quad rat for the example described in the text. 

http:mathe~iltit.al
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since each quadrat is an equal si;w IInd nil (light. togother till up LIlO 
region. This probability is a direct consequence of the assumption that un 
event has an equal probability of occurring anywhere in the study region. 

For a particular event A to be the only event observed in a particular 
quadrat, what must happen is that A is in that quadrat (with probability ~), 
and nine other events B, C, ... , J are not in the quadrat, which occurs with 
probability ~ for each of them. So the probability that A is the only event 
in the quadrat is given by 

177 7 7 7 7 7 7 7
P(event A only) = - x - x - x - x x - x - x - x - x- (3.4)

888 8 8 8 8 8 8 8 

that is, ~, multiplied by ~ nine times, once for each of the events that we are 
not interested in seeing in the quadrat. The multiplication of the probabil
ities in equation (3.4) is possible because of the second assumption that 
each event location is independent of all other event locations. However, if 
we do observe one event in a particular quadrat, it could be any of the 10 
events in the pattern, not necessarily event A. 'Thus, we have 

1 777 7 7 7 777 
P(one event only) = 10 x 8 x 8 x 8 x 8 x 8 x 8 x 8 x 8 x 8 x 8 (3.5) 

In fact, the general formula for the probability of observing k events in a 
particular quadrat is 

l)k (7) lO-k
P(k events) = (no. possible combinations of k events) x 8 x 8(

(3.6) 

The formula for number of possible combinations of k events from a set of 
n events is well known and is given by 

Ck = =(~) (3.7) 

where the exclamation symbol (l) represents the factorial operation and n! 
is given 

n x (n - 1) x (n 2) x ... x 1 (3.8) 

If we put this expression for the number of combinations of k events into 
equation (3.6) we have 
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(I)'" (7) III 

'I 
I:1'(1.' (!V(lIltH) Ck" x 8 x 8 

(3.9)
10! (1) (7) lO-k .. =k!(10-k)!x 8 x 8 

We can now substitute each possible value of k from 0 to 10 into equation 
(3.9), in turn, and arrive at the expected frequency distribution for the 
quadrat counts based on eight quadrats for a point pattern of 10 events. 
The probabilities that result are shown in Table 3.1. 

These calculations may look familiar. They Ilro tho binomial distribution, 

given by 

Pen, k) = ( 'it )pk(l _p)1I k (3.10) 

If this is unfamiliar, in Appendix A we have provided a bm,ic introduction to 
statistical frequency distributions. A little thought will show that t1w prob
ability p in the quadrat counting case is given by the sizo of oneb 'Iulldrllt 
relative to the size of the study region. That is, 

quadrat area a/x 1 (3.U) 
- area of study region a x

p-

Table 3.1 Probability Distribution Calculations for the Worked Example 

Number of 
Number of possible 

events in combinations 

quadrat, of k events, G) 10-k 


c lO P(k events)k or"k 

0 1 1.00000000 0.26307558 0.26307558 


1 10 0.12500000 0.30065780 0.37582225 


2 45 0.01562500 0.34360892 0.24160002 


3 120 0.00195313 0.39269590 0.09203810 


4 210 0.00024412 0.44879532 0.02300953 


5 252 0.00003052 0.51290894 0.00394449 


6 210 0.00000381 0.58618164 0.00046958 


7 120 0.00000048 0.66992188 0.00003833 


8 45 0.00000006 0.76562500 0.00000205 


9 10 0.00000001 0.87500000 0.00000007 


10 1 0.00000000 1.00000000 0.00000000 
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where x is the number ofquadruts into which Llw study Men iH dividod. '!,his 
gives us the final expression for the expected probability distribution of the 
quadrat counts for a point pattern generated by the independent random 
process: 

P(k,n,x) = (~)GYe: 1r-k 

(3.12) 

which is simply the binomial distribution withp = 1/x, where x is the num
ber of quadrats used, n is the number of events in the pattern, and k is the 
number of events in a quadrat. 

The importance of these results cannot be overstated. In effect, we have 
specified a process-the independent random process-and used some 
mathematics to predict the frequency distribution that in the long run its 
realizations should yield. These probabilities may therefore be used as a 
standard by which any observed real-world distribution can be judged. For 
example, the small point pattern in Figure 3.4 has an observed quadrat 
count distribution, shown in the second column of Table 3.2. 

We can compare this observed distribution of quadrat counts to that 
predicted by the binomial distribution calculations from Table 3.1. To 
make comparison easier, these have been added as the last column in 
Table 3.2. The observed quadrat counts appear very similar to those we 

Table 3.2 Quadrat Counts for the Example in 
Figure 3.4 Compared to the Expected 
Frequency Distribution Calculated from the 
Binomial Distribution 

Number of Fraction Fraction 
k quadrats observed predicted 

0 2 0.250 0.2630755 
1 3 0.375 0.3758222 
2 2 0.250 0.2416000 
3 1 0.125 0.0920391 
4 0 0.000 0.0230095 
5 0 0.000 0.0039445 
6 0 0.000 0.0004696 
7 0 0.000 0.0000383 
8 0 0.000 0.0000021 
9 0 0.000 0.0000001 

10 0 0.000 0.0000000 
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Figure 3.5 Comparison of the observed and predicted frequency distributions for the 
pattern in Figure 3.4. 

would expect if the point pattern in Figure 3.4 had been producod by the 
independent random process. This is confirmed by inHpection of the two 
distributions plotted on the same axes, as in Figure a.5. Since we also 
know the theoretical mean and standard deviation of the binomial distribu
tion, it is possible-as we shall see in Chapter 4-to make this observation 
more precise, using the usual statistical reasoning and tests. 

In this section we have seen that it is possible to describe a spatial process 
mathematically. We have also seen that we can predict the outcome of (for 
example) a quadrat count description of a point pattern generated by the 
independent random process and use this to judge whether or not a parti
cular observed point pattern is unusual with respect to that process. In 
other words, we can form a null hypothesis that the independent random 
process is responsible for an observed spatial pattern and judge whether or 
not the observed pattern is a likely realization of that process. In Chapter 4 
we discuss some statistical tests, based on this general approach, for var
ious point pattern measures. This discussion should make the rather 
abstract ideas presented here more concrete. 

We should note at this point that the binomial expression derived above is 
often not very practical for serious work. Calculation of the factorials 
required even for medium-sized values of nand k is difficult. For example, 
50! ~ 3.0414 x 1064 and n = 50 would represent a small point pattern
values of n of 1000 or more will not be uncommon. Fortunately, it turns 
out that even for modest values of n, the Poisson distribution is a good 
approximation to the binomial distribution. The Poisson distribution is 
given by 
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Tablc 3.3 Cornpilri'>on of Ihe 
Binomial and Poisson Distributions 
for Small n 

k Binomial Poisson 

0 0.26307558 0.28650480 
1 0.37582225 0.35813100 
2 0.24160002 0.22383187 
3 0.09203810 0.09326328 
4 0.02300953 0.02914478 
5 0.00394449 0.00728619 
6 0.00046958 0.00151796 
7 0.00003833 0.00027106 
8 0.00000205 0.00004235 
9 0.00000007 0.00000588 

10 0.00000000 0.00000074 

A
P(k) = )..ke

(3.13)k! 

where).. is the average intensity of the pattern and e :::.::; 2.7182818 is the base 
of the natural logarithm system. To confirm that this is a good approxima
tion, for the example considered in Figure 3.4, if each hexagonal quadrat 
has unit area (i.e., 1), ).. = 10/8 = 1.25, we obtain the fractions given in 
Table 3.3. For larger n the Poisson approximation is closer than this, so it 
is almost always adequate-and it is always considerably easier to calcu
late. 

3.4. MORE DEFINITIONS 

This independent random process is mathematically elegant and forms a 
useful starting point for spatial analysis, but its use is often exceedingly 
naive and unrealistic. Most applications of the model are made in expecta
tion of being forced to reject the null hypothesis of independence and ran
domness in favor of some alternative hypothesis that postulates a spatially 
dependent process. If real-world spatial patterns were indeed generated by 
unconstrained randomness, geography as we understand it would have 
little meaning or interest, and most GIS operations would be pointless. 

An examination of most point patterns suggests that some other process 
is operating. In the real world, events at one place and time are seldom 
independent of events at another. so that as a general rule we expect point 
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patterns to diHplny Hpntinl dependence, and hence not to mutch a hypotheHiH 
of spatial randOmlH!HH. 11here are two basic ways in which we expect real 
processes to diner from the independent random process or complete spatial 
randomness (lRP/CSR). First, variations in the receptiveness of the study.. 
area mean that the assumption of equal probability of each area receiving 
an event cannot be sustained. For example, if events happened to be plants 
of a certain species, then almost certainly they will have a preference for 
patches of particular soil types, with the result that there would probably be 
a clustering of these plants on the favored soils at the expense of those less 
favored. Similarly, in a study of the geography of a disease, if our point 
objects represent locations of cases of that disease, these will naturally tend 
to cluster in more densely populated areas. Statisticians refer to this type of 
influence on a spatial process as a first-order efl'ect. 

Second, often the assumption that event placements ure independent of 
each other cannot be sustained. Two deviations from indopendence are 
possible. Consider, for example, the settlement of the Cllnndinn prairies 
in the latter half of the nineteenth century. As settlcrH HI)I'('nd, market 
towns grew up in competition with one another. For various rOIlHOIlH, nota-

the competitive advantage conferred by being on a railway, Homo LownH 
prospered while others declined, with a strong tendency lhr HuccoHsful 
towns to be located far from other successful townH as the market areas 
of each expanded. The result is distinct spatial separation in the distribu
tion of towns with a tendency toward uniform spacing of the sort predicted 
by central place theory. In this case point objects tend to suppress nearby 
events, reducing the probability of another point close by. Other real-world 
processes involve aggregation or clustering mechanisms, where the occur
rence of one event at a particular location increases the probability of other 
events nearby. Examples include the spread of contagious such as 
foot-and-mouth disease in cattle and tuberculosis in humans, or the diffu
sion of an innovation through an agricultural community, where farmers 
are more likely to adopt new techniques that their neighbors have already 
used with success. Statisticians refer to this second type of influence as 
a second-order effect. 

Both first- and second-order effects mean that the chances of an event 
occurring change over space, and we say that the process is no longer 

concept of stationarity is not a simple one, but is essentially 
the idea that the rules that govern a process and control the placement of 
entities, although probabilistic, do not change, or drift over space. In a point 
process the basic properties of the process are set by a single parameter, the 
probability that any small area will receive a point-called, for obvious 
reasons, the intensity of the process. Stationarity implies that the intensity 
does not change over space. To complicate matters a little further, we can 
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also think in terms of first- and secolld-ordor Htlltiollllrity, A Hputilll pr'ocesH 
is first-order stationary if there is no variation in its intcm~ity over space, 
and is second-order stationary ifthere is no interaction between events, The 
independent random process is both first- and second-order stationary, 
Another possible class of intensity variation is where a process varies 
with spatial direction, Such a process, called anisotropic, may be contrasted 
with an isotropic process, where directional effects do not occur. 

So we have the possibility of both first- and second-order effects in any 
spatial process and both can lead to either uniformity or clustering in the 
distribution of the point objects, Herein lies one important weakness of 
spatial statistical analysis: observation of just a single realization of a pro
cess, for example a simple dot map, is almost never sufficient to enable us to 
decide which of these two effects is operating. In other words, departures 
from an independent random model may be detected using the tests we 
outline in Chapter 4, but it will almost always be impossible to say whether 
this is due to variations in the environment or to interactions between point 
events, 

3.5. 	STOCHASTIC PROCESSES IN LINES, AREAS, 
AND FIELDS 

So far we have concentrated on IRP/CSR applied to spatial point processes. 
At this stage, if you are interested primarily in analyzing point patterns, 
you may want to read Chapter 4. However, it is important to note that the 
same idea of mathematically defining spatial processes has also been 
applied to the generation of patterns of lines, areas, and the values in 
continuous fields. In this section we survey these cases briefly. In each 
case, these ideas will be taken up in a later chapter. 

Line Objects 

Just as point objects have spatial pattern, so line objects have length, direc
tion, and if they form part of a network, connection. It is theoretically 
possible to apply similar ideas to those we have used above to determine 
expected path lengths, directions, and connectivity for mathematically 
defined processes that generate sets of lines. However, this approach has 
not found much favor. 

Pundamentals: Maps as Outcomes of Processes 

Random Lines 

Con~er a blank area such as an open park or pl~a, to be 

.. . 

I';rl)ss~ij< 
pedestrians or shoppers and across which no fixed paths exlst'1'~''!:K!~I;! 
process to the independent random location of a polntls tosele1.·. 
on the perimeterofth~flre~randomly, allowing each pOinta~~ti~t~~<lI. 
It:1d~pendent chance 0'be1ogselected, then to draw a lineina~~~d~·' 
ql~~(rtio.nfromth~,point$eJected until it reaches the perimeter. AS'~ialter" 
ria,t'~e:.~eC()~f<fr~<famfy select a second point also on the perimeter,~9. 

. ..tv¥Q~ntsi'Oraws~ch an area and one such line on a $~e:t!!l,pf 
~t,pr~l:I,Clilaserie~of random lines, so that the pattern they ~ke 
!I~~jj~f\this random process. What do you thlnk,the 

~.oftheseljnelengths would look like? 
. 

What values would we expect, in the long run, from thiH ind(!pcndent 
random process? Although the general principles aro the Humo, deducing 
the expected frequencies of path lengths given an independent nmdom 
process is more difficult than it was for point patterns. There are three 
reasons for this. First, recall that the frequency distribution of quadrat 
counts is discrete, and need only be calculated for whole numbers corre
sponding to cell counts with k 0, 1, 2.... , n points in them. Path lengths 
can take on any value, so the distribution involved is a continuous prob
ability densi(y function. This makes the mathematics a little more difficult. 
Second, a moment's doodling quickly shows that because they are con
strained by the perimeter of the area, path lengths depend strongly on 
the shape of the area they cross. Third, mathematical statisticians have 
paid less attention to path-generating processes than they have to point
generating processes. One exception is the work of Horowitz (1965), and 
what follows is based largely on his work. 

Starting from the independent random assumptions already outlined, 
Horowitz derives the probabilities of lines of given length for five basic 
shapes: squares, rectangles, circles, cubes, and spheres. His results for a 
rectangle are shown in Figure 3.6. There are several points to note: The 
probability associated with any exact path length in a continuous probabil
ity distribution is very small, thus what is plotted is the probability density, 
that is, the probability per unit change in length. This probability density 
function is strongly influenced by the area's shape. There are a number of 
very practical situations where the statistical properties of straight-line 
paths across specific geometric shapes are required, but these occur mostly 
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Figure 3.6 Probability of different line lengths across a rectangular area. 

in physics (gamma rays across a reactor, sound waves in a room, and so 
rather than in geography. A possible application, to pedestrian paths across 
a circular shopping plaza, is given in Getis and Boots (1978), but this is not 
very convincing. A major difficulty is that few geographical problems of 
interest have the simple regular shapes that allow precise mathematical 
derivation of the probabilities. Instead, it is likely to be necessary to use 
computer simulation to establish the expected, independent random prob
abilities appropriate to more complex real-world shapes. 

A related, but more complex problem with more applicability in geogra
phy is that of establishing the probabilities of all possible distances within 
irregular shapes rather than simply across the shape as in the Horowitz 
model. Practical applications might be to the lengths ofjourneys in cities of 
various shapes, the distances between the original homes of marriage part 
ners, and so on. Given such data, the temptation is to test the observed 
distribution of path lengths against some uniform or random standard 
without taking into account the constraints imposed by the shape of the 
study area. In fact, a pioneering paper by Taylor (1971) shows that the 
shape strongly influences the frequency distribution of path lengths 
obtained, and it is the constrained distribution that should be used to assess 
observed results. As suggested above, Taylor found it necessary to use com~ 
puter simulation rather than mathematical analysis. 
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table, those who choose to sit across the corner of a table outnumber those 
who prefer to sit opposite one another by a factor of 2:1 (Figure 3.7), Can 
we conclude that there is a psychological preference 

. 

for. corner 
Thinv,bout this before reading on, 

In fact, we can draw no such conclusion. As the diagram: 
shows, there are two possible ways that two customers canc,slt 
another across a, table, but four ,ways-twice as many--th~fj: 
across a table corner., it Is perfectly possible that the 
tetls US MOthif:1g .at:aUabout the seating preferences of coffeefifin~f!it~,' 
because It is exaetly; wnatwe would expect to find if people wefe:jl~lfia 
r:~.chQic~$.~where to sltl .. ,.•.,' 
,·.·"Th~stiuilpe.Df~ti tables affects the number of possible arrangemen~t,;or 
tneam~fatlqn~ possibilities. In much the same way, th~, shape of an 
udiarHi:iea, ;i1Hdtne.!!tructure of its transport networks, affect the possible •... 
lout_Y5,u,d~~rnf!iY lengths that we might observe. Of course, the coffee 
shGlPseatlllli,::a;mtH:heasierexample to do the calculations for than Is 
typitali:ll a .~o$ra~hjeal appUcation. 
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The idea of an independent random process has been used more success
fully to study the property of line direction, Geologists interested in sedi
ments such as glacial tills, where the orientations of the particles have 
process implications, have done most of this work. In this case we imagine 
lines to have a common origin at the center of a circle, and randomly select 
points on the perimeter, measuring the line direction as the angle from 
north, as shown in Figure 3.8. 

A comprehensive review of this field, which is required reading for any
one with more than a passing interest, is the book by Mardia (1972). In till 
fabric analysis, any directional bias is indicative of the direction of a glacier 
flow. In transport geography it could indicate a directional bias imparted by 
the pattern of valleys along which easiest routes were found, and so on. 
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N 

Figure 3.8 Random directions on a circle. In this example. five randomly generated 
line segments are shown with their angle measured relative to north. 

Line data are often organized in networks. In the past, geographers have 
usually taken the structure of a network expressed by its pattern of con
nections as a given, attempting to relate its structure to flows along the 
various paths. However, there is also a literature exploring the idea of 
network generation by random joining of segments. This is in the field of 
geomorphology, where attempts have been made, notably by Shreve (1966), 
to relate the observed tree networks of rivers in a drainage basin to predic
tions of possible models of their evolution. It turns out that natural tree 
networks have patterns of connection that are fairly probable realizations of 
a random model. The geomorphological consequences of this discovery, 
together with further statistical tests and an in-depth review, are to be 
found in Werritty (1972). For dissenting views, see Milton (1966) and 
Jones (1978). 

In contrast, less attention has been paid to the statistical analysis of 
networks that are not treelike (in practice, most networks). Exceptions 
are the work of the statistician Ling (1973), summarized in Tinkler 
(1977) and Getis and Boots (1978, p. 104). As before, we can propose a 
random model as a starting point and compare its predictions with those 
for any observed network with the same number of nodes and links. This 
problem turns out to be mathematically very similar to the basic binomial 
model used in describing the random allocation of point events to quadrats. 
Here we assign links to nodes, but with an important difference. Although 
the assignment of each link between nodes may be done randomly, so that 
at each step all nodes have equal probability of being linked, each place
ment reduces the number of available possible links; hence the probability 
ofa specific link will change. The process is still random, but it now involves 
dependence between placements. If there are n nodes with q paths distrib
uted among them, it can be shown (see Tinkler, 1977, p. 32) that the appro
priate probability distribution taking this dependence into account is the 
hypergeometric distribution. 

F~ndamentals: Maps as Outcomes of Processes 

Area Objects 

Maps based on area data are probably the most common in the geographical 
literatwe. However, in many ways they are the most complex cases to map 
and analyze. Just as with points and lines, we can postulate a process and 
then examine how likely a particular observed pattern of area objects and 
the values assigned to them is as a realization of that process. Imagine a 
pattern of areas. The equivalent of the IRP/CSR process would be either to 
color areas randomly to create a map, or to assign values to areas, as in a 
choropleth map. In both cases it is possible to think of this process as 
independent random and to treat observed maps as potential realizations 
of that process. 

x8 chess board of area objects. Now visit 
and flip a coin for each. If the coin lands 
and If it shows tails, calor It white. 
IRP/CSR in the same way as 

In fact, as we will find in Chapter 7, in the real world, and, as you no 
doubt realize, randomly shaded maps are rare. A further complication that 
arises in trying to apply IRP/CSR to areal data is that the pattern of adja
cency between areas is involved in the calculation of descriptive measures 
of the pattern. This means that information about the overall frequency 
distribution of values or colors on a map is insufficient to allow calculation 
of the expected range of map outcomes. In fact, any particular spatial 
arrangement of areal units must be considered separately in predicting 
likely arrangements of values. This introduces formidable extra complex
ity-even for mathematicians-so it is common to use computer simulation 
rather than mathematical analysis to predict likely patterns. 
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Fie I d s 

An independent random process may also be used as a starting point for the 
analysis of continuous spatial fields. First, consider the following thought 
exercise: 

As with area objects, it should be clear that although it is used in many 
other sciences, this simple random field model is just first base as far as 
geography is concerned. The branch of statistical theory that deals with 
continuous field variables is called geostatistics (see Isaaks and 
Srivastava, 1989; Cressie, 1991) and develops from !RP/CSR to models of 
field variables that have three elements: 

1. 	A deterministic, large-scale spatial trend, or drift 

Fundamentals: Maps as Outcomes of Processes 

~. 	 Hupol'impmwd on thiH, values of a regionalized variable whosc 
valucs depend on the autocorrelation and which is partially pre
dictubl(l from knowledge of the spatial autocorrelation (as summar
i~d by the semivariogram) 

3. A truly random error component or noise that cannot be predicted. 

For example, if our field variable consisted of the rainfall over a maritime 
region such as Great Britain, we might identify a broad regional decline in 
average values (the drift) as we go inland, superimposed on which are local 
values dependent on the height in the immcdiatc urea (these are the values 
for the regionalized variable), on top of which iH n truly random component 
that represents very local effects and inherent uncertllinty in measurement 
(see, e.g., Bastin et al., 1984). In Chapter 9 we discuss how thtl geostatistical 
approach can be used to create optimum isolinc maps. 

3.6. CONCLUSION 

In this chapter we have taken an important Atep down the roml to Hpatial 
statistical analysis, by giving you a clearer picturc of the meaning of a 
spatial process. Our developing picture of spatial statistical analysis is 
shown in Figure 3.9. We have seen that we can think of a spatial process 
as a description of a method for generating a set of spatial objects. We have 
concentrated on the idea of a mathematical description of a process, partly 
because it is the easiest type of process to analyze,. and partly because 
mathematical descriptions or models of processes are common in spatial 
analysis. 

Another possibility, which we have not looked at in any detail, is men
tioned in Figure 3.9 and is of increasing importance in spatial analysis, as 
we shall see in coming chapters. Computer simulations or models may also 
represent a spatial process. It is easy to imagine automating the rather 
arduous process of obtaining random numbers from a phone book in order 
to generate a set of points according to IRP/CSR. A few minutes with the 
random number generation functions and scatter plot facilities of any 
spreadsheet program should convince you of this. In fact, it is also possible 
to represent much more complex processes using computer programs. The 
simulations used in weather prediction are the classic example of a complex 
spatial process represented in a computer simulation. 

Whatever way we describe a spatial process, the important thing is that 
we can use the description to determine the expected spatial patterns that 
might be produced by that process. In this chapter we have done this math
ematically for IRP/CSR. As we shall see, this is important because it allows 
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Figure 3.9 Developing framework for spatial statistical analysis. 

us to make comparisons between the predicted outcomes of a process and 
the observed patterns of distribution of phenomena that we are interested 
in. This is essential to the task of making statistical statements about 
spatial phenomena. In Chapter 4 we take a much closer look at the concept 
of pattern, so that we can fill in the blank on the right-hand side of our 
diagram. 

In this chapter we have covered a lot of ground and introduced some 
possibly unfamiliar concepts. Many of these are taken up in succeeding 
chapters as we look in detail at how spatial analysis is applied to poirit, 
line, and area objects, and to fields. For the moment there are four key ideas 
that you should take forward. First is the idea that any map, or its equiva
lent in spatial data, can be regarded as the outcome of a spatial process. 
Second, although spatial processes can be deterministic in the sense that 
they permit only one outcome, most of the time we think in terms of sto
chastic processes where random elements are included in the process 
description. Stochastic processes may yield many different patterns, and 
we think of a particular observed map as an individual outcome, or realiza
tion, of that process. Third, we can apply the basic idea of the independent 
random process in various ways to all of the entity types (point, line, area, 

Fundamentals: Maps as Outcomes of Processes 

Hnd fiold) dhwtlHfilt'd in Chapttlr 1. I<'inally, as illustrated using the case of 
point pntternH and I RP/CSR, this approach enables us to use mathematics 
to make precise statements about the expected long-run average outcomes 
of spatii.ll processes. 

CHAPTER REVIEW 

• 	 In spatial analysis we regard maps as outcomes ofprocesses that can 
be deterministic or stochastic. 

• Typically, 	 we view spatial patterns as potential realizations of 
stochastic processes. 

• 	The classic stochastic process is the independent random process 
(lRP) , also called complete spatial randomness (CHR). 

• 	When dealing with a pattern of point objects, undtlr IHP/CHR the 
points are randomly placed so that every location haM equal probabil
ity of receiving a point and points have no effects on oHch othtlr, HO 
that there are no first- or second-order effect.'!. 

• Usually, variation in the underlying geography makes the assump
tion of equal probability (first-order stationarity) unttmable. At other 
times, what has gone before affects what happens next, and so makes 
the assumption of independence between events (second-order 
stationarity) untenable. In practice, it is very hard to disentangle 
these effects merely by the analysis of spatial data. 

• 	The expected quadrat count distribution for IRP/CSR conforms to the 
binomial distribution, with p given by the area of'the quadrats rela
tive to the area of the study region and n given by the number of 
events in the pattern. This can be approximated by the Poisson dis
tribution with the intensity given by the average number of events 
per quadrat. 

• 	These ideas can also be applied, with modification as appropriate, to 
properties of other types of spatial object: for example, to line object 
length and direction, to autocorrelation in area objects, and finally, to 
spatially continuous fields. 
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Chapter 4 

.. 

Point Pattern Analysis 

CHAPTER OBJECTIVES 

In this chapter, we: 

• Define the meaning of the word pattern in spatial analYHiH 
• Come to a better understanding of the concept of pattern g'OIwrally 
• 	 Introduce and define a number of descriptive meaSIlf'('loI for p()int 

patterns 
• Show how we can use the idea of the IRP/CSR as a standard against 

which to judge observed, real-world patterns for a variety of possible 
measures 

• Review briefly two of the most cogent geographical critiques of this 
approach to spatial statistical analysis 

After reading this chapter, you should be able to: 

• Define point pattern analysis and list the conditions that are neces
sary for it to make sense to undertake it 

• 	Suggest measures of pattern based on first- and second-order proper
ties such as the mean center and standard distance, quadrat counts, 
nearest-neighbor distance, and the more modern G, F, and K func
tions 

• 	 Outline the visualization technique of density estimation and under
stand why and how it transforms point data into a field representa
tion 

• Describe how IRP/CSR may be used to evaluate various point pattern 
measures, and hence to make statistical statements about real-world 
point patterns 

77 
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• Outline the basis of classic Cl'iliqu('H (If sputiul slIlListi(!1l1 ulllllysiH in 
the context of point pattern analysiH unci Ilrtieulll\'o your own viewH 
on the issues raised 

4.1. INTRODUCTION 

Point patterns, where the only data are the locations of a set of point 
objects, represent the simplest possible spatial data. This does not mean 
that they are especially simple to analyze. In this chapter we define point 
pattern and what we mean when we talk about describing a point pattern. 
We describe a series of different descriptive statistics for point patterns and 
then show how we can relate observed, real-world patterns to the indepen
dent random process described in Chapter 3 using these statistics. 

In applied geography using a GIS, pure point patterns occur fairly fre
quently. We might, for example, be interested in hot-spot analysis, where 
the point events studied are the locations of crimes or of deaths from some 
disease. The locations of plants ofvarious species, or of archaeological finds, 
are other commonly investigated point patterns. In these applications, it is 
vital that we be able to describe the patterns made by the point events and 
to test whether or not there is some concentration of events, or clustering, in 
particular areas. We may also be interested in identifying the opposite case, 
where a pattern displays no particular clustering but is evenly spaced. 

A point pattern consists of a set of events in a study region. Each event 
represents the existence of one point object of the type we are interested in, 
at a particular location in the study region. There are a number of require
ments for a set of events to constitute a point pattern: 

1. 	The pattern should be mapped on the plane. Latitude-longitude 
data should be projected appropriately, preferably to preserve dis
tances between points. For this reason, it is usually inappropriate 
to perform point pattern analysis on events scattered over a very· 
wide geographical area, unless the methods used take account of 
the distortions introduced by the map projection used. 

2. 	The study area should be determined objectively. This means that 
the boundaries of the study region are not simply arbitrary. This is 
a consequence of the modifiable areal unit problem introduced in 
Chapter 2 and is important because a different study area might 
give us different analytical results, leading to different conclusions. 
In practice, and for most studies, purely objective boundaries are 
impossible to achieve, but you should consider the rationale behind 
the study area definition carefully. 

Point Pattern Analy.tt~-

a. 	The puUOrll Hhould Iw an enumeration or census of the enlitieH of 
inttlr(!Ht, not U Hample; that is, all relevant entities in the study 
region .'lJwuld be included. 

4. 	There should be a one-to-one correspondence between objects in the 
study area and events in the pattern. 

5. 	Event locations must be proper. They should not be, for example, 
the centroids of areal units chosen as representative, nor should 
they be arbitrary points on line objects. They really should repre
sent the point locations of entities that can sensibly be considered 
points at the scale of the study. 

This is a restrictive set of assumptions. That tho pattorn is a one-to-one 
census of the phenomenon in question is particularly important. A sample 
from a spatial distribution of point events can be very miHI<lIlCling, nnd many 
of the methods discussed in this chapter are likely to bo V(lry H(lnHitive to 
missing events. 

4.2. DESCRIBING A POINT PATTERN 

With a set of point objects, the spatial pattern they make iH really all that 
there is to analyze. So how do we describe a pattern? This is surprisingly 
difficult. In general, there are two interrelated approaches, based on point 
density and point separation. These are related in turn to the distinct 
aspects of spatial patterns that we have already mentioned: first- and 
second-order effects. Recall that first-order effects are manifest as variations 
in the density or intensity of a process across space. When first-order effects 
are marked, absolute location is an important determinant of observations, 
and in a point pattern clear variations across space in the number ofevents 
per unit area are observed. When second-order effects are strong, there is 
interaction between locations, depending on the distance between them, and 
relative location is important. In point patterns such effects are manifest as 
reduced or increased distances between neighboring or nearby events. 

This first order/second order distinction is an important one, but again it 
is important to emphasize that it is usually impossible to distinguish these 
effects in practice simply by observing the intensity of a process as it varies 
across space. The difficulty is illustrated in Figure 4.1. In the first panel, we 
would generally say that there is a first-order variation in the point pattern 
whose intensity increases from northeast to southwest, where it is at its 
highest. In the second panel, second-order effects are strong, with events 
grouped in distinct clusters. Obviously, this distribution could equally well 
be described in terms of first-order intensity variations, but it makes more 
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Figure 4.1 Difficulty of distinguishing first- and second-order effects. 

sense to think of it in terms of grouping of events near one another. The 
third panel shows the difficulty of distinguishing the two effects in a more 
complex case. There is still a northeast-southwest trend as in the first 
panel, but there is also a suggestion of clusters as in the second panel. No 
description of this pattern in terms of clearly separable first- and second
order effects is possible. 

In the following sections, a point pattern of n events is a set of locations 
8 /Sl, S2, ... , Si,···, sn}· Each event (or point) Si has locational coordinates 
(Xi,Yi)' The pattern occurs in a study region Aof area a. We use the term 
event to mean the occurrence of an object of interest at a particular location. 
This is useful because we can distinguish between events in the point pat
tern and arbitrary locations or points in the study region. Note also that the 
location of each event is represented mathematically by a vector, written in 
boldface type: S (see Appendix A for notes on notation and Appendix B for 
more on vectors). 

Before considering more complex approaches, first note that we can apply 
simple descriptive statistics to provide summary descriptions of point 
patterns. For example, the mean center of a point pattern is given by 

S = (flx, fly) = (4.1) 

That is, s is the point whose coordinates are the average (or mean) of the 
corresponding coordinates of all the events in the pattern. We can also 
calculate a standard distance for the pattern: 

d= (4.2) 

Recalling basic statistics, this quantity is obviously closely related to the 
standard deviation of a data set, and it provides a measure ofhow dispersed 
the events are around their mean center. 

Point Pattern AnalysiS' 

'l'ukml tUKllthtll·. thmlO mmumrements can be used to plot u summary 
circle for the point pnttern, centered at s with radius d, as shown in the 
first panel of }<'igure 4.2. More complex manipulation of the event location 
coordin~tes, in which the standard distance is computed separately for each 
axis, produces standard distance ellipses as shown in the second panel of 
Figure 4.2. Summary ellipses give an indication of the overall shape of the 
point pattern as well as its location. These approaches are sometimes useful 
for comparing point patterns or for tracking change in a pattern over time, 
but they do not provide much information about the pattern. Description of 
the pattern itself has more to do with variations from place to place within 
the pattern and with the relationships between events in the pattern. More 
complex measures are required to describe such pllttllrn effects, as dis
cussed in the next sections. 

4.3. DENSITY-BASED POINT PATTERN 
MEASURES 

Density-based approaches to the description of a point pattern chnrnctorize 
the pattern in terms of its first-order properties. We can readily dotormine 
the crude density or overall intensity of a point pattern. ThiA iA given by 

A=-
n 

(4.3) 
a a 

where no. (8 E A) is the number of events in pattern 8 found in study region 
A. A serious difficulty with intensity as a measure is its sensitivity to the 
definition of the study area. This is a generic problem with all density 
measures and is especially problematic when we attempt to calculate a 

• 
cR:J 

Figure 4.2 Summary circles and mean ellipses for two point patterns (squares and 
triangles). Dimensions of these summary indicators are calculated from the event 
locations. 
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local density. In Figure 4.a tho totul numl)(lr of' oVt'ntN in Nucc('NNiv(dy lurger' 
regions with areas a, 40, 16a, and 64a iN ~, ~, f), nnd lOo If n iN 11 unit area 
(say, 1 km2

), this gives us densities of 2.0, O.Il, O.::n, and 0.15, and the 
density around the central point changes depending on the study area. 
Without resorting to the calculus, there is no easy way to deal with this 
problem, and such methods are beyond the scope of this book. The density 
measures discussed below tackle this issue in different ways. 

Quadrat Count Methods 

We IOHe a lot of information when we calculate a single summary statistic 
like the overall intensity, and we have just seen that there is sensitive 
dependence on the definition of the study area. One way of getting around 
this problem is to record the numbers of events in the pattern that occur in 
a set of cells, or quadrats, of some fixed size. You will recall that this 
approach was discussed in Chapter 3 (see Figure 3.4). Quadrat counting 
can be done either as an exhaustive census of quadrats that completely fills 
the study region with no overlaps, or by randomly placing quadrats across 
the study region and counting the number of events that occur in them (see 
Rogers, 1974; Thomas 1977). The two approaches are illustrated in Figure 
4.4. 

Whichever approach we adopt, the outcome is a list of quadrat counts 
recording the number of events that occur in each quadrat. These are com
piled into a frequency distribution that lists how many quadrats contain 
zero events, how many contain one event, how many contain two events, 
and so on. For the two cases shown in Figure 4.4, we get the counts and 
relative frequencies listed in Table 4.1. 

I~a----------------
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Figure 4.3 Difficulty with density. Calculating a local density measure for various 
study area definitions. 

PoInt Pattern Analysis 

Figure 4.4 Two quadrat count methods, an exhaustive census (left) and random 
sampling (right). Quadrats containing events are shaded. 

Although there are many difficulties, the exhaustive cenNuN-buHed 
method is seen more commonly in geography. The choice of origin and 
quadrat orientation affects the observed frequency distribution, and the 
chosen size of quadrats also has an effect. Large quadrats produce a very 
coarse description of the pattern, but as quadrat size is reduced, many will 
contain no events, and only a few will contain more than one, so that the set 
of counts is not useful as a description of pattern variability. Note that 
although rare in practice, exhaustive quadrats could also be hexagonal or 
triangular, as shown in Figure 4.5. 

Table 4.1 Quadrat Counts for the Examples in Figure 4.4 

Number of Census, n = 64 Sampling, n 38 
events in 
quadrat Count Proportion Count Proportion 

0 51 0.797 29 0.763 
1 11 0.172 8 0.211 
2 2 0.031 1 0.026 
3 0 0.000 0 0.000 
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Figure 4.5 Alternative quadrat shapes for use in a quadrat census. 

The random sampling approach is more frequently applied in fieldwork, 
as in surveying vegetation in plant ecology (for example, see Greig-Smith, 
1964). Much of the statistical theory of quadrat measures relates to the 
sampling approach, which also has the merit of allowing shapes that do 
not tessellate the plane (such as circles) to be used. With random sampling, 
it is also possible to increase the sample size simply by adding more quad
rats. This may be advantageous for relatively sparse patterns where a 
larger quadrat is required to catch any events but would rapidly exhaust 
the study region with only a small number of quadrats. The sampling 
approach also makes it possible to describe a point pattern without having 
complete data on the entire pattern. This is a distinct advantage for work in 
the field, provided that care is taken to remove any biases in where quad
rats are placed; otherwise, a very misleading impression of the pattern 
might be obtained. It is worth noting that the sampling approach can 
miss events in the pattern. Several events in the pattern in Figure 4.5 
are not counted by the quadrats indicated, and some are double counted. 
The important thing is that all the events in any quadrat be counted. The 
sampling approach is really an attempt to estimate the probable number of 
events in a quadrat-shaped region by random sampling. 

Point Pa~rn Analysis 

WhidWV(lI' quudrllt counlllpproach wo mlC, the result is ll/i'('I/III'IICY dis
triblltiol/ of quudrlll countH that can be compared to the expected dislribu
tion 1'01' n sputinl proceHs model that it is hypothesized might be responsible 
fhl' th~ observed pattern, as mentioned in Chapter 3. We expand on the 

comparison process in Section 4.5. 

Density Estimation 

Wc can think of quadrat counting as producing locll! estimates of the den
sity of a point pattern. This interpretation is tak(!I1 furlher by kernel-density 
C'stimation (KDE) methods. The idea is that the pllltm'n hUfol a density at any 
location in the study region, not just at locations WhOl'{l tiwre is an event. 
This density is estimated by counting the number of' (W(lI1tH in a n~h>ion, or 
Iwrnel, centered at the location where the estimnto is t.u h(' IllHde. The 
simplest approach, called the naive method in the lit(1l'lltm'o, iH to UH(l a 
circle centered at the location for which a density estimalo iH I'(lqllired. 
Then we have an intensity estimate at point p: 

, no, [8 E C(p. r)] (4.4) 
Ap rr':;' 

where C(p, r) is a circle of radius r centered at the location of interest p, as 
shown in Figure 4.6. Ifwe make estimates for a series oflocations through
out the study region, it is possible to map the values produced, and this 
gives us an impression of the point pattern. 

A typical output is shown in Figure 4.7. Note that"in converting from a 
pattern of discrete point objects into continuous density estimates, we have 
created a field representation from a set of points. The resulting map may 
therefore be regarded as a surface, and contours can be drawn on it (see 
Chapter 8) to give an indication of regions of high and low point density. 

Grid of locations at which 
density is to be estimated 

Figure 4.6 Simple, or naive. density estimation. 
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• 

surface from kernel density estimation. The original point Figure 4.7 Typical 

pattern is also shown. 


The kernel-density transformation is one of the most useful in applied GIS 
analysis. First, it provides a very good way of visualizing a point pattern to 
detect hot spots. Second, since it produces a map of estimates of the local 
intensity of any spatial process, it is also a useful way to check whether or 
not that process is first-order stationary. A first-order stationary process 
should show only local variations from the average intensity rather than 
marked trends across the study region. Third, it provides a good way of 
linking point objects to other geographic data. For example, suppose thaf 
we have data on deaths from a disease across a region as a set of point 
locations and we wish to relate these to a spatially continuous variable such 
as atmospheric pollution. One approach is to transform the data on deaths 
into a density surface and to compare this with the surface of atmospheric 
pollutant concentrations. 

It should be clear that the choice of r, the kernel bandwidth, strongly 
affects the resulting estimated density surface. If the bandwidth is large, so 
that the circle C(p, r) approaches the size of the entire study region, esti
mated densities i p will be similar everywhere and close to the average 
density for the entire pattern. When the bandwidth is small, the surface 
pattern will be strongly focused on individual events in S, with density 
estimates of zero in locations remote from any events. In practice, this 
problem is often reduced by focusing on kernel bandwidths that have 
some meaning in the context of the study. For example, examining point 
patterns of reported crime, we might use a bandwidth related to patrol 

Point Pattern Analysis 

Kernel function 

... 


Figure 4.8 Kernel density estimation using a quadratic distance-weighted function. 

vehicle response times. Generally, experimentation it" roquirtld to urriv{! ut 
a satisfactory density surface. 

Many more sophisticated variations on the basic kernel-dolll-lity (lHtimll
tion idea exist. These make use of kernel functions, which weight nmll'by 
events more heavily than distant ones in estimating the locnl dl1nHity. lfthc 
kernel functions are designed properly, KDE can produce 1I HUI'f'uCC that 
encloses a volume equivalent to the total number of evcntH n in thc pattern. 
A quadratic kernel function, which is often used, is shown schematically in 
Figure 4.8. Various other functional forms, based on the distance of the 
point to be estimated from events in the point pattern, are possible and 
these are always specified with a parameter that is equivalent to the simple 
bandwidth r.This means that the procedure is still·to some degree arbi
trary. 
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(box continued) 

The unfortunate (and well-nigh 
used to describe this prop-

~.re~rs~theestimatlon process and determine the expected number 
mplY'by calculating the volume under the 
. 

Another important variant on KDE allows events in the pattern to be 
countA allocated to points. For example, points might correspond to places of 
employment, with associated counts of the numbers of employees. The 
resulting KDE surface then shows employment density across the study 
region and may be a useful way of visualizing otherwise very complex dis
tributional information. Some care is required in using this variation of the 
method to avoid confusion with interpolation techniques (see Section 8.3). 
Simple density estimation tools are provided in many commercial GISs, 
although often no detailed information is provided about the functions 
used, so care should be exercised in applying them. Public-domain software 
to create surface estimates using a variable bandwidth that adapts auto
matically to the local density of observations has been published by 
Brunsdon (1995). 

4.4. DISTANCE-BASED POINT PATTERN 
MEASURES 

The alternative to density-based methods is to look at the distances 
between events in a point pattern and this approach is thus a more direct 
description of the second-order properties of the pattern. In this section we 
describe the more frequently used methods. 

Nearest-Neighbor Distance 

The nearest-neighbor distance for an event in a point pattern is the distance 
from that event to the nearest event also in the point pattern. The distance 
d(Si' Sj) between events at locations Si and Sj may be calculated using 
pythagoras's theorem: 

d(s;, Sj) = /(Xi - Xj)2 + (yi _ Yj)2 (4.5) 

Point Pattern Analysis " 
The diHtlllll~(1 to t.lw lII'w'I'sl ('Vl'nt in the pattern to each cvent cun therefhre 
he cllicullltml lmHily. ({'we denote this nearest-neighbor distance for event Si 

by d min (8i), n much-uHed measure is the mean nearest-neighbor distance 
originally proposcd by Clark and Evans (1954): 

... 
- ""'.' d·. - L..,=l mm(Si)dmm- (4.6)

n 

Nearest-neighbor distances for the point pattern in Figure 4.9 are shown in 
Table 4.2. Note that it is not unusual for pointH t() have the same nearest 
neighbor (9:10: 11, 2:8, and 1:6) or to be neareHt neig-hbors of each other (3:5, 
6:10, 7:12, and 4:8). In this case, Ldmin = 259.40, unci the mean nearest
neighbor distance is 21.62 m. 

A drawback of mean nearest-neighbor distance is thut it thrnWH away a 
lot of information about the pattern. Summarizing all thl! nour(IHt-neig-hbor 
distances in Table 4.2 by a single mean value is cnnvonioni but HlwmH 

almost too concise to be really useful. This is a drawback nf' th(l Illl'thml 
that is addressed by more recently developed approachcH. 

Distance Functions 

A number of alternatives to the nearest-neighbor approach have been devel
oped. These go by the unexciting names of the G, F, and K functions. Of 
these, the G function is the simplest. It uses exactly the same information 
as that in Table 4.2, but instead of summarizing it using the mean, we 
examine the .cumulative frequency distribution of the nearest·neighbor 
distances. Formally, this is 

G(d) = no. [dmin(s;) < d] (4.7) 
n 

I: 

~2 

12C3f--.IEJ7 

= 10 meters 

Figure 4.9 Distances to nearest neighbor for a small point pattern. The nearest 
neighbor to each event lies in the direction of the arrow pointing away from it. 
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Table 4.2 Nearest-Nclghbor DI~tilncc~ for the 
Point Pattern Shown in Figure 4,9 

Nearest 
Event x y neighbor dmin 

1 66.22 32.54 10 25.59 
2 22.52 22,39 4 15.64 
3 31.01 81.21 5 21.14 
4 9.47 31.02 8 9.00 
5 30.78 60.10 3 21.14 
6 75.21 58.93 10 21.94 
7 79.26 7.68 12 24.81 
8 8.23 39.93 4 9.00 
9 98.73 42.53 6 21.94 

10 89.78 42.53 6 21.94 
11 65.19 92.08 6 34.63 
12 54.46 8.48 7 24.81 

so the value of G for any particular distance d tells use what fraction of all 
the nearest-neighbor distances in the pattern are less than d. Figure 4.10 
shows the G function for the example from Figure 4.9. 

Refer back to Table 4.2. The shortest nearest-neighbor distance is 9.00 
between events 4 and 8. Thus 9 is the nearest-neighbor distance for two 
events in the pattern. Two out of 12 is a proportion of 2/12 0.167, so G(d) 
at distance d = 9.00 has value 0.167. The next-nearest-neighbor distance is 
15.64, for event 2, and three events have nearest neighbors at this distance 
or closer. Three from 12 is a proportion of 0.25, so the next point plotted in 
G(d) is 0.25 at d = 15.64. As d increases, the fraction of all nearest-neighbor 
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Figure 4.10 G function for the point pattern of Figure 4.9 and Table 4.2. 


Point Pattern Analysis 

ditltancOl-I which IIm 1(~l-ItI t.Il1ln cl increases, and this process contilHWs until 
we huvo accounted fhr all 12 events. 

The shape of this function can tell us a lot about the way the events are 
spaced...in a point pattern. If events are closely clustered together, G 
increases rapidly at short distances. If events tend to be evenly spaced, 
then G increases slowly up to the distance at which most events are spaced, 
and only then increases rapidly. In our example, G increases most quickly 
over the range 20 to 25 m reflecting the fact that many of the nearest
neighbor distances in this pattern are in that distance range. Note that 
this example has a very bumpy or staircaselike plot because it is based on 
only a small number ofnearest-neighbor distances (11 ~~ 12). Usually, n will 
be greater than this, and smoother changes in G m'o obtlorved. 

The F function is closely related to G but may reveal othur l1t1pcCts of the 
pattern. Instead of accumulating the fraction of noarotlt-noighhol' distances 
between events in the pattern, point locations anywhere in thl' Htlldy f'(witm 
are selected at random, and the minimum distanco from thol-lo to IIny (lvont 
in the pattern is determined. The F function is the cumulntiv(' frHlJlWney 
distribution for this new set of distances. If {PI'" Pi'" Pm I if" 11 tld of III 
randomly selected locations used to determine the F function, thm1 ftH'lnnlly 

F(d) no. [dmin(Pi. S) < dJ (4.8)
m 

where dmin(Pi, S) is the minimum distance from location Pi in the randomly 
selected set to any event in the point pattern S. Figur-e 4.11 shows a set of 
randomly selected locations in the study region for the same point pattern 
as before, together with the resulting F function. This has the advantage 
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Figure 4.11 Random pOints (crosses) for the same point pattern as before. and the 
resulting F function. 
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over G that we can increuse Uw Hlllllplol'lilw 11/ to oht.uin 11 Hllloothm' CUIllU

lative frequency curve that should givo Il bottm' improHHion of the point 
pattern properties. 

It is important to note the difference between the F and G functions, as it 
is easy to get them mixed up and also because they tend to behave differ
ently for clustered and evenly spread patterns. This is because while G 
reflects how close together events in the pattern are, F relates to how far 
events are from arbitrary locations in the study area. So, if events are 
clustered in a corner of the study G rises sharply at short distances 
bm:nuHe many events have a very close nearest neighbor. The F function, on 
tlw other hand, is likely to rise slowly at first, but more rapidly at longer 
distances, because a good proportion of the study area is fairly empty, so 
that many locations are at quite long distances from the nearest event in 
the pattern. For evenly spaced patterns, the opposite will be true. Since 
events in an evenly spaced pattern are about as far apart as they can be, 
the interevent distances recorded in G are relatively long. On the other 
hand, the randomly selected points used to determine F will tend to be 
closer to events than the events themselves. As a result, the F function 
rises more rapidly at short distances than does G for an evenly spaced 
pattern. 

It is possible to examine the relationship between G and F to take advan
tage of this slightly different information. The likely relationships are 
demonstrated by the examples in Figure 4.12. The upper example is 
Htrongly clustered in two parts of the study area, and as a result, all events 
have very close near neighbors, so that the G function rises rapidly at short 
range. In contrast, the F function rises steadily across a range of distances, 
and more Rlowly than G. The lower example is evenly spaced, so that Grises 
slowly until the critical spacing of around 0.2, after which it rises quickly. 
The F function still rises smoothly in this case, but this time more rapidly 
than G. Note that the horizontal scale has been kept the same in these 
graphs. The important difference between the two cases is the relationship 
between the functions, which is reversed. 

One failing of all the distance-based measures discussed so far-the 
nearest-neighbor distance and the G and F functions-is that they only 
make use of the nearest neighbor for each event or point in a pattern. This 
can be a major drawback, especially with clustered patterns where nearest
neighbor distances are very short relative to other distances in the pattern, 
and tend to mask other structures in the pattern. K functions (Ripley, 1976) 
are based on all the distances between events in 8. 

The easiest way to understand the calculation of a K function at a series 
of distances d is to imagine placing circles, of each radius d, centered on 
each of the events in turn, as shown in Figure 4.13. The numbers of other 
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Comparing F and G functions for clustered and evenly distributed data. 
area is a unit square in both cases. 

events inside each circle of radius d is counted, and the mean count for all 
events is calculated. This mean count is divided by the overall study area 
event density to K(d). This process is repeated for a range of values of 
d. So we have 

K(d) E
nA 

(4.9) 
a 1 n 
n . n?=' no. [8 E C(Si' d)] 

1=1 

Remember that C(Si, d) is a circle of radius d centered at Si· 

The K functions for a clustered and an evenly spaced pattern are shown 
in Figure 4.14. Because all distances between events are used, this function 
provides more information about a pattern than either G or F. For the small 
patterns shown, it is easily interpreted. For example, the level portion of the 
curve for the clustered pattern extends over a range of distances that does 
not match the separation between any pair of events. The lower end of this 
range 0.2) corresponds to the size of the clusters in the pattern, and the 
top end of this range (~0.6) corresponds to the cluster separation. In prac
tice, because there will be event separations across the entire range of 
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Figure 4.13 Determining the K function for a pattern. The measure is based on 
counting events within a series of distances of each event. Note how higher values of d 
result in more of the circular region around many events lying outside the study 
region-an example of edge effects. 
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Figure 4.14 K function for clustered and evenly spaced events. 
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Figure 4.15 Use of a guard zone in a distance-based point pattern measure. 

distances, interpretation of K is usually less obvious tllUn thiH. Wo eOIlHili1'1' 
interpretation of the K function in more detail when we diHcuHH how it is 
compared to expected functions for IRP/CSR in Section 4.5. 

A problem with all the distance functions we have discussed iH that I'(J~e 
effects may be pronounced, especially if the number of eventH in the pattern 
is small. Edge effects arise from the fact that events (or point locations) near 
the edge of the study area tend to have higher nearest-neighbor distances, 
even though they might have neighbors outside the study area that are 
closer than any inside it. Inspection of Figure 4.13 highlights how the pro
blem becomes more severe for the K function at longer distances, when the 
circular region around many events extends outside the study area. The 
easiest way to counter this effect is to incorporate a guard zone around the 
edge of the study area. This is shown in Figure 4.15. Filled circles in the 
study region are considered part of the point pattern for all purposes. Open 
circles in the guard zone are considered in the determination of interevent 
distances for the G and K functions, or point-event distances for the F 
function, but are not considered part of the pattern. Three examples are 
shown where an event's nearest neighbor is in the guard zone. 

4.5. ASSESSING POINT PATTERNS 
STATISTICALLY 

So far we have presented a number of measures or descriptive statistics for 
point patterns. In principle, calculation of any of these may shed some light 
on the structure of the point pattern. In practice, it is likely that different 
measures will reveal similar things about the point pattern, especially 
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whether it tends to be clustered or ('m'"ly H/Jm'/·d. A dUHLm'pd pULttll'll iH 
likely to have a peaky density pattern, which will be evident in eithm' the 
quadrat counts or in strong peaks on a kernel-density eHtimated surf~lCe. A 
clustered pattern will also have short nearest-neighbor distances, which 
will show up in the distance functions we have considered. An evenly 
distributed pattern exhibits the opposite, an even distribution of quadrat 
counts or a flat kernel-density estimated surface and relatively long 
ncnrcst-neighbor distances. 

Such description may be quantitative, but remains informaL In spatial 
Htatistical analysis the key questions are how clustered? How evenly 
HJJl/./'ed? What benchmark should we use to assess these measures of pat
tern'! The framework for spatial analysis that we have been working toward 
is now almost complete, and it enables us to ask such questions about 
spatial data and answer them statistically. Within this framework, we 
ask whether or not a particular set of observations could be a realization 
of some hypothesized process. 

In statistical terms, our null hypothesis is that a particular spatial pro
cess produced the observed pattern. We regard a set of spatial data-a 
pattern or a map-as a sample from the set of all possible realizations of 
the hypothesized process, and we use statistics to ask how unusual the 
observed pattern would be if the hypothesized spatial process were operat
ing. We might also ask of two sets of observations: Could the same process 
have produced these observations? The complete framework is illustrated 
Hch()matically in Figure 4.16. Thus far we have progressed separately down 
euch side of this diagram. Chapter 3 was all about the left-hand branch of 
the framework. We saw how we can describe a process, such as IRP/CSR, 
and then use Homo relatively straightforward mathematics to say some
thing about its outcomes. We will see later that computer simulation is 
nowadays often used to do the same thing, but the outcome is the same, a 
description of all the likely outcomes of the process in terms of the expected 
values of one or another of our measures of pattern. 

In the first half of this chapter we have showed how we can follow the 
right-hand branch, taking a point pattern of events and deriving some 
measure of pattern, such as quadrat counts, nearest-neighbor distances, 
or any of the G, F, and K functions. As indicated in the diagram, the final 
step is to bring these two views together and compare them, thus addres
sing the question: Could the observed spatial pattern be a realization of the 
spatial process I'm interested in? 

All that remains, then, is to use a statistical hypothesis test to say how 
probable an observed value of a particular pattern measure is relative to the 
distribution of values in a sampling distribution. As we shall see, in many 
cases statisticians have developed theory that enables these distributions to 
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Figure 4.16 Conceptual framework for the statistical approach to spatial analysis. 

be predicted exactly for simple processes such as IRP/CSR. In other cases, 
where analytic results are not known, computer simulation is often used to 
generate synthetic sampling distributions. This approach is increasingly 
common, and we examine it below in connection with the K function. 

However, before we examine either approach, an important caveat is 
necessary. Until now we have said little about statistical hypothesis testing 
per se. It is important to realize that it is not essential and it is possible to 
map and describe patterns of point objects without ever using these tech
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niques. Many of the methodological und J1hilm~ophieul ()t~inct,iolll-l to quunLi
tative analysis in geography seem unable to gr'ul-lp thiH fundunwnLul point. 

Quadrat Counts 

We saw in Chapter 3 that the expected probability distribution for a quad
rat count description of a point pattern is given precisely by the binomial 
distribution or, more practically, by an approximation called the Poisson 
distrihution: 

P(k) = ).,ke-"A 
(4.10)k! 

where)., is the average intensity ofthe pattern and e ~ 2.7182818 is the base 
of the natural logarithm system. Therefore, to assess how well a null 
hypothesis of complete spatial randomness explains an observed point pat
tern we may compile a quadrat count distribution and compare it to the 
Poisson distribution with)" estimated from the pattern. A simple statistical 
test for how well an observed distribution fits a Poisson prediction is based 
on the property that its mean and variance are equal (see Appendix A), so 
that the variance/mean ratio (VMR) is expected to be 1.0 if the distribution 
iH Poisson. 

As an example, we look at the distribution of the coffee shops of a parti
cular company in central London (in late 2000). This distribution is mapped 
in Figure 4.17 and has n = 47 coffee shops. Using x = 40 quadrats to com
pile the count, we have a mean quadrat count M = 47/40 1.175. Counts for 
each quadrat are indicated in the diagram. These quadrat counts are com

)( Coffee shop 

Figure 4.17 Coffee shops in central London. 

Point Pattern AnalysIs " 
piled in 'I'uhll, 4.:1, f!'Olll which we calculate the observed variance s'l. to be 
85.775/40 = 2.1444. 'l'he mean quadrat count is simply 47/40 = 1.175. This 
gives us an observed variance/mean ratio of 2.1444/1.175 = 1.825. The 
observed VMR is notably greater than 1, which we would expect for a 
randoitly distributed point pattern. A value greater than 1 is indicative 
of clustering, because it indicates high variability among quadrat counts, 
implying that more quadrats contain very few or very many events than 
would be expected by chance. In this case, three quadrats contain five 
shops, and this contributes heavily to the result. In general, a VMR greater 
than 1 indicates a tendency toward clustering in the pattern, and a VMR 
less than 1 is indicative of an evenly spaced arrangement. 

In fact, we can do better than this. If we UHe the Hum-of-squared differ
ences (i.e., the total of the last column in Table 4.3) divided by the mean 
M, it has been shown that this statistic conforms to tho chi-Hquare (i) 
distribution 

i = E(k - Il k)2 

Ilk 

85.775 11 ) 

1.175 

= 73.0 

This value is greater than the i value for 39 degrees of freedom (40 quad
rats minus 1) at the 5% level (X 2 = 54.57224), the 1% level (i = 62.42809), 
and even (just!) the 0.1% level (i = 72.05504). This leads us to reject the 
null hypothesis that the observed distribution ofcoffee shops of this chain in 
central London is produced by IRP/CSR, since we would expect IRP/CSR 

Table 4.3 Quadrat Counts and Calculation of the Variance for the 
Coffee Shop Pattern 

Number of Number of 
events, k quadrats, x k-M (k  M)2 x(k ,.d 
0 18 -1.175 1.380625 24.851250 
1 9 -0.175 0.030625 0.275625 
2 8 0.825 0.680625 5.445000 
3 1 1.825 3.330625 3.330625 
4 1 2.825 7.980625 7.980625 
5 3 3.825 14.630625 43.891875 

Total 40 85.775000 
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If, intol!.c·/ld (If' IJllIlclr'lIl. l'ullntK, we had used mean nearest-neighbor distance 
to dCIHI'I'illt' U point puu'I'rn, we can use Clark and Evans's R statistic to test 
fm' l'onlill'llllllH'P with IRP/CSR. Clark and Evans (1954) showed that the 
(IXpI·e'tl.d vllhu' lill' mean nearest-neighbor distance is 

1 
E(d) = 2v'A (4.12) 

and suggest that the ratio R of the observed mean nearest-neighbor dis
tance to this value be used in assessing a pattern relative to IRP/CSR. Thus 

R dmin 

1/2v'A (4.13) 

= 2dmin v'A 

A value of R of less than 1 is indicative of a tendency toward clustering, 
since it shows that observed nearest-neighbor distances are shorter than 
expected. An R value of more than 1 is indicative of a tendency toward 
evenly spaced events. It is also possible to make this comparison more 
precise and to offer a significance test (Bailey and Gatrell, 1995, p. 100). 

A Cautionary Tale: Are Drumlins Randomly Dlstriboted? 

Point Pattern Analysis 

the theory, First, there are obvious difficulties in considering drumlins II 
point objects and In using topographic maps to locate them (see Rose and 
Letzer, 1976), Second, use of just the mean nearest-neighbor distance 
means that any patterns examined were only those at short ranges. It 
ma,well be that at a larger scale, nonrandom patterns would have been 
detected. Finally, it is clear that the nearest-neighbor test used by all these 
early workers show stron~dependence on the boundaries of the$tU4}t 
region chosen for analysis. If you examine how R is calculatedyt;>l.I . 
see that by varying the area a, used in estimation of the intensity~i 
possible to get aiaiQ$t any value for the IndexI Drumlins may weUbeai$~ 
trtbuted'random')'i~theoriglnal papers neither proved nor disprovedt~,,: 
Bettefev~~n(;~atK>l.ftttleitdistribution might be explained by, for exampfei' 
useof..plotsQf,th~a.Fial'ld K functions. 

The G and F Functions 

Expected values of the G and F functions under IRP/CSR hnvll UIHO hmm 
determined. These both have the same well-defined functionallilrm, giwll by 

E[G(d)] = 1 - e !,JT(I~ 
(4.14) 

A1lIfE[F(d)] 1 e-

It is instructive to note why the two functions have the same expected form 
for a random point pattern. This is because for a pattern generated by IRPI 
CSR, the events used in the G function, and the random point set used in 
the F function, are effectively equivalent, since they are both random. In 
either case, the predicted function may be plotted on the same axes as the 
observed G and F functions. Comparison of the expected and observed func
tions provides information on how unusual the observed pattern is. For the 
examples of clustered and evenly spaced arrangements considered pre
viously (see Figure 4.12), this is plotted as Figure 4.18. In each plot, the 
expected function is the smooth curve, 

For the clustered pattern, the G and F functions lie on opposite sides of 
the expected curve. The G function reveals that events in the pattern are 
closer together than expected under IRP/CSR, whereas the F function 
shows that typical locations in the study region are farther from any 
event in the pattern than would be expected (because they are empty). 
For the evenly spaced pattern, it is rather surprising that both functions 
lie on the same side ofthe expected curve. The G function clearly shows that 



102 103 GeOGRAPHIC INFORMATION ANALYSIS 

Clustered 

00 0.800 
<i> 'S

<!) 0.6 

'6- 04 
~ 

~O 0.2 

oV I I 

0.25 0.50 Q.75 

Distance, d 

0 0 
0 0.8 

0 'S
<!) 0.60 


0 
 0 ~ 040 

0 0.2 
0 0 


0 

0.1 0.2 0.3 

Distance, d 

Figure 4.18 Comparison of two patterns and their G and F functions against IRP/ 
CSR. T~e smooth curve in each plot is the expected value for both functions. 

an evenly spaced pattern has much higher nearest-neighbor distances than 
would be expected from a realization of IRP/CSR, but the F function, 
because of the even spacing, uncovers the fact that randomly selected loca
tions are also farther from an event in the pattern than expected (this is 
also obvious if you think about it carefully). 

Again, these results can be made more precise to produce statements of 
probability or significance, but it should be noted that all distance-based 
methods are subject to the considerable problem that they are very sensi
tive to changes in the study region. Edge effects have already been men
tioned. Another problem is that the study area chosen affects estimation of 
A, which is used to determine the expected functions. Although the mathe
matics required is rather involved, it is possible to correct for edge effects. 
In practice, it is often more fruitful to use computer simulation to develop a 
synthetic prediction for the expected value of the descriptive measure of 
interest. This is discussed in more detail in connection with the K function. 

The K Function 

The expected value of the K function under IRP/CSR is easily determined. 
Since K(d) describes the average number of events inside a circle of radius d 

Point Pattern Analysis 

(~I·l1t(l ..(\(1 Oil UIl pvont, fhr an !RP/CSH pattern we expect this to be directly 
(kp(lndent (In d. Hince red'). is the area of each circle and A is the mean 
d(H)Hity of events per unit area, the expected value of K(d) is 

~ 

2 
E[K(d)] Ared 

A (4.15) 
red'). 

We can plot this curve on the same axes as an (lbHerv(~d K function in much 
the same way as for the G and F functions. How(!vor, h(lCUUHe the expected 
function depends on distance squared, both th(l llXIWdod und observed K(d) 
functions can become very large as d increaStlH. AN Ll r""mlt, it may be 
difficult to see small differences between expected und ohsorv(ld values 
when they are plotted on appropriately scaled axes. 

One way around this problem is to calculate other functionH d(lriv(1(1 from 
K that should have zero value if K is well matched to the exp()ctml vult.ll. 
For example, to convert the expected value ofK(d) to zero, we cun divid(! hy 
re, take the square root, and subtract d. If the pattern conforms to !RP/CHIt, 
and we perform this transformation on observed values of K(cJ), we should 
get values near zero. Perhaps unsurprisingly, this function is termed the L 
function: 

L(d) -d (4.16) 

and is plotted in Figure 4.19. Where L(d) is above zero, there are more 
events at the corresponding spacing than would be expected under IRPI 
CSR; where it is below zero, there are fewer events than expected. In the 
clustered example, L(d) > 0 for d vah,les less than about 004, indicating 
there are more events at these short spacings than expected under IRPI 
CSR. In the evenly spaced example, L(d) falls until around d = 0.2 and then 
rises sharply because many event spacings are about equal to this value. 

However, interpretation of these naive L functions is strongly affected by 
edge effects in the cases illustrated. In both plots, above d "'" 004, L(d) falls 
continuously. This suggests that there are fewer events at these separa
tions than expected. This is simply because many of the large radius circles 
used in determining the K function at such distances extend outside the 
study region (a square of unit size). In these examples there are no events 
outside the study region, so the number of events in the circles is lower than 
would be expected based on an assumption of uniform density. It is possible 
to adjust calculation of the K function to account for edge effects, but the 
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Figure 4.19 Example of a plotted L function. 

mathematics required is complex. We might also consider using a guard 
zone as illustrated in Figure 4.15. 

All this is obviously quite complex, so that often a better way forward is to 
wo\(! computer simulation. First, read the case study presented in the box 

below. 

( -, - - - - - ' "~ 

Nearest-Nefghbor Distances for1~'¥i~tf 

and Table 4.2 present a simple pattern of 
Our measured mean 

that 
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n =: 1000 
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Figure 4.~p ~~~~It$.ofa!limulation of IRP/CSR for 12 events (compareTlble 
4.2), 

Of<a.)lI~f~!~~~re.~t~oitlg to ask you to do this (althoulh It could be 
dOf'le;a~·.a.~I.~sii~~~~rjf:)1eot).Welve done it for you. Because the computer 
feeJsnopail1i:~1~rt:!f!eated' the experiment 1000 times. The resulting 
freql-f~n~d~it)'IJ~I~I1,9f:outcomes for mean nearest·nelghbor distance Is 

sho-wn in.• ~I~~~~~~p:. <" 
ThesimUI~d$~PJ~~~i~~ribution is roughly normal with dm'n =.16.50 

an~~tafldaf1Jdeyj~t'9~2;~~~The obsenied value given for the pattern jl) 

..~.~way above this mean, so 
rno~rafeIY.~I1~o/Il~Fn.~~f,~atlo~, albeit wtt~in. two standa~d~iation' 
the.. ··.~ean,~te~t\ln ... ';~iskn~li\tiQnS·.. th~·r$"g~ 
(:0l1sj<.ier~/;I(e.*rQIl1?;()4tQ'i21.5Ql . 

Figure4;9;at~1,~2,~s 

In exactly the same way that we aan simulate a point pattern to deter
mine the distribution of a simple statistic like the mean nearest-neighbor 
distance, we can also simulate to determine the distribution of much more 
complex measures, such as K. The procedure is exactly the same: Use a 
computer to generate patterns, and measure the quantity of interest each 
time, so generating an expected distribution of values. This approach also 
allows us to take care of problems like edge effects neatly, simply by using 
the same study region in the simulations as in the observed data. Since each 
simulation is subject to the same edge effects as the observed data, the 
sampling distribution we obtain accounts automatically for edge effects, 
without complex adjustments to the calculation. Such a simulation 
approach, known as a Monte Carlo procedure, is widely used in modern 
statistics. 
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Typically, a Monte Carlo procedure iH llHmllo locut.p 11 (lVllIltH rundomly in 
the study area A, perhaps 100, or 500, or, UH wo did to create Figure 4.20, 
1000 times. Results for the randomly generated patterns may be used to 
calculate an empirical expected frequency distribution for IRP/CSR and to 
decide how unusual is an observed pattern. Depending on how many such 
patterns are generated, reasonably accurate confidence intervals can also 
be calculated to allow statistical significance to be determined. 

The Himulation approach has a number of advantages: 

• '['here is no need for complex corrections for edge and study region 
area effects. As the next thought exercise shows, these effects can be 
much more pronounced than many people imagine, so this is an 
important advantage. 

• Although the procedure works by using the same number of events n 
as in the original pattern, it is not so sensitively dependent on this 
choice as approaches based on an equation that includes A. It is also 
easy to gauge the importance of this assumption by varying n in the 
simulated patterns. 

• 	Generating processes other than IRP/CSR may be investigated con
veniently-indeed, any process that fits any theory we might have 
about the data can be simulated, and an assessment then made of the 
observed pattern against the theory. 

Using Simulation 
I 

PoInt Pattern AnalysIs 

'" 

Table 4.4 Simulation 
Results for the 
and8vans R Statistlt 

1.1628 
1.1651 
1.10155 
1.0717 
1.0440 

UW~IUC It. In turn, 'thlllntroduql Into est/ma
distances than an unbound re." WOUld have 

1.000, the random e)Cpectatlon produced 
This effect tends to be ,reltest when the 

'," , a large fraction of the events are on the Id.. 
~e'!Nlthonly 10 or 12 events the effect 'I quite 
'e(than theory predicts. As we Inetease the 

effect ofevents near the border Is reduced, 
-etty dose to theoretical values. Even so, the 
This demonstrates not only that edge effects 

expected distributions by Simulation 

The disadvantage of simulation is that it may be computation ally inten
sive. For example, if there are 100 events in the original point pattern, and 
(say) ap 0.01 confidence level is required, it is necessary to run at least 99 
simulations. Each simulation require.s 100 events to be generated. For the K 
function, distances between all 100 events in each simulation must then be 
calculated. This makes about 100 x 99 x 99/2 ~ 500,000 basic calculations. 
Each distance determination involves two subtraction operations (the dif
ference in the coordinates), two multiplications (squaring the coordinate 
differences), an addition, and a square root operation-six in all, and the 
square root operation is not simple. That's a total of 3 million mathematical 
operations, followed by further sorting operations to build the upper and 
lower bounds of the envelope. 

Ofcourse, modern computers take this sort of thing in their stride, but we 
have described a relatively small problem and the minimal number of simu
lations that would be acceptable. In short, it is important to be sure that it is 
worth applying statistics to the problem at all, before embarking on such 
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complex analysis. It may bo that lIHing point puttorn llWHHurllH ill 1\ dl!HCl'ip
tive manner is adequate for the task ut hand. On the other huncl. if it renlly 
matters that your analysis is right, for example in thl) detoction of disem;c 
hot spots, then leaving a machine running for un hour or two is a 8mall 
price to pay for the potential gain in knowledge from the simulations. 

4.6. 	TWO CRITIQUES OF SPATIAL STATISTICAL 
ANALYSIS 

Home very eminent thinkers in geography have questioned whether or not 
it is over worth doing this kind of inferential statistical work in geographi
cal analysis. In this concluding section, we look briefly at two of the most 
effective critiques. 

Peter Gould's Critique 

In a paper entitled "Is statistix inferens the geographical name for a wild 
goose?" the late Peter Gould (1970) made a number of important criticisms 
of the use of inferential statistics in geography, and it is good to be aware of 
them. In summary, Gould suggests that: 

1. 	Geographical data sets are not samples. 
2. 	Geographical data are not random. 
3. 	Becuu8e of autocorrelation, geographical data are not independent 

random. 
4. 	Because n is always large, we will almost always find that our 

results are statistically significant. 
5. 	What matters is scientific significance, not statistical significance. 

Having read our account, we hope that you will answer these points more 
or less as follows: 

1. 	The process-realization concept means that we can regard geogra
phical data as samples in a very particular way. 

2. 	There is no answer to this point-geographical data are not ran
dom. 

3. 	Data not being independent does not prevent us from using statis
tics if we can develop better models than IRP/CSR. This is dis
cussed below. 

4. 	n is often large, but not always, so this point is not convincing. 

Point Pattern Analysis 10' 

I). 	(lould WIIH right! S('jl'lIti/ic signifIcance is the important thing. 'l'hiH 
requires that wo have a theory about what is going on, and test that 
appropriately. not just using whatever statistics come to hand. 

• 
Perhaps the most important point implied by Gould's criticisms is that 

lRP/CSR is a strange hypothesis for geographers to test against. After all, it 
suggests that the geography makes no difference, something that we don't 
believe from the outset! The whole point of IRP IC8R is that it exhibits no 
f'irst- or second-order effects, and these arc precitml,Y the type of effects that 
make geography worth studying. In other wordH, wo would be disappointed 
if our null hypothesis (lRP/CSR) were ever confil'mml, und it turns out that 
for large n it almost never is. Furthermore, I'(!j(!(~tillg !HP/CBR tells us 
nothing about the process that actually i... operating. ThiH iH 11 difficulty 
with inferential statistics applied to spatial prOC(!HHllH: Wlwl'lllls 11 nuJl 
hypothesis such as "the mean tree height is gront(~r thun /iO m" hus 1111 

obvious and meaningful alternative hypothesis (that th(~ moun trllll Iwight. 
is less than or equal to 50m), IRP/CSR as a null hypotheHiH udmitH tllIY 

other process as the alternative hypothesis. In the end, r(l.ipctin~ till' Ilull 
hypothesis is arguably not very useful! 

One response to this is to use models othor than lRP/eBB.. TheH(! t(md to 
embody either a tendency toward clustering, which we may often expect 
(disease incidence, for example), or a tendency toward uniformity, which we 
might also expect (settlement patterns from central place theory, for exam
ple). Examples of alternatives to IRP/CSR include: 

• Inhomogeneous Poisson distribution, 	in which the intensity, A, is 
spatially varying. 

• Poisson clustering distribution, 	where parents are randomly pro
duced by IRP/CSR and random numbers of offspring are placed 
randomly around each parent, which is then killed. 

• Packing constraints can be applied that make it unlikely that points 
are found closer to one another than some threshold distance. 

The most likely way to test a pattern against any of these is to use 
simulation, because analytic results for expected values of the measures 
are not usually available. 

David Harvey's Critique 

In two papers published many years ago, Harvey (1966, 1967) also discusses 
some of these issues. His major point is irrefutable and simple but very 
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important. This is that there ure inhol'tlnt l~ontrlldictions IInd eirculllritiml of 
argument in the classical statistical approuch thut we hnve outlin()d. 
Typically, in testing against some process model, we estimate key para
meters from our data (often, for point pattern analysis, the intensity, 
The estimated parameters turn out to have strong effects on our conclu
sions, so much so that we can often conclude anything we like by altering 
the parameter estimates, which can usually be arranged by altering the 
study region! The modern simulation approach is less prone to this problem, 
but choice of the study region remains cruciaL Again, we must conclude 
thut the criticism carries some weight and highlights the importance of 
tlworetical considerations in determining how we set up our study. 

4.7. CONCLUSION 

There has been a lot of detailed material in this chapter, but the basic 
messages are clear. We have been concerned to develop a clearer idea of 
the important concept of pattern and how it can be related to process. In 
principle, any pattern can be described using a variety of measures based 
on its first- and second-order properties-or, put another way, by looking 
for departures from first- and second-order stationarity. 

In the context of a point pattern, first- and second-order variation can be 
related directly to two distinct classes of pattern measure: density-based 
measures and distance-based measures. Among density-based measures, 
quadrut counts and kernel-density estimation provide alternative solutions 
to the problem of the sensitivity of any density measurement to variation in 
the study area. As an alternative, numerous distance-based measures are 
available, from the very simple mean nearest-neighbor distance, through G 
and F functions to the full complexity of the K function, which uses infor
mation about all the interevent distances in a pattern. Perhaps the most 
important point to absorb from all of this is that as a minimum, some 
preliminary exploration, description, and analysis using these or other mea
sures is likely to be usefuL For example, a kernel-density-estimated surface 
derived from a point pattern is helpful in identifying the regions of greatest 
concentration of a phenomenon of interest, while the G, F, and K functions 
together may help identify characteristic distances in a pattern, particu
larly intra- and intercluster distances. In many cases, such information is 
useful in itself. 

However, ifwe wish, we can go further and determine how well a pattern 
matches with what we would expect if the pattern were a realization of a 
particular spatial process that interests us. This involves determining for 
the process in question the sampling distribution for the pattern measure 
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we wish to lIS('. The Humpling distribution may be determined either ana
(as in Chapter 3), or by simulation (as discussed in this chapter). 

Ilaving done this, we can set up and test a null hypothesis that the observed 
pattern is a realization of the process in question. Our conclusion is either 
that-'the pattern is a very unlikely to have been produced by the hypothe
sized process, or that there is no strong evidence to suggest that the pattern 
was not produced by the hypothesized process. Either way we cannot be 
sure-that's statistics for you-but we can aAAign some probabilities to our 
conclusions, which may represent a useful advance over simple description. 

So ... what to make of all this? We've come a long way in a short time; has 
it all been worth it? Does comparing a pattern to some Hpatial process model 
really help us understand the geography better'? '1'hiH iH tho core of what we 
called spatial statistical analysis and the question wo hUVtl IlHked has been 
a very pure one, simply whether or not an observed point pnttorn iN or is not 
an unusual realization of IRP/CSR. Most of the timo whtll1 dtluling with 
point patterns, this isn't the only hypothesis we want to tost. Do"s 
able to make the comparison statistical really help,? Is it rtmlly UNtil'" I 1.0 
know that "there is only a 5% chance that a pattern genorntud hy thiH 
process would look like this"? The answer really is that "it doponds," hut 
we should point out that experience suggests that practical problollls of the 
type you may be asked to address using a GIS are raroly cl1pablll of being 
solved using pure spatial pattern analysis methods. 

Where the statistiyal approach really becomes important is if we want to 
use spatial patterns as evidence in making important decisions. In the 
world that we live in, important usually means decisions that affect large 
numbers ofpeople, or large amounts of money ... frequently in opposition to 
one another. A classic example is the conflict of interest between a commu
nity that suspects that the polluting activities of a large corporation are 
responsible for apparently high local rates of occurrence of a fatal disease. 
IRP/CSR is a process model of only limited usefulness in this context. We 
know that a disease is unlikely to be completely random spatially, because 
the population is not distributed evenly, and we expect to observe more 
cases of a disease in cities than in rural areas. In epidemiology, the jargon 
is that the at-risk population is not evenly distributed. Therefore, to apply 
statistical tests, we have to compare the observed distribution to the at-risk 
population distribution. A good example of what can be done in these cir
cumstances is provided by the case studies in a paper by Gatrell et al. 
(1996). Using the simulation approach discussed above, we can create a 
set of simulated point patterns for cases of the based on the at
risk population density and then make comparisons between the observed 
disease incidence point pattern and the simulation results using one or 
more of the methods we have discussed. 
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In short, even the complex id(~IIH w(' huv(' l~OV('I'l~d in detuil ill I.hiH 
and in Chapter 3 are not the whole story, Home other more pruclicnl iHSUl~S 
that might be encountered in this example or other real-world Cllses are 
discussed in Chapter 5. 

CHAPTER REVIEW 

• 	A point pattern consists of a set of events at a set of locations in the 
Htudy region, where each event represents a single instance of the 
phenomenon of interest. 

• 	 We describe a point pattern using various measures or statistics. The 
simplest measure is the mean location and standard distance, which 
can be used to draw a summary circle or ellipse, but this discards 
most of the information about the pattern and so is only useful for an 
initial comparison of different patterns or for recording change in a 
pattern over time. 

• 	Measures of pattern are broadly of two types: density measures, 
which are first-order measures, and distance measures, which are 
second-order measures. 

• Simple density is not very useful. Quadrat counts based on either a 
census or a sample of quadrats provide a good, simple summary of a 
point pattern's distribution. 

• Kernel-density 	estimation assumes that the density is meaningful 
everywhere in a study region and is calculated by traversing the 
study ref"rion using a function that depends on a central location 
and the numbers of events around that location. The density esti
mate is alsodependent on the kernel bandwidth that is used. 

• 	The simplest distance measure is the mean nearest-neighbor dis
tance, which is calculated using the set of distances to the nearest
neighboring event for all events in the pattern. 

• 	Other distance functions are the G, F, and K functions, which use 
more of the interevent distance information in the point pattern to 
enhance their descriptive power, although interpretation is often 
difficult. 

• 	 If it is necessary to conduct a formal statistical anal.ysis, the general 
strategy is to compare what is observed with the distribution pre
dicted by a hypothesized spatial process, of which IPRJCSR is by far 
the most often used. Tests are available for all the pattern measures 
discussed. 

• 	 In practice, edge effects, and their sensitivity to the estimated inten
sity of the process, mean that many of the tests are difficult to apply 
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uHing IIllnlylicnl ,'oHullH, HO that computer simulation or Monte Carlo 
tosting is often prof(~ruble. 

• l"inally, 	within academic geography there has been significant and 
sensible criticism of these approaches. In fact, it is rare that a geo
graphically interesting and important problem can be cast in a fra
mework that makes it amenable to the kind of pure analysis 
discussed in this chapter. 
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Chapter 5 


-
Practical Point Pattern Analysis 

CHAPTER OBJECTIVES 

In this chapter, w~: 

• Describe 	the process of cluster detection using the G('oNraplliml 
Analysis Machine (GAM) as an example 

• 	 Introduce some further point pattern methods to detllct when ,"pace
time clusters of events occur 

• 	 Relate some of the point pattern measures from Chapter 4 back to 
the distance matrix concept presented in Chapter 2; this is intended 
to give you an appreciation of how important those concepts are in all 
areas of spatial analysis 

• Describe measures of point pattern based on proximity polygons 

After reading this chapter, you should be able to: 

• Discuss the merits of point pattern analysis in cluster detection and 
outline the issues involved in real-world applications of these 
methods 

• Show how the concepts of point pattern analysis can be extended to 
deal with clustering in space-time and to test for association between 
point patterns 

• 	 Explain how distance-based methods of point pattern measurement 
can be derived from a distance matrix 

• 	 Describe how proximity polygons may be used in describing point 
patterns, and indicate how this developing approach might address 
some of the failings of more traditional methods 
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5,1, POINT PATTERN ANALYSIS VERSUS 
CLUSTER DETECTION 

AH wo l'IuJ,(J,(II14tI 1d !,ow/II'd Uw (,IHI of Chnpt,er 4, tile applicntion of pure spatial 
HtlltiHti<'III III1I1IYl'liH 1.0 I'l l ul-wol'ld data und prohlt!ll1S is only rarely possible 
Ill' UHlllhl. A ('OIlHidl'l'IIhlt~ pmt of'the problem is that IRP/CSR is rarely an 
adIHlllllt,(. 111111 hypot.lwHiH. In particular, we often expect a very unevenly 
diHtl'ihul,t,tl hll"kground population to have a strong, first-order influence on 
I.IH' ohH(lt'vC'd pHttern of occurrence of events. The best example of this is 
t,hllt. Uw numbers of occurrences of a disease is expected to vary with the at
l'iHI< population. In the simplest case, everybody is equally at risk. More 
likely, the at risk population is unevenly distributed in the general popula
tion, being dependent on the relative numbers of people in various groups
perhaps different age groups or ethnic groups have different probabilities of 
infection. It is not just disease incidence that might be expected to vary in 
this way. Crime is commonly observed to be more prevalent in urban areas, 
where there are more people (and presumably also more criminals). It fol
lows that a map of crimes as point events would be expected to strongly 
reflect underlying patterns of population distribution. 

We have already noted that we may examine processes other than IRP/ 
CSR to cope with this situation. Both these cases might be modeled better 
by an inhomogeneous Poisson process where events are randomly located 
under the constraint of a given first-order variation in the event intensity. 
This is all very well, but what would be the conclusion from a study com
paring observed crime or disease cases to an inhomogeneous Poisson pro
cess (or some other model)? We would find either that the pattern of 
incidents matched the process fairly well or did not. In the latter case we 
would probably be able to say that observed events were more, or less, 
clustered than we expected. However, neither outcome tells us anything 
more than this. In short, the pattern-process comparison approach is a 
global technique, concerned with the overall characteristics of a pattern, 
and saying little about where the pattern deviates from expectations. In 
fact, the concepts of Chapters 3 and 4 omit an important aspect of point 
pattern analysis entirely, that of cluster detection. This is often the most 
important task, because identifying the locations where there are more 
events than expected may be an important first step in determining what 
causes them. 

Where Are the Clusters? 

Failure to indicate where the clusters in a point pattern are seems like a 
significant failing for techniques that relate to pattern description. This is 
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OHI)(lciully tl'lW if' t.ho qlWHtioll concerns a possible cluster of dhwlIH(! t~IIH(,H, 
Hnd in thiH Htlction we fhcus on an important case study example, provided 
by the supposed occurrence of a cluster of child deaths from leukemia 
around the town of Seascale, near Sellafield in northern England. It seemed•
possible that the Seascale leukemia cluster might be related to the presence 
in the same area ofBritain's oldest nuclear facility. Local family doctors had 
already expressed some concern about higher than expected levels of the 
cancer, when in November 1983 a TV program, Windscale: The Nuclear 
Laundry, gave prominence to the possible link. (Note that Sellafield was 
previously called Windscale-the change of nnme hnH done little to alter the 
facility's poor reputation). The program maker'H nllog(!d that there was a 
cluster of childhood leukemia deaths that could only he oxpluined by the 
presence of the plant. The program was based on (widonc(l IlHHlHnhlod by 
Urquhart et a1. (1984) and led to a major public and Hci(mlific C()ntl'()VOrH.Y. 

A variety of academic and medical studies were carriod out, including a 
detailed official report (Black, 1984). This concluded thut tho cluMto!' WIIH 

real, not a product of chance, but that the evidence linking the CIUHL(lI' I.nl.11P 
plant was circumstantial. Furthermore, there were several rmlHonH to dOllht. 
any direct link between leukemia deaths and ionizing radiation Ihllll t.lw 
Sellafield plant: 

• 	Measured levels of radiation in the area did not Heem high enough to 
cause genetic damage. 

• 	Apparent clusters occur naturally in many diseases, for unexplained 
reasons. Meningitis is a good example of such a clustering disease. 

• 	 The actual numbers of cases in the cluster (only four) was much too 
small to infer that it was really unusual. 

• 	 If radiation were the cause one would expect some correlation in time 
between the operation of the plant and the occurrence of the cases. 
No such time correlation was found. 

• 	 Similar clusters of cancers have been found around nonnuclear 
plants, and even at places where plants had been planned but were 
never actually built. 

• 	Many industries, including nuclear ones, use a number of chemicals 
whose leukemogenic potential is poorly understood but which may be 
equally or even more culpable. 

The Black Report led to the establishment of the Committee on Medical 
Aspects of Radiation in the Environment (COMARE), which studied 
another nuclear plant, this time at Dounreay in the far north of 
Scotland. COMARE found that there had been six cases of childhood leu
kemia around the Dounreay plant when only one would have been 
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(lxpllct.(ld hy "'"HII'I' 1'111,,1.1111 Vltl'illt.ion. 111 IUH7 11 "(Iporl. in I.ho IJriti,'1/1 
Met/il'al ./urll'IUlI NlIllllt1lllh'll I.hllt. IJw"I' WIIH IIllothor dUHior of ClllmH around 
thll Brithth Atomi<' ":lIc"'Il,Y 1{IIHI'III'dl tIHt.llhlhdlllwnt. ut Aldermaston in the 
Mouth of Ir.nll'nllcl. All t.hlH "\'HIlIll'ch lIctivit,Y HIIW publication of a special 
vulumn of' Uw./ollrl/(II 0/'11/1' Royal Statistical Society. Series A (1989, Vol. 
ll'i:'!), whkh provid"H 11 g'ood, albeit rather technical perspective on many of 
UlCI illl'llltll'l involvl·d. 

UnHlII'llI'iHillg'I,Y, with no direct evidence for a causal link between leuke
mill IIl1d !.Iw nuclear industry, hypotheses other than the ionizing radiation 
I'xplllllat,ion began to appear, Leo Kinlen argued his rural newcomer 
hypothesis (Kinlen, 1988) that the cause was an unidentified infective 
Ilg'ent brought by construction workers and scientists moving into pre
viously isolated areas such as those around Sellafield and Dounreay, The 
infective agent, he suggested, triggered leukemia in a vulnerable host popu
lation that had not built up any resistance to it, Martin Gardner et al. 
(1990) report a study examining individual family histories of those 
involved. They suggested that men who received cumulative lifetime 
doses of radiation greater than 100mSv (millisieverts, the units ofmeasure
ment for radiation dosage), especially if they had been exposed to radiation 
in the six months prior to conception, stood six to eight times the chance of 
fathering a child with leukemia because of mutations to the sperm. 
However, they were unable to find any direct medical evidence in support 
of this hypothesis, and the theory seems counter to trials conducted with 
the victims of Hiroshima and Nagasaki that found no pronounced genetic 
transmission. However, geneticists have pointed out that common acute 
lymphatic leukemia is a cancer that is possibly transmitted in this way. 

The technical complications ofthe identification ofvery small clusters are 
interesting. The original method used was described in evidence given to 
the public enquiry into the Dounreay cluster. Circles were centered on the 
plant, and for each distance band (e.g., °to 5 km, 5 to 10 km, and so on) the 
number of events was counted, as was the at-risk population. These results 
were used to calculate a Poisson probability for each distance band describ
ing how likely each observed number of cases was given an assumption of 
uniform rates of occurrence of the disease. This is illustrated schematically 
in Figure 5.1. In this (artificial) example, there are 0, 1, 1,0, 1,0, 1,0,0, and°disease events within 1, 2, ... , 10 km of the nuclear plant. The total popu
lation (at-risk plus disease cases) in these bands is 0, 4, 3, 1,4, 5, 4, 3, 1, and 
0, respectively. Together these figures can be used to determine rates of 
occurrence in the disease at different distances from the plant. In the case 
illustrated, this would give disease rates ofO, 0.25, 0.33, 0, 0.25, 0, 0.25, 0, 0, 
and °across the study area, and these could be compared to expected values 
generated either analytically, or by simulation, in the usual way. 
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Figure 5.1 Cluster detection technique used in the Dounreay public enquiry. 

Although this seems reasonable at first sight, from n HtUtiHticlI1 puriHCH 
viewpoint it is a very unsatisfactory way of testing any hypothoHiH, 1·'i"Ht. 
the boundaries given by the distance bands are arbitrary nnd b(lCIlIlH(l t.l1I',Y 
can be varied, are subject to the modifiable arenI unit prnbllllll likl' IlIly 

other boundaries drawn on a map. Second, the test is a poxt /wc, afte,' Uw 
fact, test. In choosing the suspected plant as the conler of tho circleH and 
relating all the data to this choice, the investigation is being' unfilir. What 
would happen if we chose some other center? 

The Geographical Analysis Machine 

The Geographical Analysis Machine (GAM) of Openshaw et al. (1987) was a 
brave but controversial attempt to address both problems that drew heavily 
on GIS technology and data. In its basic form, GAM was an automated 
cluster detector for point patterns that made an exhaustive search using 
all possible centers of all possible clusters. The basic GAM procedure was as 
follows: 

1. 	Layout a two-dimensional grid over the study region, in this case 
the whole of the north of England. 

2. 	Treat each grid point as the center of a series of search circles 
3. 	Generate circles of a defined sequence of radii (e.g., 1.0. 

2.0, ... , 20 km). In total, some 704,703 (yes, that's seven hundred 
thousand) circles were tested 

4. 	For each circle, count the number of events falling within it, for 
example, °to 15-year-old deaths from leukemia, 1968-1985, geo
located to 100-m spatial resolution by unit post codes. 



120 121 GEOGRAPHIC INFORMATION ANALYSIS 

5. 	Determine whether or not thiH oxcooclH 11 Hpocitimi d(lOHity th"OHh
old using some population covariuto. 'rho publiHhcd Htudy uHPd the 
1981 UK Census of Population Small Area StatiHticH at the enu
meration district level. These aggregated data were treated as if 
they were located at the centroid of each enumeration district and 
HO couid be used to form a count ofthe at-risk population of children 
inHide mlch circle. In the region studied, there were 1,544,963 

in 2,855,248 households, spread among 16,237 census 
(lOumeration districts, and the centroids of these were geolocated 
to lOO-m resolution by an Ordnance Survey grid reference. 

6. 	If the incidence rate in a circle exceeds some threshold, draw that 
circle on a map, 

Circle size and grid resolution were linked such that the grid size was 0.2 
times the circle radius, so that adjacent circles overlapped. The result is a 
dense sampling of circles of a range of sizes across the study region. The 
general arrangement of a set of circles (of one size only) is shown in Figure 
5.2. Note that so that the diagram remains (more or less) readable, these 
circles are only half as closely spaced as in an actual GAM run, meaning 
that an actual run would have four times this number of circles. 

Threshold levels for determining significant circles were assessed using 
Monte Carlo simulation. These simulation runs consisted of randomly 
uHHigning the same total number of cases of leukemia to census enumera
tion diHtricts in proportion to their population. Ninety-nine simulated dis
tributions of the disease were generated in this way. The actual count of 
leukemia cases in each circle was then compared to the count that would 

Figure 5.2 Pattern of circles used by GAM. Six circles with high rates of incidence of 
the disease are highlighted. Note that this diagram is illustrative 
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hllve bmm ObHI\I'VI.d fill' 011eh oftho 99 Himulated outcomeg. Any circle whoHe 
ohHervcd count. WitH highost among this set of 100 patterns (99 simulated 
and onc actual> waR stored as significant at the p = 0.01 level. 

The end result of this procedure is a map of significant circles, as indi
eated"in Figure 5.2, where six circles with high disease incidence rates are 
drawn with a heavier line. In the original GAM investigation there were 
lots of significant circles, as shown in Table I'd. The results at the more 
rigorous 99.8% level test (which requires five times as many simulated 
patterns to be generated) confirmed the sUHpocted cluster at Sellafield 
but also identified a much larger cluster in TynoHide, centered on the 
town of Gateshead, where there is no known Hourco of' ionizing radiation. 
In fact, there were very few significant circleH drawn outHide of these two 
clusters. 

The original GAM, running on a 1987 supercomputor (un Amdllhl 1if160l 
took over 6.5 hours for the cancer study, and using very Hmull dl'do "IUtiUH 
increments with large overlap could run for as long as 26 hourH! Hilll~(' thut. 
time computers have increased in speed and flexibility, gO thut whut H(\('I\\I.d 
extraordinary a decade ago is now commonplace. At the time of writing you 
can run a version ofGAM (GAMIK) over the Internet on a muchinn in Lp(~dH 
University, or download a version for Unix workHtutionH and/or 11 ,lava 
version for your own use. There is extensive onlinc mutcrilll Ilt the 
University of Leeds Centre for Computational Geography diHcussing the 
history of GAM and related latest developments. 

More recent work by the same team has used genetic algorithms (see 
Chapter 12) to generalize the GAM idea in devices called the MAP 
Explorer (MAPEX) and STAC (Space Time Attribute Creature). Instead 
of blindly testing all options, MAPEX and STAC are vaguely "intelligent" 
in that if they find evidence of a cluster, they adapt their behavior to zero-in 

Table 5.1 Summary Results from GAM: Childhood Leukemia 
in Northern England 

Number significant at level;
Circle 
radius (km) 

Number of 
circles 99% 99.8% 

1 
5 

10 
15 
20 

510,367 
20,428 
5,112 
2,269 
1,280 

549 
298 
142 
88 
74 

164 
116 
30 
27 
31 
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on it, but the basic operation it" much tllo SIUlW liS thut HAM, 
using cheap computer power to test nil 

Some Conclusions 

In 11 ens environment it is difficult to perform point pattern analysis using 
the pure tools discussed in Chapters 3 and 4. The reason for the difficulty 
got'S much deeper than the absence of the required tools from the menu of 
optionH in a standard GIS. Some ofthe difficulties involved have been high
lighted in our discussion of the Sellafield example: 

1. 	Data availability can be a problem-note that the locations of 
leukemia deaths and of the at-risk population in this case were 
not absolutely precise. More seriously, for the at-risk population, 
only aggregate data were available and are subject to the modifi
able areal unit problem. 

2. 	Variation in the background rate of the disease is expected, due to 
variations in population density. This is a serious omission in the 
techniques discussed in previous chapters, all of which effectively 
assume a uniform geography. The problem of deciding where a 
cluster has occurred is greatly complicated by this issue and has 
not yet been addressed satisfactorily. Although the GAM approach 
overcomes some of these issues, not everyone is happy with it. One 
complicated problem relates to the question of carrying out numer
ous interrelated significance tests. First, consider the fact that at 
the 99'if, significance level, we would expect 1% of all circles drawn 
to be significant if they were nonoverlapping. The overlapping of 
the circles used by GAM complicates matters and may account for 
the larger-than-expected numbers of significant circles listed in 
Table 5.1, for circle radii greater than 1 km. Smaller-than-expected 
numbers of significant 1 km circles are most likely a result of the 
geographic scale of disease clusters. Furthermore, significance 
tests in overlapping circles are not independent of one another, 
so GAM may give an exaggerated impression of the severity of a 
cluster. One response to this is not to treat the significance level as 
statistically valid per se but instead to think of it as a sensible way 
of setting a variable threshold across the study region relative to 
the simulated results. This view encourages us to think of the 
results from GAM as exploratory and indicative only. 

3. Time is a problem because we like to think of a point pattern as an 
instantaneous snapshot of a process. In fact, events are aggregated 
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ovor timo, with problems similar to those arising from the MAUP. 
We look Ilt some of the problems in this area in the next section. 

In ",hort, detecting clusters in data where spatial variation is expected 
IIllyway is a really hard problem. Having identified some candidate clus-
1.t'I'S, relating those to a causal mechanism is harder still and is actually 
impossible using just spatial analysis. The Sellafield leukemia controversy 
rnnkes this very clear, since the results of the public enquiry were equivocal 
pl'ecisely because no mechanism by which the diRca!'le might have been 
I.riggered could be identified. 

5.2. 	EXTENSIONS OF BASIC POINT PATTERN 
MEASURES 

I n this section we give an overview of some approaches to hundling (ll'nh
loms involving point events where the analytic focus goes beyond Uw 1)\1I'!.ly 
Hpatial. For example, we may have multiple sets of events, or tho (IV('nt.H 

may be marked by a time of occurrence. 

Multiple Sets of Events 

What happens if we have two or more point patterns and we want to ask 
questions such as: Do the two point patterns differ significantly? Does one 
point pattern influence another? To date, two methods have been used in 
such cases. One simple and easy test uses a standard statistical approach 
known as contingency table analysis. All we do is to create a pattern of 
contiguous quadrats over the area and count the cells that fall into one or 
other of the four possibilities shown in Table 5.2. Setting up the null 
hypothesis that there is no association between these cell frequencies, we 
use a standard chi-square test Appendix A). Since all we use in this 

Table 5.2 Testing for Association 
between Point Patterns Using a 
Contingency Table 

Type 2 events 

Type 1 events Absent Present 

Absent nil nl2 

Present n2J n22 

http:1)\1I'!.ly
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!.lIhlt! iH 11 c1hd,lIIl1'tl h'1Mt1c\ 011 wlwUwl' Ill' 1101. C\vt'lltH /11'" ill Uw HlUllO 

IlPflrollt~h dIM(~III'IIH "IIlIOH!. 1111 Uw 11I1'IIt.iutllll infhrmlltiol1. 
A H('('OIlIIIlPPI'OIlI'" 111'1111'1 whul. 111'(' c'ullc'c! c1iHt.ullec· cross /imdiolls, which 

11ft. Him!>lt. Ildllpt.lltiOIlH of (i HIllI K. For C!xllmplo, if (](ci) iH the standard 
clIllIlIllltiVI' 1I1'III'I'Ht."wighhor function fhr u single point pattern, an equiva
IClllt fhl' two PIlt.t.C'I'IIH of' pventH is G1'J(d), based on the nearest-neighbor 
diHt.III\(~(IH f,'om ('m:h ('vent in the first pattern to events in the second pat
t...m, 'l'hiH iH VI'I'y Himilur to using one of the patterns in place of the set of 
!'Illicium 100'utions used by the F function. There is also a K12 function called 
till' ('I'OS.<; K /lllwtion that does roughly the same thing and is defined as 

1 n2 

K I2 (d) = -__ -,L no. E 
icccl 

(5.1)
n2 

=~L no. [81 E C(S2i,d)] 
nln 2 i=1 

This function is based on counts of the numbers of events in pattern 1 
within different distances of each event in pattern 2. It is actually fairly 
obvious, if you think about it, no matter how intimidating the equation 
looks. There is a corresponding function K 21 , which looks at the reverse 
relationship: the average numbers of events in pattern 2 within different 
distances of events in pattern 1. It may not be obvious, but we expect these 
to be the same because they use the same set of data, that is, all the dis
tances between pairs of events where one is taken from each pattern (see 
Section 5.4). Whatever the underlying distribution of events in the two 
patterns, the cross K function should be random if the patterns are inde
pendent of each other. The usual techniques, use of an L function and 
Monte Carlo simulation, would normally be applied to determine indepen
dence. 

In the particular case where pattern 1 represents cases of a disease and 
pattern 2 represents the at-risk population, an alternative approach is to 
calculate the two patterns' simple K functions, now labeled Kll and K22 for 
consistency. If there is no clustering of the disease, the two functions are 
expected to be identical and a plot of 

D(d) Kn(d) - (5.2) 

may be used. Where D is greater than zero, clustering of the disease 
(pattern 1) at that distance is indicated. 

>I 

Practical Point Pattern Analysis 

When Was It Clustered? 

A H('wnd practieal need, touched on in the Sellafield case study, is where 
C'Vl'llts may also be labeled or marked by their position in time, and we wish

• 
10 dotect clustering in space and time considered together. Again, two tests 
huvo been used. The simpler of these is the Knox test (Knox, 1964), where 
ICII' all n events we form the n(n 1)/2 possible pairs and find for each their 
diHtance in both time and space and then dedde on two thresholds, one for 
proximity in time (near-far), the other in HpHl~e klos(!-distant). These data 
('an then be summarized in another simple contingency table, as in Table 

f'.:t 
Again the appropriate test is the chi-square. Ono dhwdvllntllge of this 

approach is that arbitrary thresholds must be chm;en n,r detormining near
far and close-distant (this is similar to MAUP again), Of COUrH(l, n number 
of different thresholds can be chosen and the test carried out rllptllltmlly. A 
loss arbitrary test is the Mantel test (Mantel, 1967), which lookM lit tilt' 
product of the time and space distances for all object pairs. 

Possibly the most useful test is a modified form of the K functioll HUg
gested by the statistician Diggle and others (1995), His D function iM 
by combining two K functions as follows. First a Hpuce-timo K f'lIlldiol1 is 
formed as 

)J(d, t) = E (no. events within distance d and time t of an arbitrary event) 
(5.3) 

where A is the combined space-time intensity, or the expected number of 
events per unit area in unit time. If there is no space-time interaction, this 
function should be the same as the product of two separate K functions, one 
for space and the other for time: 

(5.4)K(d, t) = 

Table 5.3 Testing for Clusters in Space 
and Time Using a Contingency Table 

Proximity in space 
Proximity in 
time Close Distant 

Near nil nl2 

Far n21 nn 
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LOHt HtlltiHtie MIIWWt'HI.(,d h,v I )j""lll iH Himply I.Iw clif1(l/'('fWO hc~twc'(lll tlWMO 
two: 

Old, I) K(d, t) K.(ti)K,(I) (5.5) 

ThoMtl IIJlprollt'iwH IIrc' MUll preliminary and only a very few studies have 
UHoct thtllll in prlU~t.i(~1I1 problems. The research paper described in the next 
box 1101 0Ilt' of the mOMt usefuL 

some eVIdence 
space-time dlffere 

• A study of lung cancer In 
using a raised incidence m 
there Is a significant effect in distiln 
Thls'suggests that there may well bean 

.,.detailed medical scrutiny, 

5.3. USING DENSITY AND DISTANCE: 
PROXIMITY POLYGONS 

Many of the issues that we have been discussing in relation to the spatial 
analysis of point patterns revolve around the fact that geographical space is 
nonuniform, so that different criteria must be applied to identify clusters at 
different locations in the study region. For example, this is the reason for 
the adoption of a variable significance level threshold in the GAM approach. 
In this context, it is worth briefly discussing a recent development in the 

Practical Point Pattern Analysis 

1I11IlIYMiM of point plIltorlH! thut hUM considerable potential lilr uddrcsHing 
UliM problmn. 

Thc approuch in question is the use of proximity polygons and the 
I)('lfll,l,nay triangulation in point pattern analysis. This is most easily 
I'xplained starting with construction of the proximity polygons of a point 
pattern. Recall from Chapter 2 that the proximity polygon of any entity is 
that region of space closer to the entity than to any other entity in the space. 
This idea is readily applied to the events in 11 point pattern and is shown in 
I"igure 5.3 for the events from Figure 4.9 (n()tl~ that you have already seen 
t.his diagram, as Figure 2.3). 

As shown in Figure 5.4, the Delaunay triangulntion iM derived from 
proximity polygons by joining pairs of events whoHo proximity polygons 
share a common edge. The idea is that the proximity polygonH nnd the 
Delaunay triangulation of a point pattern have mcuHurnblt, pro)lortios 
that may be of interest. For example, the distribution of tho nI'OnH of t.Jw 
proximity polygons is indicative of how evenly spaced (or not) tht! (lVIlIlts 
are. If the polygons are all of similar sizes, the pattern is evenly Hplleml. If' 
there is wide variation in polygon sizes, points with amnII polygonM m'(' 
likely to be in closely packed clusters, and those in large polygonH Ilro likoly 
to be more remote from their nearest neighbora. The numberH of neighbors 
that an event has in the Delaunay triangulation may also be of interest. 
Similarly, the lengths ofedges in the triangulation give an indication ofhow 
evenly spaced or not the pattern is. Similar measures can also be made on 
the proximity polygons themselves, These approaches are detailed in Okabe 
et aL (2000) and there is a geographical example in Vincent et al. (1976). 

We should mention two other constructions that can be derived from the 
Delaunay triangulation and whose properties may also be of interest in 
point pattern analysis. These are shown in Figure 5.5. In the left-hand 
panel the Gabriel graph has been constructed. This is a reduced version 
of the Delaunay triangulation, wh~re any link that does not intersect the 

Figure 5.3 Proximity polygons for the point pattern of Figure 4.9. 
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IIf:tJI(· Ij,4 Derivation of the Delaunay 	 polygons. 

corresponding proximity polygon edge is removed. The proximity polygons 
have been retained in the diagram, and by comparison with Figure 5.4 you 

be able to see how this has been done. In the right-hand panel the 
minimum spanning tree of this point pattern is shown. This is the set of 
links from the Delaunay triangulation with minimum total length that joins 
all the events in the pattern. Comparison of the minimum spanning tree 
with Figure 4.9 shows that all the links between nearest-neighbor pairs are 
included in this construction. The minimum spanning tree is much more 
commonly seen than the Gabriel graph. Its total length may be a useful 
summary property of a point pattern and can provide more information 
than simple mean nearest-neighbor distance. 

You can see this by thinking about what happens to each if the groups of 
connected events in Figure 4.9 were moved farther apart, as has been done 
in Figure 5.6. This change does not affect mean nearest-neighbor distance, 
since each event's nearest neighbor is the same, as indicated by the lines 
with arrowheads. However, the minimum spanning tree is changed, as 
indicated by the dotted lines now linking together the groups of near neigh
bors, because it must still join together all the events in the pattern. You 
will find it instructive to think about how this type of change in a pattern 
affects the other point pattern measures we have discussed. We encounter 

Figure 5.5 Gabriel graph (left) and miminum spanning tree (right) of a point pattern. 

Practical Point Pattern Analysis 	 129 
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Figure 5.6 Effect of exploding a clustered point pattern. The point pattern of FIRure 
4.9 has been exploded so that groups of near neighbars are farther apart. N(wc".t 
neighbor distances ?ire unaffected (arrows), but links in the minimum spanninM tre'(' 
(dotted lines) do change. 

the minimum spanning tree again in Chapter 11 in c()nn(~cti()11 with multi 
variate clustering techniques. 

One possible criticism of many of the point pattern menHun~H that we 
have discussed is that they ignore the nonuniformity of' the space in 
which the events in a pattern are located. By contrast, the neighborhood 
relations determined from proximity polygons are defined with respect to 
local patterns and not using fixed criteria such as "nearest neighbor" or 
"within 50 m" or whatever. It seems likely that this property of proximity 
polygons and related constructions may allow the development of cluster 
detection techniques that have a natural mechanism for determining locally 
high concentrations. As yet, this idea has not been developed into a working 
geographical cluster detection meth-od (although machine vision research
ers have been interested in the technique for many years; see Ahuja, 1982). 
The key question that must be addressed in any development of this idea 
will be how the background or at-risk population is linked to locally varying 
properties of the proximity polygon tessellation. 

5.4 	NOTE ON DISTANCE MATRICES AND POINT 
PATTERN ANALYSIS 

In this short section we draw your attention to how the distance-based 
methods in point pattern analysis can be calculated using the distance 
matrix introduced in Chapter 2. First, assume that we have a distance 
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Illntrix nu·.;) thl' 11111' IIl1illl. PI1U,I'1'I1 8, 14;m~h c'nl,r,Y in t.hil'l mal.l'ix l'C'cOI'dH Llw 
diHtnnC(1 Iwt.wc'I'II t.lw "CII'I'C'HpcuHlinl{ pllh' Ill' ('V(mt.1'I in t1w point pattern. The 
diHtllI1C(I 1l1111.I'ix fill' 1.111' Hill1plc' p"int. PIlU(,,'n of' 1"igul'(! 4.9 iH 

(I 44.11 r,u(\ f)Ii.H 44.9 27.9 2H.1 5H.1) 1)5.2 25-,6 59.6 26.8 

44.11 () MUi II).() 3H.6 64.1 58.6 22.6 93.9 70.2 81.7 34.8 

MUI W.fi () 55.0 21.1 48.7 87.5 47.6 67.0 69.6 35.0 76.2 

fllI.H 11i.6 55.0 0 36.1 71.4 73.6 9,0 100.5 81.1 82.7 50.3 

44.9 38.6 21.1 36.1 0 44.4 71.4 30.3 70.1 61.6 47.0 56.8 

D(S) 
27.9 64.1 48.7 71.4 44.4 0 51.4 69.6 29.8 21.9 34.6 56.6 

28.1 58,6 87.5 73.6 71.4 51.4 0 78.0 72.2 36.4 85.6 24.8 

58.5 22.6 47.6 30.3 69.6 78.0 0 97,9 81.6 77.2 55.9 

55.2 93.9 67.0 100.5 70.1 29.8 72.2 97,9 o 35,8 36,7 81.7 

25.6 70.2 69.6 81.1 61.6 21.9 36.4 81.6 35.8 0 55,3 49.1 

59.6 81.7 35.0 82.7 47.0 34.6 85.6 77.2 36.7 55.3 0 84.3 

26.8 34.8 76.2 50.3 56.8 54.6 2Hl 55.9 81.7 49,1 84.3 0 

(5.6) 

Even this small pattern generates a large amount of data, although you will 
note that the matrix is symmetrical about its main diagonal. This is because 
the distance between two events is the same regardless of the direction in 
which we measure it. 

In each row of the matrix we have underlined the shortest, or nearest
neighbor, distance. Thus, the nearest-neighbor distance for event 1 (row 1) 
is 25.6. You may wish to compare these values to those in Table 4.2. Apart 
from rounding errors, they are the same. Therefore, the 12 underlined 
values in the distance matrix may be used to determine both the mean 
nearest-neighbor distance for this point pattern and its G function. 

Note that in practice, if we were only interested in nearest-neighbor
based measures, we would not calculate all the distances as has been 
done here. It is generally better for a larger data set to make use ofefficient 
spatial data structures that allow the rapid determination of the nearest 
neighbor of a point to be determined. The need for such efficient data 
structures should be clear if you imagine the distance matrix for a 100
event pattern-there are 4950 interevent distances-or for a 1000-event 
pattern, with 499,500 distinct distances. The types of data structure 
required are discussed in some GIS texts (see, e.g., Worboys, 1995, pp. 
261-267). 

Practical Point Pattern Analysis 

()I' l~ourHO, Hon1O plIltol'O meUHurcs, such as the K function, require that all 
inj,('rovcnt diHtnnceH be calculated anyway. In this case we can think of the 
ch,tprmination of K(d) as being equivalent to converting D(S) to an adja
(·(·ncy matrix ~(S) where the adjacency rule is that any pair of events less 
I.hanihe distance d apart are regarded as adjacent. For the matrix above, at 
distance d 50, we would obtain the adjacency matrix 

01001 1 100 101 

100 1 100 toO 0 1 

o 0 0 0 1 101 000 

o 100 100 1 0 0 0 0 

1111010 100 1 0 

1 0 1 0 100 0 1 1 1 0 
(0.7)~=50(S) = 

1 0 0 0 0 0 0 0 0 101 

o 1 1 1 100 0 0 000 

00000 1 000 1 0 

10000 1 1 0 100 1 

o 0 101 100 1 000 

1 1 0 000 100 100 

Now, ifwe sum the rows of this matrix, we get the number of events within 
a distance of 50 m of the corresponding event. Thus event 1 has six events 
within 50 m, event 2 has five events within 50 m, and so on. This is precisely 
the information required to determine K(d), so we can again see the useful
ness of the distance matrix summary of the point pattern. 

Variations on this general idea may be required for determination of 
other pattern measures. For example, the F function requires that we 
have a distance matrix where rows represent the random set of points 
and columns represent the events in the point pattern. Variants of K 
such as K12 require similar nonsymmetric distance matrices recording the 
distances between events in the two different patterns that we wish to 
compare. One of the important aspects to note here is that while the dis
tance matrix is not convenient for humans (all those horrible rows of num
bers!), such representations are very conveniently handled by computers, 
which are likely to perform the required calculations. 
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5,5, CONCLUSION 

In thiM l~huptCII' wc' hllVI' cliHt'IIHHt·" HmiI!' 411' tilt· IIWl'n pl'lIcticul !l~pcct8 of 
point PllltC'I'1I IHlIII,VHil'l ill till' I'l'ul world, 'I'lli' Iludol' iH8ue that we have 
idlllltili(.d il'l Ullli. 1'IIII'IHil'ul IIppmudlt'H do not l1ec('8HllI'ily tell us two of the 
fIlOM\. Iu'ulotil'ld thillKH UllIt we want to know about a pattern, namely where 
und lI,h,'1I t.iw I'IIII'II,(,I'H (01', conversely, the empty spaces) in a pattern are to 
ht. IiHIIII!. VIlI'iOlIH IIlPthods for spatial cluster detection exist and we have 
fht'lIHl'd UI.t.I'IIt.ioll on one, the Geographical Analysis Machine, Although 
dllHHkll1 point pattern analysis is inadequate from the perspective ofcluster 
dt'tl'dioll, there is clearly a close relationship between the two approaches, 
IIlId knowledge oftheoretical aspects ofthe classical approach is important 
in the design and assessment of new methods of cluster detection, Finally, 
you will probably be relieved to know that the next chapter is not about 
point pattern analysis. 

CHAPTER REVIEW 

• None of the point pattern measurement techniques discussed in pre
vious chapters actually indicate where there is clustering in a pat
tern. This is a significant omission in many practical applications 
where the identification and explanation of clusters is of utmost 
importance. 

• Medical 	epidemiology exemplifies this point because clusters of 
disea!'!e cases may provide important clues as to the causes and 
mode of transmission of the disease. 

• 	The difficult part in identifying clusters in real data is that clusters 
must be found against a background ofexpected variations due to the 
uneven distribution of the at-risk population. 

• 	 The UK's SeIlafield nuclear plant case study is a good example of 
many of the issues involved. 

• 	The Geographical Analysis Machine (GAM) was developed as an 
attempt to address many of the complex issues involved in cluster 
detection. It works by exhaustive sampling of the study area in an 
attempt to find significant circles where more cases of a disease have 
occurred than might be expected as indicated by simulation. 

• 	The original GAM method was relatively dumb and required enor
mous computing power by the standards of the time. It is now pos
sible to run it on a standard desktop personal computer or remotely, 
over the Internet. More recent versions of the GAM idea attempt to 
apply more intelligent search procedures. 

Practical POint Pattern Analysis 

• 	 1';xleIlAioIlH of t1w hUHic point pattern measurement idea have been 

developed to determine if there is interaction between two point pat

terns or if clustering occurs in space and time. These are not widely 


used at present. 
• Afamily of measurement methods based on the geometric properties 


of proximity polygons, the related Delaunay triangulation, and 

related constructions such as the Gabriel graph and the minimum 

spanning tree of a point pattern can be developed. Again, these are 

not much used at present, but they hold out the possibility of devel

oping cluster detection that is sensitive to local variations in pattern 


intensity. 
• The minimum spanning tree demonstratcA un implll'tllnt, limitution 

of nearest-neighbor-based measures when u cluAtortltl paLtt'I'n is 

exploded . 
• 	 The distance and adjacency matrices discussed in Chllpltll' ~ nlllY hI' 

used in calculating distance-based point pattern meUAUl'tlH, 
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Chapter 6 
• 

Lines and Networks 

CHAPTER OBJECTIVES 

In this chapter, we: 

• Outline what is meant by a line object 
• Develop ways by which line objects and their associated netwo/'llH CUll 

be coded for use in a G IS 
• Show how the fundamental concepts of length, direction, and eonnec

tion can be described 
• Outline the implications ofthe fractal nature of some line objects for 

attempts to measure them 
• Develop some statistical approaches to these fundamental properties 

of line data 

After reading this chapter, you should be able to: 

• Differentiate between lines used as cartographic symbols and genu
ine line objects 

• Show how such objects can be recorded in digital formats 
• 	Estimate the fractal dimension ofa sinuous line and say why this has 

important implications for some measurement in geography 
• Explain the difference between a tree and a graph 
• Describe how a tree structure can be ordered using various stream 

ordering schemes 
• Explain how a graph can be written as an adjacency matrix and how 

this can be used to calculate topological shortest paths in the graph 
• Discuss 	some of the difficulties of applying the standard spatial 

analysis process-pattern concept to lines and networks 

135 
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6.1. INTRODUCTION 


So fur W(I hUVII !I(,"ll, ollly with pnintH, tilt' fin;t of thn fhul' ml\jol' typeH of 
HpnUnl (lll\.il.y intl·mhu,..d in H(!ction 1.2. We nuw cOOHidcl' linc ubjccts, that 

Hpntjul uhj(I('t.H thnt. POHH(!8H jUlAt u single Icngth dimcnsion, Lt. Line 
()~j(lCt.H 111'(' t:1l1ll1ll01l in wmgraphy, with perhaps the most significant exam
ploH h"illM' dntillugp and communications networks (road, rail, air, utility, 
tolt1t:OJllllltllliclll.iolls, ctc.). These immediately draw attention to the fact 
t.hnt. lill(' I'nl.iticH rarely exist in isolation. They are usually part of an inter
(~()fII\('ded set or network that constitutes the real object of geographical 
intl'rcst. We have drainage basins and regional transport networks, not 
just rivers or roads. In fact, networks are among the most important gen
eral concepts in science, technology, and also more widely. The importance 
of networks, and their ubiquity, have become very evident in recent years in 
our collective cultural obsession with the Internet. 

In describing lines we have three new spatial concepts to add to the 
simple geographical location that sufficed to describe a point pattern: length 
or distance, direction, and connection. These concepts take center stage in 
this chapter. Before dealing in detail with these ideas, it is important to 
make a clear distinction in your mind between the lines used on maps to 
represent areal units or surfaces (i.e. isolines), and true linear objects in the 
sense that we introduced them in Section 1.2. 

Llnes·;onM~p$ 

Find a topographic map at a scale of around 1 :50,006 and make a n~t~ran 
the true line objects shown on it. You should assemble a reasol1abJy.t~l'1gn$~. 

fix the idea further, now list all the examples youcanfindol?ttie~~ 
of flnes used to depict the edges of areas or the .heillhtsof suffaces.df 

don'tsee the difference, go back and 
a.between the real nature of an 

Although many of the methods discussed in Section 6.2 can be, and often 
are, used to describe or store the lines representing other types of spatial 
entity, such as a set of political or administrative units, we do not normally 
apply the analytical techniques described later in this chapter to such lines, 
since it is unlikely that such an analysis would be very meaningfuL A 
notable exception to this is the fractal analysis of coastlines, which we 

Lines and Networks 

diHCllSH in Hl'ctioll H.:!. Although coastlines may be thought of' as lincs thnt 
delineate areas, cither landmasses or oceans, depending on your point of 
vicw, they can also be considered to be linear entities with intrinsic geogra
phiciil meaning as the zone where the land meets the sea. In the final 
sections of this chapter we present introductory material on the increas
ingly important topic of analyzing networks. 

6.2. REPRESENTING AND STORING LINEAR 
ENTITIES 

The first issue we face in considering line entitiuH iH how to roprmmnt them 
in a digital database. This is intrinsically morc complex thhn t1w Ht()J'ngt~ of 
point objects where lists of coordinate pairs sufficc fbr mOHt PUI'I)OH(lH. In 
this section we focus on the way that the geography ofsimple linoH iH HtOl'l'd. 
We discuss the representation of networks of lines more fully in Sodioll HA. 
As a GIS analyst, deciding how to represent linear entities in n duLIIIlIlHP 
may not be up to you, but you need to know something about how lirwlIl' 
entities are typically stored in a GIS before you can nnulyz(J Lho (llltitios 
they represent. 

Most GISs adopt the simple convention of storing lincs us Hcqucnces of 
points connected by straight-line segments. A line coded in this way may be 
called different things in different systems: common names include poly
line, arc, segment, edge, or chain. The term polyline makes the distinction 
between individual segments and the combined entity and seems to be 
gaining widespread acceptance. In some systems a poly line may consist of 
a number of disconnected poly lines, so that, for example, the coastline of an 
archipelago of islands is represented as a single multipart polyline. 

Breaking a real geographical line entity into short straight-line segments 
for a polyline representation is called discretization and is usually per
formed semiautomatically by human operators working with digitizing 
equipment. Typically, this means that visually obvious turning points 
along a line are encoded as points, together with an effectively random 
selection of points along straighter sections. Relying on human operators 
to choose turning points can lead to considerable inconsistency when digi
tizing subtly curving features, and no two human operators are likely to 
record the same line in the same way. The process is shown in Figure 6.1, 
where the uneven selection of points is clear. 

The figure also shows two effects that may be used to improve the jag
gedness of a polyline representation. It is possible use the points along a 
polyline as fixed points for drawing a smooth curve that improves a line's 
appearance for mapping. Alternatively, lines digitized at one scale may be 
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smoothed curve 

~svec 
Figure 6.1 Polyline discretization or digitization of a linear entity. 

used at smaller scales, where the jaggedness of the original digitization 
becomes less apparent. Care is required here, since very large changes in 
scale can result in difficulties in the reproduction of detail. This is an exam
ple of the generalization problem central to cartographic scale. 

The polyline approach is obvious and simple but is not always ideal. 
Smoothly curving lines can be more efficiently stored and manipulated as 
curves. Typically, curved sections are represented either as arcs of circles, 
when a center and radius of curvature for each section is also stored, or as 
splines. As shown in Figure 6.2, splines are mathematical functions that 
can be used to describe smoothly curving features. Even complex curves can 
be stored to a close fit with relatively few control points, along with the 
parameters that govern the equations that ultimately draw the intervening 
curves. Splines are occasionally used to draw features that have been stored 
as a sequence of points where a curved appearance is desirable. Although 
both circle arcs and splines are common in computer-aided design (CAD) 
and vector graphics drawing packages, they have only recently become 

more common in GISs. 

Encoding Schemes for Line Data 

In addition to a simple list of the (x,y) coordinate pairs of the digitized 
points in a polyline, there are numerous other ways by which they can be 
stored in a GIS. One option is distance-direction coding. An origin point is 
specified, followed by a series of distance-direction pairs that indicate how 
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Figure 6.2 Examples of spline curves. The round symbols are paints digitized along 
the line. The square symbols are control paints associated with the spline method. 

far the polyline extends on a particular bearing to the next storod point. 
This requires that two geographic coordinates be stored for tho origin, fi,l
lowed by a dista~ce and direction pair for each segment of the poiylino. I"or' 
example, say that the coordinates of the origin are (23.341,45.670) in unitH 
of kilometers, so that three decimal places represents meter accuracy. We 
can then store a segment that runs "3 meters east" as (0.003, 090"). Any 
technique like this, where only the offset between consecutive points is 
stored, is called delta coding and may enable significant savings in storage 
because only the significant figures of each segment are stored. For exam
ple, suppose that we have the sequence of points with coordinates: 

(23.341,45.670) (23.341,45.683) (23.345,45.678) (23.357,45.691) (6.1) 

Because the first three digits ofevery coordinate are exactly the same, there 
is considerable redundancy in these data, Using only significant figure off
sets, this can be reduced to 

(23.341,45.670) (+00, +13) (+04, -05) (+12, +13) (6.2) 

Here it is understood that the offsets are stored in units ofa meter. The first 
encoding might require 4 bytes of computer memory per coordinate, so that 
the string of four points, with eight coordinates, requires 32 bytes of com
puter memory. The second encoding requires 8 bytes for the origin but 
perhaps only 2 bytes for each offset coordinate pair, making a total of 14 
in all. The disadvantage of delta coding schemes is a loss of generality
software that must handle lines represented in this way must know the 
encoding. Not only this, but to obtain the coordinates of any point other 
than the origin, it is necessary to reconstruct the entire polyline. As anyone 
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t!xpt!I'iOIll~(l(1 with (lIH will knllw. dl'l\linu with tlw tl'IIIIHI('!' or Hplltilll dlltll 
fhrmutttld ill dim'I'I."t WUyH hy dim'I'I'nl HYHlmllH iH mill 01' L1w nll~iOl' prac
Licn! piUhllH Ill' till' t.1'I'hlloloUY. ulIII thiH iH 11 typical example 01' the iHHlIeH 
involvml. 

111 (,Iit' (llUlllIplI'H Ilhovl', IIIlY Hegment length or ufl'Kct iH allowed, but some
tillWH il, iH t~OIlVI."il'lIt to lIHC a fixed segment length. This is analogous to 
wdllU 11 pllil' ordividl'l'H I'rom a geometry set to step along the linear features 
(Ill till' UI'Olllld or on a map. A feature may then be recorded as an origin, 
Ihlluwl,d hy a step length, followed by a series of directions coded either as 
hl'III'illgs or as one of a small number of allowed directions. Known as unit 
II'I/gth coding, this forms the basis of Freeman chain coding, where a fixed 
number of directions is established, usually the eight directions N, S, E, W, 
NE, SE, SW, and SE. Each segment on a feature now requires only a single 
digit between 0 and 7, which is represented by only 3 binary bits. This 
scheme is illustrated in Figure 6.3. 

A major advantage of a chain code is that it is compact. Also, it is easily 
compressed still further, Any sequence of identical direction codes may be 
replaced by the code together with a record of the number of times it is 
repeated. This is called run-length encoding. A chain code may be com
pressed even more by recognizing that some combinations of directions 
are more likely to occur in sequence than others. Thus a segment in the 
NW direction is most likely to be followed by another NW, or by N or W, and 
least likely to be followed by S or E. These probabilities can be used to 
dcviHc compressed encoding schemes where the change in direction 
between consecutive segments is stored, not the direction itself. 

Whether or not sophisticated compression techniques are worthwhile 
depends on how much data describing lines there is. In recent years, it 
has been common in most information technology sectors to assume that 
memory is cheap and not to worry too much about these matters. We 
remain unconvinced, and it is certainly important that these issues be 
considered in the design of any large project. 

(X,y);2312121323232221212111 


Figure 6.3 Freeman chain coding. Only the first coordinate pair is stored (x,y) 


together with a sequence of directions each coded by a single integer as shown. 
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Raster-to-Vector Conversion 

Iniractice, the typicaJGIS:Wiel'isunaware of how theifs¥stel'T1~t~n~s Ii~es, 
and probablydoesn~tc~~~.. very much eitherl However:~t~r . . 
such as thQsedescr!i~E!d~ean Important intermediate$tepifl, 
conversion . . .. •.•..••. i<» .'. . .. .... ..';<; ,c,. 

Raste(+to~vectQrCOnversion is not as mystical as it sometil'l1essot,Jt1I~; 
Suppose thatyouftave.;i raster file where the boundary separatlngzooes' 
o and. 1 appears ~s 

... 000001 ... 

... 000011 .. ' 

... 000111 '" 

...001111 ... 

... 011111 ... 

Obviously,a.Iineca:nbeassumed to lie along the plxel edges that separate 
the 0'$ from the Starting at the bottom left, a chain code representation 
of the line in this case Can be obtained as a series of pairs of code "move 
north, move~ast,.... ." Using the direction codes In Figure 6,3, this is 
020202, which. rnigntbe compressed even further by run-length encoding 
togive 3(02). Thj~l!1ethod relies on the fact that we can equate the ra~ter 
ceU size withthe.fixed chain code segment length, and this is why each 
segrhentiscQd~da5 !w.o parts, not one, in the direction NE. 

Similarly,scanner.output can· be used to create a line object. As you 
find by using any bitmap graphics program, a Hne that has been scanned 
blurred, so that it is represented by a number.of pixels as below, whereth~ 
1'5 represent thedlne: 

,.01110000., . 

. ~. QP11100P, 

.' .. OO01~1OO<}:, 

(continueS) 
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•. , 00100000 .. , 
, .. 00010000 .. . 

... 00001000 .. . 

... 00000100 .. . 
;,t", , . 

SWtIn. at the bottom right! Cl c;haln code for thj$line can be obtained. You 
may confirm that this is 4(g~),.~g;)~o~.t,l1atw~hi?Ne A()~ .converted to a 
vector representation. 

6.3. LINE LENGTH: MORE THAN MEETS THE EYE 

However we choose to store them, the most important aspect of linear 
features is that they have length. The key equation in the spatial analysis 
of line data is therefore Pythagoras's theorem for finding the length of the 
long side of a right-angled triangle. From Figure 6.4 we can see that the 
length of a line segment between two locations 81 and 82 is given by 

d12 1182 8211 J(X2 Xl)2+(Y2 Yl)2 (6.3) 

It is worth noting that if 81 and 82 are stored as column vectors, that is, 

81 [;~ ] 

..,.52t",-f=1L,---===--..; 
Figure 6.4 Pythagoras's theorem of right-angled triangles to determine the 

of an line. 

,.. 

82 [;~ ] (6.5) 

-
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und 

then in matrix notation (see Appendix B) this result is exactly equivalent to 

d12 - 8J) (6.6) 

Pythagoras's theorem is fine for a straight-HmI Hogment between two 
defined locations. For a polyline representation, W(l clln (luHily determine 
the length of an entire line object by adding up the total length (If (lllCh of its 
segments. If a unit-length coding scheme has been used, finding 
becomes even easier, because all we need do is count th(l numbor of HPg
ments and multiply by the constant step length. 

So far, so good, but this is not the whole story! We have alrendy Kmm that 
there is some arbitrariness in how we represent a line and Htoro it in 1I 

computer. Simply adding up the lengths of the segments in a polylin(l will 
give us different answers, depending on which points are Htorod, und which 
segments are therefore regarded as straight lines. In fact, there it-! a very 
important general result lurking in this problem. It has long been known 

the irregular lines often studied in geography have lengths that appear 
to increase the more accurately that we measure them. 

Imagine measuring the coastline of (say) a part of the North Island, New 
Zealand, using a pair ofdividers set to 10 km, as in the top left-hand part of 
Figure 6.5. For obvious reasons we will call the dividers' separation the 
yardstick. In the top left panel of the diagram, with a yardstick of 10 km, 
we count 18 segments and get a coastline length of 18 x 10 km = 180 km. 
Now reset the dividers to a yardstick of 5 km and repeat the exercise as in 
the top right of the figure. This time we count 52 segments and get a coast
line length of 52 x 5 = 260 km. Finally, using a yardstick of 2.5 km, we 
count 132 segments, for a total length of 132 x 2.5 330 km. The coastline 
is getting longer the closer we look! What would happen if we had a I-km 
yardstick or a lOO-m yardstick? What about 100 mm? Will the coastline get 
longer indefinitely? Just what is the real or correct length of this coastline? 
This is a serious question with significant implications when working with 
digitally stored line data. For example, arbitrary decisions about the appro
priate resolution may have been made during digitization that affect the 
answer we get when we ask a GIS question like: What length is that river? 

There is a mathematical idea for dealing with precisely this difficulty, the 
concept of(ractal dimension (Mandelbrot, 1977). The word (raetal is a com
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18x10km 180km 52 x 5 km = 260 km 

N 
1000 

100 

~ 
10 

+----------" L 
10 

132 x 2.5 km = 330 km log N = -1.4372109 L + 2.702 

Figure 6.5 Determining the fradal dimension of part of the New Zealand coastline. 

pression of the words fraction and dimensional (as in one-dimensional) and 
expresses the idea that a line may be somewhere between one- and two
dimensional, with fractal dimension, say, 1.2 or 1.5. Like much else in 
mathematics, at first sight this is a rather weird notion. Normally, we 
think of lines as one-dimensional, areas as two-dimensional, and volumes 
as three-dimensional. The dimensionality of each entity type describes how 
its total size (length, area, or volume) increases as its linear size, measured 
in one dimension, increases. You can think about this in terms ofhow many 
smaller copies of the entity we get at different linear scales or resolutions. 

Look at Figure 6.6. In the top row, as we alter the size of our yardstick, 
the number of line segments increases linearly. In the second row of area 
entities, as we alter the linear resolution of our yardstick-now an areal 
unit itself-the change in the number of elements goes with the square of 
the scale. In the third row of three-dimensional entities, as the scale of our 
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///-

DD4DR@BDD000 

Figure 6.6 Effect of changes in resolution on the numbers of elements in nonfractal 
objects. 

now cubic yardstick changes, the number of elements we get changes with 
the third power of the linear scale. 

If we denote the linear size or scale of our yardstick element in each case 
by L and the number of elements by N, you can see that there is a relation
ship between these and the dimensionality D of each type of object: 

N2 Nl(~:)D (6.7) 

Look at the first two cases in the row of cubes. Here, if the whole large cube 
has sides oflength 2, we have Ll = 2, L2 1, NI = 1, N2 = 8, and you can 
confirm that D 3, from 

8 1 x (~)D 
8 ~ (6.8) 

D = log8
2=3 
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IJI', mort' Ktllltll'U lIy, 

lojt,(N1IN.JJ
/) 	 (6.9)

11Jjt,(/~11L'J,) 

'!'ho pllint. ahullt ft'udul dimension is that this definition of dimensionality 
do('" nut. l't'Ht-rid /) to whole-number values, and we can use it to determine 
Uw fl'll('j,1l1 dinwnsion of irregularly shaped objects. Such a definition is 
j'/IIpiriml because we actually have to vary L and count N to find the fractal 
dimonHion. 

In practice, we estimate the fractal dimension of a line using a 
Richardson plot by making yardstick measurements of the sort illustrated 
in Figure 6.5. The bottom right part of the figure shows a Richardson plot. 
Typically, more than two measurement resolutions (yardstick lengths) are 
used. The Richardson plot shows each yardstick length and the resulting 
yardstick count plotted on double logarithm paper. The data are shown in 
Table 6.1. 

The vertical axis in the graph is log N and the horizontal axis is log L. The 
three points in this case lie roughly on a straight line, whose negative slope, 
fitted by linear regression, gives the fractal dimension. In the example 
shown, we arrive at an estimate for the fractal dimension of this section 
of coastline of 1.4372. In fact, we can only do this experiment properly on 
the actual coastline itself, because any stored representation, such as the 
map we started with, has a limiting resolution at which the length of the 
line bocomes fixed as we set our dividers smaller. Ultimately, the line on 
these mapH is a polyline made up of straight-line segments each with fracta! 
dimension of 1.0. However, the yardstick length-count relationship is often 
stable over several orders of magnitude, so that we can often estimate the 
fractal dimension of a linear entity from large-scale stored data. 

Table 6.1 Summary Data for the 
New Zealand Coastline 

Number of Total 
Resolution, segments, length 
L (km) N (km) 

2.5 132 330 
5.0 	 52 260 

10.0 	 8 180 
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Do It for Yoursi!Jf 

As., often is the case, the bf!stlN~Y tQ unoerstandthis 

1. 	 Find a reasonably det~ll~dtopQBraphlc map at a sc~le,.~o~ 


1 :25,000 or ,1 :50,~,iJ,l)dselect a length of river as Y()' 

study. ObVi9lJslYr>$inf;\e:VlBare interested In the sinuo: 

objects, it ma~e5 ~~l'Iseto choose a river that shows mean 

behaviorl A 2O~~mlen81:h Is about right and will not Involve 


.se~.~~I~~~idlvi~ers at a large equivalent distance on the 
them along the river countl"" the num

,Yardsti~ length and number of se.m.ntall 

9yaf1dstick, set to 500 m. 
R~p~llt~~~q;a!3:~:g:~iri~o~hthe yardstick becomes so short that the 

should now have a table of valulI 
with more rows of data. 

1.IIIIV1:;f~ of steps and the yardstick length to their 
resulting numbers with the log(number of 
,andlog(yardstlck length) on the horizon

to a: spreadsheet, you should be able to do 
Hopefully, the points will fall roughly aleng 
$uc,ceS$ isn't 

What does this all mean? The dimensionality of a geometric entity 
expresses the extent to which it fills the next whole dimension up from 
its own topological dimension. As we saw in Chapter 1, a line has a topo
logical dimension of 1. A line with fractal dimension of1.0 (note that we now 
include a decimal point) is an ideal Euclidean geometric line with no area, 
and so takes up no space in the plane. However, a line with fractal dimen
sion 1.1 or 1.15 begins to fill up the two topological dimensions of the plane 
in which it is drawn. It turns out that many linear features in geography 
have a fractal dimension somewhere between 1.1 and 1.35. Because the 
resolution range used (10 to 2.5 km) is rather coarse, our estimate of 1.44 
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Ii)r thu Nnw Z(IIIIIIIUI ('0111'11. 11'1 I'IItlWl' hiUh, /\ 11I0rl' nppl'opl'iutll l'IIIlj.W of 
Y!lrcJl'ltick Ici1.o", fhHlI (PlII,Y) I km!.o 10 111 would IH'ohllbly Hhow a Il~HH drllmutic 
mttl (If ilWl'C1'11C1 1 111 till' IIl1l11bl'l' or Hl'UIlUHltH Hmi would rOHult in u lowor 
vuluu fhl' 1.111' dillwmdllll. Nl'vtlltlwlt!HH, it iH clonr that this part of the 
Now ZlIulllllcl elllll'lt.lilw iH 11 I'uther convoluted line that fills space quite 
llf1(ldlvlll,Y, '1'1111 HilllplpHt interpretation of fractal dimension is thus as 
IIn indlt~IIt.i1l1l of' Uw wiggliness or crinkliness of a line. The higher its fractal 
dinwJH4ioll, tJw Illore wiggly is the line. Oddly enough, some mathematically 
w(llI-dl'lilwd but apparently pathological lines are so convoluted that they 
111'\\ (~ompletely space filling, with a fractal dimension of 2.0. This is 
Htl'llted in Figure 6.7 by an extremely wiggly line. This example is called 
llilbert's curve after its inventor, a famous mathematician. Seemingly 
bizarre constructions like this do actually have an important role to play 
in spatial indexing schemes such as quadtrees, 

Many natural phenomena, from clouds and trees, to coastlines, topogra
phy, and drainage basins exhibit the unsettling property of changing their 
size depending on how close you look. The dependence of the length of a line 
on how we measure it helps to explain why there are inconsistencies in 
tables recording the lengths of rivers, coastline, and borders. 

Figure 6.7 Space-filling curve. There really is only one line! The pattern shown here 
can be repeated indefinitely at higher and higher resolution and has a fractal 
dimension of 2. 

Unes and Networks 

VUl'illntH 01' till' Itidllll'dHOIl plot idea are used to estimate the fractnl 
t1inwnHion or !lrOIl und volume objects (or surfaces) by counting the number 
01' nlements they contain at different linear resolutions. A considerable 
IIll10unt of work has been done in this way on the measurement of the 
I'mctal dimension of the developed area of cities (Batty and Longley, 
WB4). Whereas a perfectly smooth surface has fractal dimension 2.0, a 
mugh one might have fractal dimension 2,3. Often, the fractal dimension 
or surface topography can be related to other geological characteristics. 
()ther examples of fractal dimension in geographic phenomena are provided 
hy soil pH profiles and river networks (see Burrough, 1981; Goodchild and 
Mark, 1987; Lam and De Cola, 1993; Turcotte, 1997). 

It is worth noting that the fractal concept is strongly rdated to the geo
graphical notion of scale. Some researchers have tried to mllko UHtl of'this in 
cartographic generalization, with mixed results. It should btl citlUr that 
rractal dimension is indicative of how measures of an objoct will chungl' 
with scale and generalization, and in general, scale-varying prOpllrtitlH or 
phenomena can be related to their fractal dimension (Goodchild, WHO). 
Although these' ideas have become popular since the work of Bll/wit. 
Mandelbrot, the paradoxical idea that the length of lines nppllurH to VIII'Y 

with the~wle.on1ie.!r repie;e~tation was spotted long bnf()l'tl tilt' frnctlll 
concept was widespread in mathematics (Richardson, lB61). Mol'O l'ecentiy, 
it has been suggested that measuring the fractal dimension of digitized data 
may help to determine the scale ofthe source map linework from which it is 
derived (Duckham and Drummond, 2000). 

Another idea that can be related to fractal dimension is self-similarity in 
an entity. When a geographic entity is strongly self-similar, it is difficult to 

the scale of a map of it. This is clearly true of coastlines-where big bays 
have little bays within them, and so on. The self-similarity property of 
fractal phenomena is often discussed with reference to a verse by 
,Jonathan Swift: 

So, naturalists observe, a flea 
Hath smaller fleas on him prey; 
And these have smaller fleas to bite 'em, 
And so proceed ad infinitum. 

This sums up the idea remarkably well. You see it in operation on the New 
Zealand example as successively finer resolutions of yardstick find inlets in 
inlets in inlets ... 
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Implication, of Frlctal Dimension 

To live you I fllvor of the Issues that considering fractal dimension raises, 
thfmc about the following questions: 

1, 	Whit I1 the true length of a line? I n athletics, for road race distances 
luch as 10km, or half and full marathons to be comparable, they 
must be measured in precisely the same way, and there are complex 
Instructions given to rac<, organizers to .ensure that this is so. 

2. 	 How do you compare the lengths otcur'Yeswnose lengths are inde
terminq.te; or whieh. really is. tile . [onge~t river in. the world? 

3. 	 How useftd q..re.lndicesba,sed oh rengthqleasun~ments? 
4. 	Are meaSurements based on areas.'~ss(orrnor~)scale dependent 

t~an ones,~ased .on ,perimeters? Where c:jo<,s tha,t leavec~mpactness 
indices (see Cha,pter i) basec;l on toe ra-floof the two? 

Tt'!ese·are real. problems with no complete answers, Think of fractal dimen
sion as a wa,yof.be~inning to get a handle on them. 

Other Length Measurements 

Putting aside the!.§o;~ issue of fractal dimension, we may also be inter
ested in describin'g the characteristics of a whole set of linear features. We 
might have data on the journeys to work for a region, for example. An 
obvious summary statistic for such a data set is the mean journey length 

1 
fld =nLd 	 (6.10) 

The standard deviation will also help us to describe the distribution of 
journey lengths: 

ad = /~L (d - fld)2 	 (6.11) 

Another useful concept in some studies is the path density: 

Dpath = Ld (6.12)a 

Lines and Networks 

wlwrt~ a iH tlw III'PII of' Uw study rcgion. The reciprocal of this mCUHure is 
Imown UH thc (,o/ll~t(lnt olpath maintenance: 

a
• Cpath 	 (6.13)= L:d 

The path density has most use in geomorphology, where it is easily inter
preted as the drainage density, which indicatcs the stream length per unit 
area in a drainage basin. In this context, difficultieH ussociated with deter
mining what is the appropriate area a are ICHHcned, bccuuse a drainage 
hasin can be reasonably well delineated on thc ground (thiH argument is 
not so easily made for a path density measure of jourrlllYs to work, where a 
travel-to-work zone can only be defined arbitrarily). Huw(lv()r, dofining 
what is, and what is not, a river channel on the ground iH not OIlMY IInd. 

almost self-evidently, the idea of a single constant drllinug(l d(lnHity iH JlI'O

blematic. River networks expand and contract according to tho umount. of' 
water available .to flow through them. 

A related measure is the path frequency Fplltll> which iH th(l numb,,1' of' 
paths per unit area, regardless of their length. This can be combinml wit.h 
f)path to produce a useful ratio F /D2, which describes how complotdy 11 path 
system fills an area for a given number of paths. Surprisingly, usuble esti
mates of these types of measures can be obtained simply by counting the 
numbers of paths that intersect randomly located linear traverses in the 
study area. For more information, see Dacey (1967). 

Line Direction: The Periodic Data Problem 

As if the problem of measuring the length of a line were not bad enough, 
there are also technical problems associated with quantifying the direction 
of line features. First, note that direction is not a ratio quantity. It is an 
interval measure to the extent that its origin, usually (but not always) north 
is arbitrary, and it is meaningless to say that a line on a bearing of 0900 is 
"twice" 045 0 or "half" 1800 There is also a problem in that the difference• 

between 0010 and 3590 is not 3580 but only 2°. 
The problem is most obvious when we want to describe the average direc

tion of a set of (vector) measurements. This is because simply adding up the 
bearings of all the observed vectors and dividing by their number may give 
misleading results. The solution is to resolve vector measurements into 
components in two perpendicular directions. These can then be averaged 
separately and the averages in each direction recombined to produce an 
average vector from the observations. If we have a set of n observations 

http:terminq.te
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of path direction, we set some arbitrary datum direction (typiealIy 1I01·th) 
and sum the sines and cosines of all the observations, to get two totalA: 

VN = Lcose; 
(6.14) 

VE LSinei 

We then recombine these sums to get the average or resultant vector, which 
ha!'! a magnitude 

VR Jv~+ Vi (6.15) 

and a mean direction, the preferred orientation, given by 

VEtaneR =V (6.16) 
N 

This kind of analysis has been used to look at transportation routes, but by 
far the most common applications are in sedimentology, where the large 
particles, or clasts, in a deposit show a preferred orientation that can pro
vide significant environmental information. 

6.4. CONNECTION IN LINE DATA: TREES AND 
GRAPHS 

Trees and Ordering Schemes 

A very importllnt type of pattern that may be produced by line data is a: 
branching tree of connected lines, where no closed loops are present. A 
considerable amount of work has been carried out by geomorphologists 
interested in the characteristics of river networks, which are probably the 
best examples of tree structures (apart from trees themselves) in geography 
(Werritty, 1972; Gardiner, 1975; Gardiner and Park, 1978). Transport net
works around a central place can also be broken down into a set of trees 
(Raggett, 1967). Mathematicians, logically-if cornily-call sets of trees 
forests. 

The classic analysis applied to tree networks is stream ordering, most of 
which is closely related to a scheme proposed by Rorton (1945). First, each 
leaf of the tree is given a provisional order of 1. At any junction (confluence 
in a river network) where two order 1 branches meet, the branch that leaves 
the junction is assigned order 2. Generally, the order of a branch is 
increased where two equal-order branches meet. After allocation of provi-
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"iolllll 01'<1('1'/'1, U1(' IldWOI'k il-l then reclassified working bnckwHl'<1 
"lIpHtrl'am" to identify the main branch. To avoid ambiguities, Strahler 
t I!1Ii~) recommended simply omitting this last step, and his scheme is prob
nllly the most widely used. An alternative is to obtain the value for a branch 

Hu-mming the orders of in-flowing branches (Shreve, 1966). 

. Ordering Exercise 

From a topograp&~~~1? Clta scale of 1:25,000 or 1:50,000 (or nearest 
equivalent$)!tr~~~~;;~draJnage network represented by (usually) the 
blue lines. Tryto~lqq~~4Sonably large basin with, say, 50:0r so sources 
wherestfeam~.bt!g!~· . . 

1. Now orq~[tnis.·netwofk using Strahler's method. To do this, give all 
theft~!ertl~.t~!~~~s.the order 1. Where two such first-order 

.streafT1~m~~t•.~;~~~!!mthat results becomes second-order and 
shalJldbel~~~!:~s$I.l~ ..Note that any first-order tributaries that 

strearn will not change Its order until It meets 
stream, when the stream becomes third-order 

.the streams have been ordered In this way and 
~~amwith the highest order reached. This ordering 

in Fig. 6.8 
ofstreams in each order. In thee~~mplethls. 

Ordering schemes allow comparisons between stream networks. Rorton 
himself found that when classified in this way, drainage networks obey 
various laws. For example, the numbers of streams of different orders 
from the highest downward closely approximates a geometric series. A geo
metric series is one like 

1,3,9,27,81 (6.17) 
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./ 

Figure 6.8 Strahler's ordering scheme applied to a small stream network. 

where each term is obtained by multiplying the previous one by a fixed 
amount. For the Horton and Strahler schemes there is always just one 
stream of the highest order, and the numbers of streams with other orders 
will correspond closely to such a series. Since taking logarithms of the 
numbers in a geometric series will produce a straight line, if you did the 
boxed exercise your points will fall on an approximate straight line, thus 
confirming this law. It turns out that many natural trees conform to this 
rule, so this information may not be very illuminating in itself. However, 
the bifurcation ratio (the ratio between consecutive terms in the geometric 
series) can be determined for different drainage networks and used as a 
direct comparison between cases. Natural drainage networks tend to vary 
in the range 3 to 5, according to rainfall, vegetation geology, and so on. 

Note that this analysis ignores both the lengths and the directions of the 
streams or other elements that make up the tree being analyzed. All we are 
concerned with is the topological property of connection. Other nontopolo
gical measures that record the distribution of link lengths and entrance 
angles are possible. It may also be of interest to assess the pattern of the 
locations of junctions (or confluences) in a tree as if it were a point pattern 
using the methods we discussed in Chapters 4 and 5. 

Graphs (Networks) and Shortest Paths 

Trees are a special example of much more general linear structure, the 
network. In a network there is no restriction barring closed loops. A net
work or graph is a much more general structure and can represent a trans

.llnes And Networks 

POI'I. Iwlwork clir·odl'y. fiJr' example, without the need to pretend lhnl il it! 
1i)l'(!Ht of treet! c(mtewd on one city. The mathematical theory of networkH 
il'l culled graph titeol".Y, and we use this terminology, because graph theory is 
illcreasingly important in many disciplines and it helps to get used to the'.
('orrect conventions. 

In graph theory, junctions or nodes are referred to as vertices, and links
t.he lines joining the vertices-are called edges. There are many ways to 
l'I!present a graph. The most obvious is to draw Il picture as in Figure 6.9. 
Like stream-ordering schemes, graphs are topo/(>gh'ai, meaning that we are 
lIot interested in distances and directions in tho grnph but only in the 
wnnectivity or adjacencies. In fact, because It grnph iH concorned only 
with vertices and the edges joining them, the Lwo gml'hH in Figure 6.9 
lire alternative representations of the same graph. 'l'hiH it! Lho bUHiH fhr a 
whole subdiscipline of computer graphics and mathomalicH l:llllml gmph 
drawing, concerned with redrawing large graphs so thut thllir Hlrudlll'O 
ean easily be appreciated (see Tollis et a1. 1999). 

Because graphs are topological, a connectivity or adjacenc.y matrix (1'11'(' 

Section 2.3) is a 'practical way of representing them. Formally, tho COnlHl(~
tivity matrix of a graph G is the matrix A, where aii 1 if vortiCtlH Vi und V, 

are connected by an edge, and 0 if not. The graph from }<'igure 6.9 iH I'opr(\
sented by the adjacency matrix 

a b c d 

a 0 0 1 0 

b o 0 1 1 I (6.18) 
A 

c 1 1 0 1 

d 0 1 1 0 

b 

a Cl 

d • .b 
Figure 6.9 (if small) graph, drawn two different ways. 
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Wc've luholpd till' I'OWH IIlld eollllllllH with till' VI~I'tI'X to which tllIlY eOI'l'P
Hpond, Hon', /lH in /lily /l1~i/lel\IlI'y 11111 t.1'i X, till! row unci column ol'Ch~r iH 
arbitrary hut. Ill11Ht hot.h Ill' till' HlllIll', III tho firHt row, thl! 1 incliclltl!H that 
vcrtcx (/ iH eonlll'l'I.l,d t.o Vl'rt.I'x (' bllt to no othl!rH, Similarly, on row two, 
V(lrtox " hllH eOlllll'l'I.iollH t.o vPI'ticI!H (' Ilnd cl but not to Cl, and so on until all 
tlw eOllnCldiollH hllvl' Iwpn tabulated, Note that sincc the main diagonal 
(lntrillH fhllll t.op Il'fl to bottom right are all coded 0, we do not consider 
vCH'tieClH t.o Ill' eOlllwctcd to themselves. This adjacency matrix is symmetric 
IlbOlIt. till' Illain diagonal from top left to bottom right, because edges in the 
J.{I'llph are undirected, and if vertex Vi is connected to Vj the opposite is also 
truc. In a directed graph this is not necessarily true, and edges have a 
direction from one vertex and to another. This distinction can be important 
in how a street network is defined ifthere is a one-way system in operation, 
Since water always flows downhill in streams, it may also be important in 
representing a drainage basin. 

The Graph of a River Network 

Go back to your river tracing and, considering each strf:lam confluence as a 
vertex, produce the adjacency matrix of the river assuming first a non
directed, then a directed graph, Note how difficult it is to visualize the 
real river network from the matrix. However, it contains all the topological 
information needed to describe this network. You will begin to realize that 
adjacency matrices can become very large indeed and are often sparse, in 
that the vast majority of the entries are zeros. 

Before discussing simple analytical techniques available for graphs, we 
should point out that many of them are equally applicable to any adjacency 
matrix. As discussed in Chapter 2, an adjacency matrix may be derived (and 
often is) for almost any set of spatial entities, not just those that clearly 
correspond to networks, Thus, the adjacency matrix of a set of areal units 
(say, the counties in a U.S. state) or of a set of events in a point pattern 
based on their proximity polygons can also be analyzed in the ways 
described below. Because they express relations between the elements of 
a set, graphs are extremely general abstract constructions that may be used 
to represent almost anything-from the obvious, such as a set of cities and 
the scheduled airline routes or road network between them, to the obscure, 
say a set of buildings and whether or not each is visible from all the others, 

. tines and Networks 

'I'hl' eOllllllOIl thl'l'llIl iH thllt Wp huvc U Hct of relatcd objectH thllt Ihdilw 11 

I'I'/a/ional structurl'. Of coursc, whether or not a graph representation and 
d,H IlllulysiH are of any use to you will depend on the context and the qucs

l.iollli.You want to answer. 
(lrH! of the advantages of the matrix system for representing a graph is 

Ihllt we can use it to find out more than the immediate adjacencies that 
d('finc the graph. Ifwe multiply A by itsclf(Hcc Appendix B), we get a new 

Illlltrix A 2 : 

A2 =A x A 

() ()0 10 0 1 0 

0 00 0 1 1 
x 

1 1 0 


0 1 1 01 ({\, I!I) 


1 1 0 1 

0 1 1 0 

1 1 0 1 

1 2 1 1 

0 1 3 1 

1 1 1 2 

The entries in the squared matrix record the number of different ways of 
moving between the corresponding vertices in two steps. Thus, although 
they are not directly connected, there is one way of going from d to a in two 
steps (via vertex c), as indicated by the 1 in row 4 column 1. The entries in 
the main diagonal are worth examining carefully. These numbers record 
the number of different ways of moving from each vertex back to itself in 
two steps. Since these two step round trips all involve going from a vertex to 
one of its neighbors and back again, it is more natural to think of these 
numbers as the number of neighbors of each vertex. You can check this by 

comparing A2 to Figure 6.9. 

We can carry on this multiplication process to get 


A 3 = 

013 1 

1 243 

342 4 

1 342 

(6.20) 
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a 4 :l 4 

A·I I 4 
:l 

7 
fi 

n 
1I 

fi 

fi I (6.21) 

4 6 6 7 

IInd MO Oil. Not.i('" t.hat A:
1 

correctly has the value 0 in position Cll, indicating 
Lhlll. t.1""'I' iH no wily of leaving vertex a and returning there in exactly three 
M/.('IIH (l.1·.Y it!). Some of the routes found by this method are ridiculously 
('011 voluted. For example, the three paths from a back to a of length 4 are 
uchca, acdca, and acaca, It would be a very tedious exercise to figure out 
which are the 11 paths oflength 4 steps from c back to c. Again, try it! 

There is a much more useful aspect to these calculations. Ifwe record the 
power ofA at which the entry in each matrix position first becomes nonzero, 
we get a matrix that records the topological shortest paths in the graph: 

0 2 1 2 

0 1 112Dtopological (6.22)1 1 0 1 I 
2 1 1 0 

The l's in this matrix correspond to the nonzero entries in A itself. The 2's 
record the nonzero entries in A2 that were zero in A. Note that the entries 
in the main diagonal ofD have been set to 0 since it is usual to assume that 
the shortest path from a vertex to itself must have length O. This also con
forms to the matrix-powering procedure that we have just described;

0 
because A = I, where I is the identity matrix with all l's on its main 
diagonal and O's everywhere else (see Appendix B). 

In any case, the shortest path matrix above is a distance matrix (see 
Chapter 2), although it is one of a special kind, where we are not con
cerned about actual distances but are interested in the topological com
plexity of the route from one place to another. Topological shortest paths 
relate only to the connectivity of the network. In a road network, rather 
than how long the journey is, you can think of this as how complicated the 
journey between two places is, or as the number of distinct stretches of 
road you have to drive along to get from place to place-something like 
the number of instructions in the itinerary for the journey, as might be 
generated by a travel assistance Web site. In the context of a network of 
air routes, the topological distance matrix tells us how many flights it 
takes to get between any two cities. 
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'l'lw uduul path /t'II}(th Imtwmm Lwo places depends not jUHt on tho (:on

Iwctivity of the notwork botween them but also on the lengths ofthll IinkH in 
t.hat notwork. 'l'his can be represented by a weighted graph, where we 
lIsHilQl values to each edge in the graph. A weighted version of the graph 
we have been looking at is shown in Figure 6.10. This can also be repre
Hlmted by a matrix, where each element is the distance between vertices in 
the corresponding row and column. The distances in the weighted graph in 
li'if,,>ure 6.10 are given by 

o 00 10 ("X.) 

W=I 
00 

10 

0 

12 

12 

0 

20 

16 
(6.23) 

00 20 16 0 

This is a very literal interpretation of the distance concept. It would bu quit. .. 
permissible for the distances to be travel times, or perceivod diHLIIIH:ml 
between the vertices. The concept of using a graph like thiH Lo rllp"(lHont 
almost any relationship between objects is again very powerful and Cl'OpH up 
in many different contexts, not just in spatial analYHiH. 

The matrix W above is not really very useful, especially IlH infinity is not 
an easy number to deal with. What we actually want is a shortest path 
matrix that gives the total length of the shortest path over the network 
between vertices in the graph. For example, the shortest path from a to d 
is via c and its length is given by dad = dac + dcd 10 + 16 = 26. The dis
tance matrix for this graph is 

a 10 

d 

Figure 6.10 Weighted graph recording actual distances between vertices. 
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0 22 10 26 

122 0 12 20 
D (6.24)

10 12 0 16 I 
26 20 16 0 

U nfortu nntoly. thoro il'l no simple matrix-based way of getting from a set of 
(ldgo 1('Ilgt.hH HlIeh as W to the distance matrix D. Instead, we use one of a 
numbpl' of' shortest path algorithms developed by computer scientists. 
Algorithms are sequences of instructions for solving well-defined problems 
IInd are the basis of computer programming. One of the simplest shortest 
path algorithms takes the weights matrix W, and for every vertex Vk in turn 
looks at each matrix element w;; in turn. Then, if 

Wik + wkj < Wo (6.25) 

the current value of wij is replaced with the sum on the left-hand side. This 
test and replacement is repeated for every possible intervening vertex Vk for 
every matrix element. This method works only if instead of 00 you use a 
large finite number to indicate no direct connection between vertices. This 
is because we can't compare (say) 00 + 12 to 00 and decide properly which is 
smaller-they are both 001 In practice, the value n can be used in place of 00, 
where n is the number of vertices in the matrix. When the algorithm is 
finil'lhed working through all the possibilities (which may take some time), 
any elements still equal to n are replaced with 00 to indicate that there is no 
route between the corresponding vertices. This algorithm checks whether a 
route from Vi to Vi via vk exists that is shorter than the shortest route found 
previously from Vi to Vi' Doing this for every possible combination of Vi, 

and Vk ultimately gives us the answer we want, but is certainly a job for a 
computer1 This is not the most efficient way of finding the shortest paths in 
a graph, and many GISs that handle network data will have more efficient 
algorithms for this task (see Jungnickel 1999, for a detailed treatment of 
graph algorithms). 

A matrix of shortest path lengths is a rich source of information about the 
structure and properties of a graph and is often useful in GIS work. For 
example, the sum of any row in this matrix represents the total distance 
from the corresponding vertex to every other vertex in the graph. This may 
be used as a measure of vertex centrality in the network. The most central 
vertex in a graph is the best connected, with the shortest total distance to 
all other vertices. As an example, the most central location in a regional 
road network may be ofinterest to retailers or managers of medical or other 
services. The distance matrix associated with this network, together with 
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duta Oil how fill' H(\I'vic(~ lIHOI"H m'e willing to travel, would bo helpful ill 
dotermining the beHt locations for new facilities. 

- 6.5. STATISTICAL ANALYSIS OF 

GEOGRAPHICAL LINE DATA 


In principle we can apply the fundamental I'Ipntial analysis idea of statisti
cally comparing observed patterns in line dutn, whether at the level of 
individual lines, trees, or networks, to those expoetod if Home hypothesized 
process had generated the line pattern. In fnct, liS wo notod in Section 3.5, 
this has rarely been done on any sustained busiH, at h~lH~t not in goography. 
Perhaps the most important reason for this is thllt it iH diflicult t.o doviHc an 
equivalent to the independent random process for Iin(lf\ thnt is widely 
applicable, or even very meaningful. A second TOUl'lon is thnt wo 111'(\ olll'n 
more interested in the flows on a given fixed network thnn in its stnwl.lIl'p 
as such. For example, in hydrology we are interested in tho wllt(II' IIlId 

sediment flows. within river basins more than the topological struetul'l' Ill' 
the network, which is usually treated as a fixed structur~, Similurly. in 
transportation research there is considerable interm.t in the nows of'I.I'lInk 
through networks rather than in the network Htruduro its!'I/'. 'l'lll' l'xeep
tion is when we wish to alter the network. ThiR might OCCll r whtm 11 road is 
to be built, when it is sometimes useful to know something about the prop
erties of different network structures. Such knowledge may also be useful in 
planning the temporary road closures that seem inevitably to accompany 
road building. More recently, in advanced telecommunications networks, 
the analysis of graph structures has become more important because such 
networks may be managed to cope with different flows of data almost on a 
second-by-second basis. In the sections that follow we consider briefly some 
aspects of the application of statistical spatial analysis to line and network 
data. You should also review the discussion of the application of spatial 
process models to line data in Section 3.5. 

Directional Data 

Geologists and others have developed numerous statistical tests in which 
they take as their null hypothesis the idea that there is no preferred orien
tation in a collection of vector data such as the orientations ofthe long axes 
of stones in a sediment. An obvious quantity to use is the resultant vector 
VR (see Section 6.3) and to compare it with what would be expected if the 
vectors had random directions. It has been shown that the quantity 2Vh/n 
can be treated as a i value with 2 degrees offreedom. If the null hypothesis 
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iH r'(~j(lct(ld on thiH j,nHt, dh'odiOlIllI biuH iH pr'(lHtmt in the OhHef'VlltiOI1H, which 
might, fill' (!xnmplo, 110 iIldimlt.iV(~ of'tllI! ciir·(!ction of glaci(~r flow reHponHiblc 
fbr the ohHor'vod diHt.!·ihll!.ioll. Mol'l' Ih-tuil on uppmpriute methods is pro
vid(ld by MllI'dill (W7:l1. 

Trees, Networks, and Graphs 

gnhrtH 1.0 IIH(! Htutistical techniques with various types of network have met 
with vHl'ying success. In principle, it is possible to enumerate all the po ss i
hlo graphs with a given number of vertices and to measure their various 
IU'operties, whether using stream ordering (for trees) Qr by examining the 
graph structure in other ways. An observed graph can then be compared to 
all possible graphs of the same size, and, making the assumption that all 
graphs Occur with equal probability, we can assign probability to the obser
vation of a particular graph structure. In practice, this is formidably diffi
cult. To get a sense ofhow hard it is to enumerate all possible graphs, try to 
draw all the distinct, connected graphs with just five vertices. (Hint: There 
are 21 of these, a connected graph is one where no vertex is isolated from 
the others, and finally: It's OK to give up ... it's not as easy as it sounds!) 
There are vast numbers ofpossible graphs even for rather small numbers of 
vertices. According to Beineke and Wilson (1997), even with just 20 vertices 
there are around 1039 , that is 

1,000,000,000,000,000,000,000,000,000,000,000,000,000 (6.26) 

graphs. Even allowing that this includes unconnected graphs, this is a very, 
very, very large number-more than the number of nanoseconds since the 
Big Bang, for example! The mathematics required to say anything very 
much about randomly generated graphs is therefore difficult, although it 
is now being pursued by many mathematicians, partly because of the 
importance of networks in so many branches of computer science and engi
neering. However, it is likely to be some time before progress in these areas 
makes its way into ideas that can readily be applied in geography. 

As an example of the potential, one recently characterized type of graph 
that may make an impact is the small world graph. A small world graph is 
one where most vertices have only small numbers of neighbors, yet every
where is relatively close to everywhere else (i.e., the shortest paths are 
short relative to the size of the network). The name comes from the cliche 
"small world, isn't it?" that often comes up when we meet (say) a friend's 
sister on a flight from Los Angeles to Tokyo, or something similar, thus 
rediscovering that human social networks seem to be a small world 
graph, although this may be an illusion (see Kleinfeld, 2002). 
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It. t.urnH out. t.hut., (!VHn ifhumun social networks are not a small world, WC! 
elln devise a simple random process that generates a small world graph. If 
wo Htart with a regular lattice graph and randomly "rewire" edges by break
ing ~ome and remaking them elsewhere in the graph, we obtain a graph 
with properties like a small world. A regular lattice graph might consist of 
vertices arranged in a circle with each connected only to a few close neigh
hors around the circumference. A more geographical version of the same 
idea has vertices arranged in a grid, with each connected only to its immedi
ate neighbors. In a regular lattice, distances are relatively long and neigh
horhoods relatively small. In a random rewiring prOCt!HH, a vertex is selected 
at random and the connection to one randomly Heit!cted neighbor is 
removed. The initial vertex is then connected to a new randomly Helected 
neighbor. In the resulting small world graph, neighborhoodH ilr(l Htill rela
tively small, but distances are shortened dramatically. 'rho int.oruHting 
thing is that this small-world effect happens after only n Hmull frlld-ion 
(around 1%) of the edges have been rewired. 

Watts and Strogatz (1998) speculate that small-world graphH aro 11 Vlll'y 
common network structure. As examples (see also Watts, 1999), thll'y 
cuss the neural network of a particular type of worm. the o\ectriclI\ diHt.l'i
bution network of the Pacific northwest. and the cOHtnr net.work of' 
Hollywood actors-a very varied list! One of these exampleH tH g'oogruphic, 
and it will be interesting to see whether geographerR take up the challenge 
of discovering other small worlds. In fact, a significant spatial problem 
arises in this research: Typically, as mathematicians, Watts and Strogatz 
use a one-dimensional lattice of vertices arranged in a circle to formulate 
the problem. It seems likely that the introduction of a second dimension 
with vertices arranged in a grid, or perhaps in a triangulation, complicates 
matters considerably. Perhaps this is another example of how the spatial is 
special. 

6.6. CONCLUSION 

We hope that this chapter has illustrated the idea that line objects are 
really quite complex. They arise in numerous practical applications where 
the concern is both for their geometry (length, direction, connection) as well 
as the properties of any flows (gas, traffic, people, water) along them, so the 
range of associated analytical problems is huge. It should have become 
obvious that, although it is easy to declare the existence of fundamental 
spatial concepts such as distance, direction, and connection, when we map 
line data these are surprisingly difficult to capture analytically. Even the 
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Hill1plll!~f, or 1.1111"11 1l0tionM inVlllv"M IIdVIlIH'I.d llluUlI'mn!,knl eOnetlptH. ThtH'!' 
I1ru HignH, HlWh IIM 1':Hltl'M NI,twlll'k AllnIYH!" thnl. (lIH packngo Hoft.wnl'() is 
Hlowly bneolllinloC IIvllilllhl,. to Iwlp Holv,. HOIlW of thosH probleml:!, but wc arc 
Htill ytllll'" IIWII.Y !'!'01lI hllVill~ 11 eOlllpl'dwnHiv(! tool kit tbat could address all 
tho pol.(llltiul 111'0111111111'4. 

CHAPTER REVIEW 

• 	 Lmes present difficulties relative to points when it comes to storage 
and representation. 

• 	Although many lines would best be stored as curvilinear features, 
perhaps using spiines, this is still unusual in a GIS, where the 
emphasis is on discrete, digitized points along a geographical line, 
or poiylines. 

• 	 There are a number of alternative storage formats apart from simple 
recording of line vertex coordinates; among the common formats are 
distance-direction coding, delta coding, and unit length coding. 

• 	The length of most geographical lines is dependent on how closely we 
look at them, and thus on the resolution at which they are digitized 
and stored. 

• We can make this observation more precise using the idea offractal 

dimension, where a line may have a dimensionality between one and 

two. Fractal dimension is determined empirically by measuring a 

line's length at different resolutions and observing how rapidly its 

apparent length changes. 


• 	The higher is a line's fractal dimension, the more wiggly or space 

filling it is. 


• 	Surfaces may also have fractal dimension-between two and 

the fractal concept is quite general. 


• A number of obvious measures exist for collections of lines, such as 
mean length. 

• Vectors 	 particular problems, due to the fact that direction is 

a nonratio measure. The difficulty is resolved by handling vectors in 

terms of their components. 


• 	Tree networks without loops may be characterized using various 
stream schemes, and these may be used to distinguish 
among different drainage basin structures. 

• 	Graphs (networks) with loops are a more general structure than 
trees and are conveniently represented by their adjacency or connec
tivity matrix. 

Lines and Networks 

• 	 HUCe(lSHivt. pOWOl'H or 11 gl'llph's connectivity matrix indicate the num
htlr of routeH of each length that exist between the corresponding 
graph vertices. 

• 	~Ithough the matrix-powering process may be used to determine the 
topological shortest paths in a graph, more efficient algorithms exist 
and may also be applied to weighted graphs where edge lengths are 
important. 

• 	Other structural characteristics of graphs may be determined from 
the shortest path matrix and by manipUlation of the adjacency 
matrix. 

• 	Statistical approaches to lines and graphs havo mot with only limited 
success. For lines this is because it is difficult to dtlVi,o!(l n lIHtlf'ul null 
hypothesis equivalent to CSR for point patternH. }<'or grnphH tht! pro
blem is the vast number ofpossible graphs of even Hmull numlmrH 01' 
vertices. 

• Some useful 	results are available for looking ut lillC' din'diollH, IInd 
more recently, the potential for development of ideus nbout 
graphs, particularly small-world networks, has become clenr. 
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Chapter 7 

'. 
Area Objects and Spatial Autocorrelation 

CHAPTER OBJECTIVES 

[n this chapter, we: 

• 	Outline the types of area object of interest 
• Show how area objects can be recorded and stored 
• Show how area can be calculated from digital data 
• Define 	some of the properties of area objects, such us their (Lrea, 

skeleton, and shape 
• Develop a simple measure for autocorrelation in one dimension and 

extend this to two, the joins count statistic 
• 	 Introduce alternatives to the joins count, which can be applied to 

interval and ratio data such Moran's I and Geary's C 
• Consider more recently introduced local variants of these measures 

After reading this chapter, you should be able to: 

• 	List the general types of area object . 
• 	Explain how these can be recorded in digital form 
• 	 Outline what is meant by the term planar enforcement 
• 	Suggest and illustrate a method for finding a polygon area using the 

coordinates of its vertices 
• 	Summarize basic measures of the geometry of areas 
• 	Justify, compute, and test the significance of the joins count statistic 

for a pattern of area objects 
• 	 Compute Moran's I and Geary's C for a pattern of attribute data 

measured on interval and ratio scales 

167 
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• }<jxpluin how UWt40 i(\I'"t4 (~"Il hI' lIt4(·(/ to (:omputo IInd IllIIIl /ont! 
indic(,H or Him/ill/ (/HHlw;aliot/ 

7.1. INTRODUCTION 

Arollt4 of I·:nrth's surface have particular relevance in the development of 
geogr'lIphical theory, and the concept of areas that have similar properties, 
ealled natural regions, is one that has a long history in the discipline. Much 
of our quantitative knowledge of the social world is based on census infor
mation collected for discrete areal units, such as counties and countries. 
Small wonder, then, that the recognition and delineation of geographical 
areas is a major practical and academic activity. 

Area objects arise in a number of ways, depending on the level of mea
surement and the nature of the areas to which they refer, but they intro
duce new spatial concepts, notably area and shape, that we may wish to 
capture analytically. As will be seen, the measurement of area is not with
out its problems, and shape has proved to be one of the most difficult of 
geographical concepts. More progress has been made on autocorrelation, 
which we also introduce in this chapter. As discussed in Chapter 2, auto
correlation is a very general geographical concept, which may be applied to 
spatial objects of any type. However, we believe that the ideas behind the 
analysis of autocorrelation are most readily understood in the context of 
examining patterns of connection or adjacency between areas. 

/ 

Revision 
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7.2. TYPES OF AREA OBJECT 

A"PIIH are some of the more complex of the object types commonly analyzed. 
Bl'fore starting, we must distinguish natural areas-entities modeled using 
hOlllidaries defined by natural phenomena such as the shoreline of a lake, 
tlw edge of a forest stand, or the outcrop of a particular rock type-from 
Ihmm areas imposed by human beings. Natural areas are selfdefining, 
insofar as their boundaries are defined by the phenomenon itself. 
Sometimes, as in the case of a lake, the boundllry of an object is "crisp" 
and its "inside" (the water) is homogeneous. F'rmtUlmtiy, however, natural 
meas are the result of subjective, interpretative nHlpping by a field sur
vl'yor and thus may be open to disagreement and uncertainty. HoilH provide 
11 good example. Although the boundary of a Boil ussocilltiOIl mny lm marked 
hy a bold line on a map, it is often the case that this disguiseH 11 grndunl 
world transition from one soil to another. Moreover, the ChIlIlC(lH Ill'" thllt 
within each patch of color representing a single soil type, incluHionH of' uUlI'!' 
soil types occur that are too small to map. The homogeneity shown UIl 1.111' 
map and in derived digital data is a fiction. It may also be thllt unlikl! till' 
surface of a lake, which everyone agrees is water, the soil tYP(l itHolf' iH 11 

fuzzy, uncertain concept. Asked to name a particular example, Hoil HcilHl
tiHts will often chose different designations, and the same iH oftllll the cmm 
in geology. Not all natural area objects are ofthis kind, but mllny are. This 
iH all too often forgotten in the GIS analysis of natural areas. 

Contrast such cases with area objects imposed by human beings, such as 
countries, provinces, states, counties, or census tracts. These have been 
called fiat or command regions. Here, boundaries are defined independently 
of any phenomenon, and attribute values are enumerated by surveys or 
censuses. Imposed areas are common in GIS work that involves data 
about human beings. The imposed areas are a type of sampling of the 
underlying social reality that often is misleading in several ways. First, it 
may be that the imposed areas bear little relationship to underlying pat
terns. Many years ago, in two classic accounts, Coppock (1955, 1960) 
showed that imposed civil parish boundaries are totally unsuitable for 
reporting UK agricultural census data, which are collected at the farm 
leveL Individual farms can stretch over more than one parish; parish 
boundaries themselves frequently include dissimilar agricultural areas 
and are enormously varied in size. Second, imposed areas are arbitrary or 
modifiable, and considerable ingenuity is required to demonstrate that any 
analysis is not an artifact of the particular boundaries that were used. This 
is the modifiable areal unit problem (see Chapter 2). Third, because data for 
area objects are often aggregations of individual level information, the dan
ger of ecological fallacies, where we assume that a relationship apparent at 
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11 mllcl'ohWtll of ItJO{I'tll.{nl.inn nlHo t1XiHlH Ill, Uw mierolllvd, iH VO!'Y !'11Ilt. In 
addition to tlWHt· pl1 I,t.kll III I' IU'ohh'IHH of impoHed, Hhll!'ply defined areal 
unitH. it iH tlnHY t.u Ih!'J(I't. thnt fuzzy 1I1'IlIlH like those in physical geography 
ahm ()C(~lIr in 1.111' Hoc'inl rc·nlm. Londoners, n)r nXllmpln, have a clear idea of 

IImltH of t.Iwir l'it.y elllled Soho or Covent Gardlm, but such perceived 
llf'(lIlH hnvII no ullieilll Htlltus and for analytic purposes their boundaries are 
th{lrtllhr(1 11 Il(:cwtllin. 

A third type of area object arises where space is divided into small 
r(lJ(ullll' grid cells called a raster. Unlike natural and imposed areas, 
which are usually irregularly shaped with different spatial extents, in a 
raster the area objects are identical and together cover, or tessellate, the 
region of interest. The term comes from raster display devices such as a 
TV screen, Because these grids are often used to record pictorial informa
tion, they are also called pixels (from "picture elements"). In GIS work, the 
term is used to describe a data structure that divides a study area into a 
regular pattern of cells in a particular sequence and records an attribute 
for the part of Earth's surface represented by each. Each cell is therefore 
an area object, but the major concept is of a continuous field of informa
tion, as discussed in Chapters 8 and 9. Within any given database there 
might be many raster layers of information, each representing an indivi
dual field. Typically, a raster data structure makes use of square, or 
nearly square, pixels, but there is nothing sacrosanct about this, Square 
cells have the advantage that they may be nested at different resolution 
levels, but set against this, they do not have uniform adjacency. The dis
tance from the center of each square grid cell to its neighbors is greater 
for diagonally adjacent cells than it is for those in the same row or col
umn. At the cost of losing the ability to nest pixels, hexagons have uni
form adjacency, and triangular meshes also have some attractive 
properties, Relative to the complexities of storing polygon areas, the 
advantage of a raster data structure is that once the raster is registered 
to real-world coordinates, further geo-referencing at the individual pixel 
level is unnecessary. The real-world (x,y) coordinates are implicit in the 
(row, column) position of each pixel within the raster. Conventionally, 
pixels are stored row by row, starting from the top left (northwest) corner. 
Individual pixels are then indexed by their row and column numbers in 
the order row, column or r. c, A single number then records the value 
assigned to that pixel. 

Finally, area objects are often created in a GIS analysis using polygonal 
Vorono:i!I'hiessen regions around every event in a pattern of point objects 
(see Sections 2.3. ad 5.3). You will remember that these regions are defined 
such that each contains all locations closer to the generating object than to 
any other object in the pattern. 

Arf!11 Oblects and Spatial Autocorrelatlon 

ThUI:I, th(lrO m'o H(wurnl types of area object. Four of these, two natural 
nnd two imposed, are shown in Figure 7.1. Area objects have a range of 
geometric and topological characteristics that can make them difficult to 
anaI,-ze. It may be that the entities are isolated from one another, or per
haps overlapping. If the latter is true, any location can be inside any num
ber of entities, and the areas do not fill or exhaust the space. The pattern of 
areas in successive forest fire burns is an example of this (see Figure 7.1a). 
Areas may sometimes have holes or areas of different attributes wholly 
enclosed within them. Some systems allow area entities to have islands. 
An alternative is that all regions that share the same attribute are defined 
to be one single area so that each area object is potontially a collection of 
areas, like an archipelago. This is perfectly usual whon denting with attri
butes such as geology or land use but is also not unknowh in conHU'" trnct!! 
or other imposed areas and may require special attention. Difforcmt from 
either of these is the case where area objects all mesh together neatly und 
exhaust the study region, so that there are no holes, and overy location hi 

Soil 
type 

A 
Soil 
type 

C 

(a) (b) 

Draughton 

Maidwell 

(c) (d) 

Figure 7.1 Types of area object: (a) pattern of forest burns over natural areas that 
overlap and are not planar enforced; (b) natural area objects resulting from an 
interpreted mapping, in this case soil type; (c) imposed areas, in this case three civil 
parishes; (d) imposed raster recording three types of soil. 
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imlidtl jw~t U Ningh. III'C'I1, /-111<'11 11 1111\.1.(11'11 of III'OUH iN t('rnwd plal/a.1' I'II/lll'('('d, 
and thi .. COIlCHP\. I.. 11 1\lIul" IIWII 1.11 I uHHlllnptioll of the datu models mmd in 
mllny 01/-1.., 1"1gIII'C\ 7,Ih t~) d Hhow 1IIIIIlIlr-(\nfhre(~d regions. Notice that as it 
HtandM, l"igul'ct 7,1(/ iHII'" Illullllr onfbrced hut thl1t it would be possible to 
record tho "pntilll dllt.1I in Huch a Htructure by creating separate binary 
mllpH. indi(!nt.illJ,{ III't~IlH burned and not burned for each date. 

1i!.",QJ),a'Mg,.( . 
obtai.t1a.1;!)()~~;t~~~raPhk~~·~fon•.. qf.Sim~~r>.~~I~;r9rc~h,of;he 
folloW,if;lS .i,ff!\'il opje~ts(rt;pre~~nterJ' oni~fdeG;ide 'W·hetflfllr,tbey a.re'natural or 
Irt1RR~~;;~1'1~sho~ .. bOwtfley."mtg9t·be;"'~fd~O" i.fla;data ,model that 
as.f,lm~s. plE!in~r.eflfortement: i ". 

i·'~:;. "t~e', mapgtld " 
2 . .The woodhind areas 

3, JVlyparklands " '. ,i i 


4. National, county, or district boundaries 

Early GISs, and some simple computer mapping programs, store area 
objects as complete polygons, with one polygon representing each object. 
The polygon approximates the outline of the area and is recorded as a series 
of coordinates. If the areas don't touch, and if like forest fire burns, they 
may overlap, this is a simple and sensible way to record them. However, for 
many distributions of interest, most obviously census tracts, areas are pla
nar enforced by definition. Attempting to use polygon storage will mean 
that although nearly all the boundaries are shared between adjacent 
areas, they are all input and coded twice, once for each adjacent polygon. 
With two different versions of each internal boundary line stored, errors are 
very likely. It can also be difficult to dissolve boundaries and merge adja
cent areas together with data stored in this way. The alternative is to store 
every boundary segment just once as a sequence of coordinates and then to 
build areas by linking boundary segments either implicitly or explicitly. 
Variations on this approach are used in many current vector GISs (see 
Worboys, 1995, pp 192-204 for a description of common data structures). 
These more complex data structures can make transferring data between 
systems problematic. However, GIS analysis benefits from the ready avail
ability of the adjacency information, and the advantages generally out
weigh the disadvantages. 

Are. ObJ.cts and Spatial Autocorrelatlon 

7.3. GEOMETRIC PROPERTIES OF AREAS 

No matter how they arise, area objects have a number of properties tnat we 
may need to measure. These include their two-dimensional area, skeleton, 
cerifJfloid, shape, and spatial pattern, and fragmentation. Brief comments on 
each of these properties are presented in the sections that follow. 

Area 

In a GIS, we might wish to estimate the area of 11 Ninglll Rpecified class of 
object (e.g., woodland on a land-use map) or the Ilverllgo uron of oach parcel 
of land. Even if areas are imposed zones, it is often fltlCOHHury to find their 
areas as a basis for density calculations. Just like the lonKth uf 11 lino dis
cussed in Chapter 6, measuring area is superficially obvi()UH hut muro dif
ficult in practice (see Gierhart, 1954; Wood, 1954; Frolov Ilnd Mnlillg, HUm). 
In a GIS, the standard method is based on the coordinates ufthe V(lrUCNI or 
each polygonal.object. The most frequently used algorithm findH thl) !lrOIl of 
a number of trapezoids bounded by a line segment from the polygun, t.wo 
vertical lines dropped to the x-axis, and the x-axis itself UH Hhown in '.'iglll'o 
7.2. 

yaxis 

Positive area 

e ~ Negative area 

o 
A 

'--------<..... x axis 
A' B'P e' E'O' 

Figure 7.2 Finding the area of a polygon from the coordinates of its vertices. 
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I·'ur (!xumplu. UlII 111'(111 Ill' Uw 1."II1'I':wid AIUfA i!4 givIHl by IJll'dil1("'l'llceI 

in x coordinntt l l4 lllult.iplic.cI hy till' IIV(H'llg(' of tlw :v (~()OI'dinlltt!!4: 

m'OH of' AB8 IA' = (XII- XA)(Y/l +YA) (7.1)
2 

Sinc(' XIl iH greuter than XA, this area will be a positive number. Moving to 
1110 next two vertices, C and D, we use the same approach to the areas of 
the trapezoids BCC'B' and CDD'C', both also positive numbers, Now, con
sider what happens if we continue around the polygon and calculate the 
area of the trapezoid DD'E'E, In this case the x-coordinate of the second 
point (E') is less than that of the first (D'), so that the computed area value 
will be a negative number, The same is true for all three trapezoids formed 
by the lower portion of the polygon. If as we work around the polygon vertex 
by vertex, we keep a running total of the area, first we add three positive 
areas (ABB'A', BCC'B', and CDD'C'), obtaining a larger area than 
required. As we calculate the areas of three lower trapezoids, DD'E'E, 
EE'F'F, and FF 'A 'A, these are negative and are subtracted from the 
grand totaL Inspection of the diagram shows that the result is the area of 
the polygon ABCDEF, that is, the area of the gray-shaded area with the 
hatched part subtracted. Provided that we work clockwise around the poly
gon and make sure to come back to the starting vertex, the general formula 
is simply 

polygon area A t (Xi+l -Xi)(Yi+l +Yi) (7,2) 
i=l 2 

where (Xn+l,Yn+l) is understood to bring us back to the first vertex (XbYl)' 

This is Simpson's rule for numerical integration and is widely used in 
science when it is necessary to find the area enclosed by a graph. The 
algorithm works when the polygon has holes and overhangs but not for 
all polygons, since it cannot handle polygons whose boundaries self-cross. 
It also needs minor modification if the polygon has negative Y values. Note 
that if the polygon is digitized counter-clockwise, its area is negative, so the 
method relies on a particular sort of data structure. 

Am Objects and Spatial Autocorrelatlon 

How Big Is Mainland Australia? 

Ttf; exercise can be done using a semiautomatic 

do it by hand. 


need toreprese'ntthe'~tlape of Australia so that It Is Instantly recognlt~ 
What is the mitilJnHrtr'h~l'I1ber you can get away with? How many do 

Trace the shbrelineofAustranafrom amap of the contiriMlf 

to ensOre that thesootteiSdrawn on an equal-area map p 

the shoreline asa~erlt$bf(J(. y) coordinates, How many ve 


thin~ YP~~~2~toe~urethat you get a reasonable estimate of the total 
of tlie"~~tirteri~?"';;: '. .' 

u~.th~·I'I1~tM~~;!aU~'~~above to compute Its area. thIS 1IIIIIIy done 
usll'4g.~rw1i~r~a~~~~;~o~ra.m.Enteryour coordinates Intoth. flnt two 
coluUl~:'ari:l·~~.p~1~~se;frbmrow :2 onward Into the next two COlumns, 
displacfng:~~~!p~'~rdby'orn:l'row as you do so. Make a copy oHht first 
coordl~~{~tr;h'1totl1elast row of the copied columns. The next cOlumn 
can thet'tt>e,:u~.~~nterand calculate the trapezoid formula. The sum of 
thiscolum~tht!~~es).our estimate of the continent's area. You will have 
to scale the{llJm~j,s·from coordinate units Into real distances and areas on 
thegrou¥~ .. cbTpafe your results with the official value, which is 

We 
tl'i 

number of coordinate pairs needed to make 
'alia is nine, Using a 1:30,000,000 

shoreline,Wr,egot
1<10: 
I"~ .,' , ~ 

2,~14i'5~.l1km~·,·:<;")3.······· 

Calculation of the area of a single polygon is therefore straightforward. 
However, Simpson's method can only determine the area defined by the 
stored polygon vertices. Strictly, the result is only an estimate of the true 
area, with an accuracy dependent on how representative the stored vertex 
coordinates are of the real outline and hence on the resolution of the input 
data. What happens if even the real boundaries are in some way uncertain? 
Similarly, if we are computing the area of a fuzzy object or one that isn't 

http:lllult.iplic.cI
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in tornn lIy hOIllO",CIIWOUI'I, how ('1111 Wt' t.1I kp "C(~Ollll t of th iH in the lII'ea mea
HUrl) wo obtnin" "",lIin, Wt· hllYt, 1111 t'Htimnt(1 of the true ureu, but there ure 
circumHtnnC(IM WIWI'(I 1,1\11 ('1'1'01' hUI'''' ",'ound thiH eHtimate might be very 
largo indtlml. It (~1I11 mllu'PI' 11 gl'out d(lIt1 thut we recognize the uncertainty. 
An oxumpl(1 might hi! whol'l' we ure finding the urea of a particular soil type 
or or" IhroMt ",tllnd a", 11 hUHic input in some resource evaluation. Similarly, 
contrOYIlrMY "'UI'!'ollllding the rate at which the Amazon rain forest is being 
cut clowlI i", ultimately an argument about area estimates and has impor
tllnt implications for the debate over climate change (see Nepstad et al., 
Imm; I lough ton et 

Finally, suppose that we want to calculate the total area of many poly
gons, such as the total area of a scattered land-use type across a geographic 
region. The details of how this is done depend on how the data are struc
tured, but any method is effectively the repeated application of Simpson's 
procedure. In a raster structure, areas may be determined more simply, by 
counting pixels and multiplying by the pixel area. For a fragmented set of 
area objects such as a land cover map, it may therefore be more efficient to 
use raster coding to compute areas. 

Skeleton 

The skeleton of a polygon is a network of lines inside a polygon constructed 
so that each point on the network is equidistant from the nearest two edges 
in the polygon boundary. Construction of the skeleton may be thought of as 
a process of peeling away layers of the polygon, working inward along the· 
bisectors ofthe internal angles. Figure 7.3 shows the idea. Note that as the 
process continues, the bisectors and arcs merge, forming a treelike struc-

Possible central 
point for polygon 

Possible lines 
for labeling 

Figure 7.3 Skeleton and resultant center point of a nr.1\lCTM 
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tu rt), unci thut 111'1 tilt' polygon gets smaller, it may form into two or moro 
iHlands (think of the "fiddly bits" left at the end when mowing the grass of 
an irregularly shaped lawn starting from the outside edge and spiraling 
inwa.rds). Ultimately, the polygon is reduced to a possible central point that 
iH farthest from the original boundary and which is also the center of the 
largest circle that could be drawn inside the polygon. This center point may 
he preferable to possible polygon centers calculated by other means. For 
example, the more easily calculated mean center of the polygon vertices 
(see Section 4.2) sometimes lies outside the polygon area and is therefore 
unsuitable for some purposes. In contrast, a conter point on the skeleton is 
guaranteed to lie inside the polygon. 

The polygon skeleton is useful in computer cnrtogrnphy nncl provides 
potential locations for label placement on maps as shown in tho figure. 
The skeleton center point also has potential uses in unnlYHiH whtln WP 
want a representative point object location for an area object. 'rho HkoltltOIl 
center point thus offers a possible way of transforming bctweon two of tlH' 
basic geometric object types. 

Shape 

Areal units all have two-dimensional shape, that is, a set of relationships of 
relative position between points on their perimeters, which is unaffected by 
changes in scale. Shape is a property of many objects of interest in geogra
phy, such as drumlins, coral atolls, and central business districts. Some 
shapes, notably the hexagonal market areas of central place theory, are 
the outcomes of postulated generating processes. Shape may also have 
important implications for processes. In ecology, the shapes of patches of 
a specified habitat are thought to have significant effects on what happens 
in and around them. In urban studies the traditional monocentric city form 
is considered very different in character from the polycentric sprawl of Los 
Angeles or the booming edge cities of the contemporary United States 
(Garreau, 1992). 

In the past, shape was described verbally using analogies such as stream
lined (drumlins), oxbow and shoestring (lakes), armchair (cirques), and so 
on, although there was often little agreement on what terms to use (see 
Clark and Gaile, 1975; Frolov, 1975; Wentz, 2000). While quantifying the 
idea of shape therefore seems worthwhile, in practice attempts to do this 
have been less than satisfactory. The most obvious quantitative approach is 
to devise indices that relate the given real-world shape to some regular 
geometric figure of well-known shape, such as a circle, hexagon, or square. 
Most attempts to date use the circle. 
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Figuro 7.4 Hhowl'! 'HI ir""'.cllhtl' Hhup(' 1,0goUHlr with 11 number or JloMHihl(\ 
shllpe-r(llntml IlIC11HllIr"Illl'III.H I.II11t ('ollld bo tllken from it, sueh as the peri
m{)ter p. 111'(1/\ n. i<1II.cC'H" IIX iH 1'1. HIWOlHI IIxis 1,'1.' the rndiuR of the Inrgest 
intornnl cirdc' /lit unci till' ,'udiuH of tho smnlleHt enclosing circle R2• In 
principl". wc' 111'(' 1"'1'(' to eombino theRe valueH in any reasonable combina
tion, nlthou.ch nol, 1111 (~()l1lhinationR will produce a good index. A good index 
Hhoulcl hllv(' 11 known value if the shape is circular, and to avoid dependence 
on 1.11(1 llWIIHlII'ollllmt unit adopted, it should also be dimensionless. 

(>111' HlIl~h index is the compactness ratio, defined as 

compactness 	 (7.3) 

where a2 is the area of the circle having the same perimeter (P) as the 
object. The compactness is 1.0 if the shape is exactly circular, and it is 
also dimensionless. Other potentially useful and dimensionless ratios are 
the elongation ratio LdL2 and the form ratio aiL!. 

Boyce and Clark (1964) proposed a more complicated measure of shape. 
Their radial line index compares the observed lengths of a series of regu
larly spaced radials from a node at the center of the shape with those that a 
circle would have, which would obviously be a fixed value equal to the circle 
radius. Although this index has been used in a number of studies, reviewed 
in Cerny (1975), it suffers from three sources of ambiguity. First, no gui
dance is given on where to place the central point, although most investi
gators use the shape's center of gravity. Second, the choice of number of 
radii iR important. Too few make the index open to strong influence from 

Figure 7.4 Measurements used in shape analysis. 
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extrmuo pointl4 011 tlw p(H'imoter; too many and the work of calculation may 
Imcomc excllHHive. Third, it is apparent that a great many visually quitu 
different shapes could give the same index value. Alternatives are devel
oped by Lee and SaUee (1970), Medda et al. (1998), and Wentz (2000).-.
I {owever, quantifying shape remains a difficult and elusive problem. 

Spatial Pattern and Fragmentation 

So far, we have concentrated solely on the measurable properties of areas as 
individual units of study, without reference to the ovornll puttern that they 
ereate. Sometimes, as in electoral geography or in goolllo"phology nnd bio
geography, the patterns made by areas are of inroroHt in thuir own right, 
irrespective ofthe values that might be assigned to them. Such plltturnH elln 
be as regular as a chessboard, honeycomb, or contraction cruckH in 
lavas, or as irregular as the counties of England and the states oftho lJnitod 
States. A simple approach to this problem is to assemble tho frmlucllley 
distribution of contact numbers, that is, the number of areaH thnt Hhlll'(\ 11 

common boundary with each area. An example is given in Tablo 7. JI whieh 

Table 7.1 Contact Numbers for the Counties of England and the Contiguous 
u.s. States 

Percentage 
Percentage of expected in an 
contiguous 48 Percentage of independent 

Contact US. states, English random 
number, m n = 49a counties, n = 46 processb 

1 	 2.0 4.4 N/A 
2 	 10.2 4.4 N/A 
3 	 18.4 21.7 1.06 
4 	 20.4 15.2 11.53 
5 	 20.4 30.4 26.47 
6 	 20.4 10.9 29.59 
7 	 4.1 13.0 19.22 
8 4.1 0 8.48 
9 0 0 2.80 

10 	 0 0 0.81 
Totals 100.00 100.00 100.00 
Mean contact 4.45 4.48 6.00 
number 

a Includes District of Columbia. 
b N/A, not applicable. 

http:nlthou.ch
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HhoWH Lh(J I'r('tltHlll(~,V dil.l.,'jhllt,lollllft'olll.lId IIUlIIbm'H fill' tlw cOlltiguOllH U.H. 
stntuH and thtl I~UllIlti('" ul' l·illJ.{llllld, 

It iH llViliunl tlllll. VI"'Y ""J.{ldll!' I'" I.t",'11 1'1, liko honeycombH, will have fre
quoncy di",tribulitlllH with 11 p,'onounc(!d peak ut U Hingle value, while more 
complox plIlLm'llH will ",huw HpreudH uround a central modal value. The 
indoptlllclc.nt "lIIulom p"oceSH introduced in Chapter 3 can be used to gen
orultl polYl{ollll1 m'(!IlH and in the long run produces the expected distribu
tiull l{iVlI1I ill the last column of the table. The modal, or most frequently 

value is for areas with six neighbors. It is apparent that these 
administrative areas have lower contact numbers than expected, implying a 
putterning more regular than random. Note, however, that random 
expected values cannot be compared directly with the observed case for 
two reasons. First, the method of defining the random process areas 
ensures that the minimum contact number must be three, and second, 
the procedure does not have edge constraints, whereas both the United 
States and England have edges. Furthermore, as with point pattern analy
sis, the usefulness of this finding is open to debate, since we know to begin 
with that the null hypothesis of randomness is unlikely to hold. 

Perhaps more useful are measures of fragmentation, or the extent to 
which the spatial pattern of a set of areas is broken up. Fragmentation 
indices are used widely in ecology (see, e.g., Turner et al., 2001). This can 
be particularly relevant when roads are cut through forest or other wild
erness areas, changing both the shape and the fragmentation of habitats 
considerably, even where total habitat area is not much affected. GIS tools 
for applying many ecological measures oflandscape pattern are available in 
a package called FRAGSTATS (Berry et al., 1998). 

7.4. SPATIAL AUTOCORRELATION: 
INTRODUCING THE JOINS COUNT APPROACH 

In this section we develop the idea of spatial autocorrelation, introduced in 
the context of problems with spatial data in Chapter 2. You will recall that 

autocorrelation is a technical term for the fact that spatial data from 
near locations are more likely to be similar than data from distant locations. 
More correctly, any set of spatial data is likely to have characteristic dis
tances or lengths at which it is correlated with itself, a property known as 
self-correlation or autocorrelation. Furthermore, according to Tobler's (1970) 
"first law of geography" that "Everything is related to everything else, but 
near things are more related than distant things", autocorrelation is likely to 
be most pronounced at short distances. If the world were not spatially auto
correlated in this way, geography would have little point, so autocorrelation 
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iH ('xtmmoly import.allt. tu the discipline and to GlS analysis. 'rho ubiquit.y or 
spatial uutocorrelation is the reason why spatial data are special. As a rmmlt 
of Ilutocorrelation, samples from spatial data are not truly random, with 
consequences for statistics that are a major theme of this book.-. 

As geographers or GI analysts, we are predisposed to seeing spatial pat
\.(!rns in data, and because of autocorrelation, patterns very often appear to 
he there. One reason for developing analytical approaches to spatial auto
correlation is to provide a more objective bUHiH for deciding whether or not 
there really is a pattern, and ifso, how unuHuu/ that pattern is. The by-now
thmiliar problem is to decide whether or not any obHt~rvpd spatial autocor
relation is significantly different from random. Could the IIppllnmt pattern 
have occurred by chance? Arguably, one of tho tOHtH fill' lIu\.oeurrdation 
discussed in the remainder of this chapter should alw(I,'YH bo cllrl'iod out 
before we start developing elaborate theories to explllin tht' plIlll'I'lIH w(' 
think we see in a map. 

The autocorrelation concept is applicable to all the type!; of Hpnlill/ obj('('!' 
we have recognized (point, line, area, and field), but filr pedal{ogic t:OIlV('
nience and with one eye on tradition, we introduce the idea in the cont(lxt of' 
patterns in the attributes of area objects. Our strategy is to dove/op it, u",ing 
a simple one-dimensional analogy where the attribute is binary, wit.h ollly 
two possible outcomes. We then extend this approach t() Uw eXlllllinlltioll of' 
two-dimensional variation, again using attributes that can tuke Oil only one 
of two values, Finally, we describe measures that allow interval- or ratio
scaled data to be used, 

Runs in Serial Data or One-Dimensional 

Autocorrelation 


Imagine taking half a deck of cards, say the red diamonds (.) and the black 
clubs ("). If we shuffle the pack and then draw all 26 cards, noting which 
suit comes up each time, in order, we might get 

....................................... (7.4) 


Is this sequence random? That is, could it have been generated by a random 
process? If the sequence was 

....................................... (7.5) 


or 

....................................... (7.6) 


http:indoptlllclc.nt
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would Wtl t~tm"ltlt'r t.ht''''t, IIk,"ly out('UnWM 01' 11 rlllulolll proC(!I-IS both 
look hiUhly unllkt,ly. 1111/1 In Illlwh Uw I'IHInIl wily. Again, doos 

.......................... (7.7) 


I'Itllllll 11 IIkt.ly OUI.('UIIH' of H random process? This also looks unlikely, but for 
dim1l't'nt "I'IIHUI1H. Note that all four sequences contain 13 of each suit, so it 
il'l illlPOI'IHihlt, to tell them apart using simple distributional statistics. What 
Wt' IIn~ focusing on instead is how each card drawn relates to the one before 

one after-to its neighbors in the sequence, in effect. 
One way to quantify how unlikely these sequences are is by counting runs 

of either outcome (i.e., unbroken sequences of only clubs or only diamonds). 
For the examples above we have 

.1.1••1.1.1.1.1•••1.1.1•••1.1.1••••1.1.1•• (7.8) 

•••••••••••••1............. (7.9) 

.............1••••••••••••• 

.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1. 1) 

making 17, 2, 2, and 26 runs, respectively. Very low or very high numbers of 
runs suggest that the sequence is not random. Thus we have the makings of 
a statistic that summarizes the pattern of similarity between consecutive 
outcomes in a sequence of card draws. 

Get Out the Cards! 

By determining the sampling distribution of this runs count statistic for a 
random process using probability theory, we can assess the likelihood of 
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I'lwh I'!equence. IrUwrn nre Itl .'8 and n'2 .'8 in the sequence, the (lxpncted 
!lumber of runs is given by 

2nln2 + 1• (7.12)runs) = nl + n'2 

which is binomially distributed (see Appendix A) with an expected standard 
deviation: 

f2;;~~J2~ I n'2-- n l 
(7.13)

E(sno. runs) = Y(nl + n2)2(;;1 + Tl'2· 1) 

In the cases with 13 .'s (nl = 13) and 13 .'s (n2 = 13), we hUV{l 

L'( )
l~ no. runs 2 x 13 x 13 1+ = 

+ 
14 (7.1" ) 

E(sno. 
2 x 13 x 13 x (2 x 13 x 13 - 13 - 13) 

(13 + 13)2(13 + 13  1) 

105,456 
Y16,900 

(7.15) 

2.4980 

For a reasonably large number of trials, we can use these results to calcu
late z-scores and approximate probabilities, by using the normal distribu
tion as an approximation to the binomial. For the first example above, with 
17 runs we have 

17 - 14 = 1.202z= ___ _ (7.16) 

which is a little more than we expect, but not particularly out of the ordin
ary, and therefore not at all unlikely to have occurred by chance (p = 0.203 
in a two-tailed test). For the sequence of all .'s followed by an.'s (or vice 
versa), we have two runs and a z-score given by 

2-14 
z = 2.4980 (7.17) 

= -4.8038 
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'rhiH iH oxt,I'(lllwly IInlikl1ly t.u hllVII U('elll'l'pd hy ehlllle(~ (I' 0.0000016 in II 

two-tniltld t,mlt). Himilnf'ly. fill' t.!wlllt.I"'IlIlt.ing pllUorn with ~6 rum; we have 

~6 14 
z 

~.498() (7.18) 

= 4.8083 

which IH t'qually unlikely. 

,S~e Arithmit~~~nd $~rn~\ $_at'~di(:5Revislon 

I~ata~tlmpate.wltht"e\ VB.II.,IBS.tmlI J:Jle€JrvIl1V~(.·l'U!am, 
~Lt!.·.~Ii1l.$$rqornexerCise ... 

The runs statistic and the test against random chance we discuss here is 
dependent on the number of each outcome in our sequence. This is beca'l1se 
drawing cards from a pack is a nonfree sampling process. Because there are 
only 13 of each suit in the pack, as we near the end of the process, the 
number of possible draws becomes restricted, and eventually for the last 
card, we know exactly what to expect (this is why some card games of 
chance actually require skill, the skill of counting cards). Nonfree sampling 
is analogous to the situation applicable in many geographical contexts, 
where we know the overall counts of spatial elements in various states 
and we want to know how likely or unlikely their arrangement is, given 
the overall counts. 

The expressions given above are true even when nl or n2 is very small. 
For example, suppose that the experiment involved flipping a coin 26 times, 
and we got the realization 

HHHHHHHHHHHHHHHHHHHHHHHHHH (7.19) 

This is pretty unlikely. But given that we threw 26 heads, the number of 
runs (i.e., 1) is not at all unexpected. We can calculate it from the equations 
as before. Since nl = 26 and n2 = 0, we have 
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2 x :.!6 x 0
runs) ~~ ~ + 1 

(7.20) 

1 

• 
which is exactly what we got. In fact, this is the only possible number of 
runs we could get given the number of heads and tails. This means that 
because only a very limited number of outcomes for the runs count are 
possible, the nonfree sampling form of the runs statistic is not very useful 
when one outcome is dominant in the sequence. Afl we will see in the next 
section, this observation also applies when we carry the concepts over to two 
dimensions. 

It is also possible to calculate the probability of tho HeqU(lJ1C(l of' 26 heads 
above occurring given an a priori probability of throwing u h(lIId with 
flip of the coin. The expected number of runs is 

E(no. runs) R + 1 (7.21) 

where R is a binomial distribution. This is based on the logic thllt tlH' 
number of runs is at least one plus however many run-ending outCOIlWH 
occur. A run-ending outcome is an H after a T, or vice vefflfl, and ()(~l~lIrH with 
probability p = 0.5 each time a coin is flipped, because whatover tho pre
vious outcome, the chance of the next one being different is one in two. This 
is therefore the probability that any particular flip of the coin will terminate 
a run, so starting a new one, and increasing the runs count by L Thus R is 
distributed binomially with the number of trials being equal to the number 
of gaps (or joins) between coin flips, 25 in this case, or, more generally, 
n L 

Putting all this together, from the binomial distribution the expected 
value of R will be 

2(n l)p(l - p) (7.22) 

so the expected number of runs is this quantity plus L For n 26 and 
p 0.5, this gives us E(no. runs) 13.5. The standard deviation for this 
binomial distribution is 

J(n l)p(l - p) (7.23) 

Again, putting in the values, we get s = ,J25 x 0.15 )( 0.15 2.5, from which 
we can assign a z-score to only a single run, as above, of (1 13.5)/2.5 = -5. 
As we might expect, a sequence of 26 heads is highly unlikely given the 
prior probability of getting heads when we flip a coin. 
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Thoro IIrt. thUM Mlhlht, dim.t'l'm'C'" ill Uw runH tt'Ht HtutiHtic dll(llmding on 

the tlXllct IluOMtiOIl YUII wild! tu "Hk. 111 googt'lIphy, we uro uHuully inter
IlHtnd in 11 ('UHt. 111111101.[1111" 1.0 c1l'11willg 1'1'0111 11 dpck of' cardH. Wc are more 
intOrtlHulc/ ill ""killg how 1iI(l'ly iH thl' arranj.(l'l//('nt-the spatial configura
tion-o" tlw knowlI Ollt,C'OIlWH rather than how likely the arrangement is 
giv(l1l 1111 POHHihlc' olltl~onWH. The two perspectives result in different math
(lflllltiml 11I1'11111111H, hut except when the proportions of each outcome are 
VlII'y difl<H'('nt, the practical impact on the probabilities calculated is rela
tiv(.ly Hlllall. Typically, the mathematics for the free-sampling case is sim
pl('l', HO we focus on it below, even though the nonfree case is often more 
correct. 

Extending Runs Counting to Two Dimensions: 
The Joins Count 

We hope that at this point you can just about see the connection of the runs 
count test to spatial autocorrelation. A directly analogous procedure in two 
dimensions can be used to test for spatial autocorrelation. This test is called 

joins count test for spatial autocorrelation, developed by Cliff and Ord 
(1973) in their classic book Spatial Autocorrelation. 

The joins count statistic is applied to a map of areal units where each unit 
is classified as either black (B) or white (W). These labels are used in devel
oping the statistic, but in an application they could equally be based on a 
classification of more complex, possibly ratio-scaled data. For example, we 
might have county unemployment rates, and classify them as above or 
below the average or the median. 

To develop the statistic, we use the simple examples shown in Figure 7.5. 
As with point patterns, the standard or null hypothesis against which we 
assess the observed pattern of area attributes is an independent random 
process that assigns a B or W classification randomly to each spatial object. 
We could do this by flipping a coin. Even without performing the experi
ment, you can immediately see that the realizations in Figure 7.5a and care 
unlikely. We would like to see this reflected in our statistic. 

The joins count is determined by counting the number of occurrences in 
the map of each of the possible joins between neighboring areal units. The 
possible joins are BB, WW, and BWIWB and the numbers of each of these 
types of join, JBB , Jww , and JBW are written alongside each grid. The num
bers in the first column consider only the four north-south-east-west 
neighbors of each grid square, by analogy with the moves that a rook (or 
castle) can make in chess, the rook's case. Counts in the second column 
include diagonal neighbors that touch at a corner, the queen's case. 
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(Cl) Positive 8utocorrelation 

Rook's case Queen's case-. = 27 =47JBB JBB 

=27 Jww =47 

J Bw =6 Jew = 16 

(b) No autocorrelation 

JBB = 6 JeB = 14 

Jww = 19 Jww =40 

JBW =35 JBW = 56 

Negative autocorrelation 

JBB = 0 JBB = 25 

Jww=O Jww =25 

JBW =60 JBW = 60 

Figure 7.5 Three grids used in discussing the joins count statistic. 
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(box lontlnu.d) 

When countlnl, you will find It simpler to work systematically counting all 
Joins for every .rld cell In turn. This procedure double-counts joins. so you 
must halve the resulting counts to obtain correct values for lww. lBB. and 
JIW' Thll I1 usually how computer programs that perform this analysis work. 

Having obtained the counts, can you suggest how to check them? What 
should be the sum of lww, lBB. and lBW? 

Considering only the rook's case counts in the first column of Figure 7.5, 
we can see that BB and WW joins are the most common in case (a), whereas 
BW joins are most common in case (c). This reflects the spatial structure of 
these two examples. Example (a), where cells are usually found next to 
similarly shaded cells, is referred to as positive spatial autocorrelation. 
When elements next to one another are usually different, as in case (c), 

negative spatial autocorrelation is present. Obviously, the raw joins counts 
are rough indicators of the overall autocorrelation structure. 

We can develop these counts into a statistical test using theoretical 
results for the expected outcome of the joins count statistics for an indepen
dent random process. The expected values of each count are given by 

E(JBB ) =kp~ 

2 (7.24)=kpw 

= 2kpBPW 

where k is the total number of joins on the map, PB is the probability of an 
area being coded B, and Pw is the probability of an area being coded W. The 
expected standard deviations are also known. These are given by the more 
complicated formulas 

E(SBB) /kp~ + 2mp~ - Ck + 2m)p~ 

E(sww) /kp~ + 2mp~ - (k + 2m)p~ (7.25) 

E(SBW) = /2(k + m)PBPW - 4(k + 2m)p~p~ 
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whOrl! I.~, 1',1> Hnd Jlw 111'(' HH hdiJre, and m is given by 

m = fL:ki(k i 1) (7.26)'. 
n 

i=1 

where ki is the number of joins to the ith arCH. 
We can determine these values for our cxampleA. We will take PB = Pw = 

0.5 in all cases, since we determined example (b) by flipping a coin. Using 
the N-S-E-W rook's case neighbors, the numtwr 01' joinH in the grid is 
I,! 60. The calculation of m is especially tediouH. 'I'h(lr(! nr(l three different 
types of grid square location in these exampleH. 'l'tu!r(! lire fhur (:orner 
squares each with two joins, 16 edge squares each with .thrml joinH, and 
16 center squares each with four joins. For the calculation of 111 thiH giV(lH lIH 

m = 0.5[(4 x 2 x 1) + (16 x 3 x 2)+(16 x 4 x :J)] 
corners edges centcr 

(7.~7) 
= 0.5(8 + 96 + 192) 

= 148 

Slotting these values into the equations above, for our expected values we 
get 

2 2E(JBB ) = kPB 60(0.5 ) = 15 
2 2E(Jww ) = kpw 60(0.5 ) = 15 (7.28) 

E(JBW ) = 2kpBPW 2(60)(0.5)(0.5) = 30 

and for the standard deviations we get 

E(SBB) = E(sww) = / kp~ + (k 2m)p~ 

=J60(0.5)2 + 2(148)(0.5)3 - [60 + 2(148)](0.5)4 (7.29) 

= J29.75 

= 5.454 
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nnd 

:.! 	 2E(Hllw) j'}.(k I tit )JlIIJlW I '1.m)PIIPw 

/},(UO '14H)(O.5)(0.5) 4[60 + 2(148)](0.5)2(0.5)2 (7.30) 

JU') 

. 3.873 

Wo can use these values to construct a table of z-scores for the examples in 
Figure 7.5 (see Table 7.2). We can see that unusual z-scores (at the p 0.05 
level) are recorded for examples (a) and (c) on all three counts. For case 
all three counts are well within the range we would expect for the indepen
dent random process. From these results we can conclude that examples (a) 

and (c) are not random, but that there is insufficient evidence to reject the 
hypothesis of randomness for example Cb). 

A number of points are worthy of note here: 

1. 	 Care is required in interpreting the z-scores. As in case (a), a large 
negative z-score on J BW indicates positive autocorrelation since it 
indicates that there are fewer BW joins than expected. The con
verse is true. A large positive z-score on J BW is indicative of nega
tive autocorrelation, as in case (c). 

Table 7.2 Z-Scores for the Three Patterns 
in Figure 7.5 Using the Rook's Case 

Example 

Join type (a) (b) (c) 

BB 
WW 
BW 

2.200 
2.200 

-6.197 

-1.650 
0.733 
1.291 

-2.750 
-2.750 

7.746 
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'1.. It iH POHHiblo fiH' the illI'(!(~ tCHtt-1 to appear to contradict oOt) another. 
:~. 'rhc scorCR for J BB and J ww in case (c) are problematic. 'l'hiH iH 

because with JaB = J ww = 0, the distribution of the counts clearly 
... cannot be truly normal, given that there is no lower bound on the 

normal curve. This is a minor point in such an extreme example. In 
fact, the predicted results are only truly normally distributed for 
large n, with neither PB nor Pw close to O. This is analogous to the 
difficulties encountered in using the runs test with nl or n2 close to 
zero. 

4. 	Generally, the choice ofneighborhoods should not affect the scores 
and the decision about the overall structure, but thiH iH not always 
the case. For example, if we count diagonal joinH, we got th(l counts 
in the second column of Figure 7.5. The results theHe produce 
for example (c) are particularly interesting. In thiH cUl~(!. 
k 11o,PB Pw 0.5 as before, and the calculation ofm iH givtln hy 

+ (16 x 8 xm 0.5[(4 x 3 x 2) + (16 x 5 x 
corners edges center 

(7,:\1 ) 
= 0.5(24 320 + 896) 


= 620 


This gives us 

E(JBB ) = E(Jww) 110(0.5)2 = 27.5 
(7.32) 

E(JBW ) = 2(110)(0.5)(0.5) = 55 

and 

E(SBB) = E(sww) = /110(0.5)2 + 2(620)(0.5)3 - [110 + 2(620»)(0.5)4 

v'98.125 

(7.33)= 9.906 

E(SBW) = /2(110 + 620)(0.5)(0.5) 4[110 + 2(620)](0.5)2(0.5)2 

(7.34) 

5.244 
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1.1blt' I, i Z c.,(or!·~ 

fOl I )(,,,"pl(~ (c) III 
f IRlIrI' 71> U~inlo\ the 
QtJ('l'n\ Case 

,/oin tyPi! Z-.w:o/'e 

BB -0.252 
WW -0.252 
BW 0.953 

This gives us the z-scores for case Cc) shown in Table 7.3. Despite 
the clearly nonrandom appearance of the grid, none of these indi
cate any departure from the independent random process! This 
demonstrates that the joins count statistic must be treated with 
some caution. 

5. 	In this example we have assumed that PB and Pw are known in 
advance. Normally, they are estimated from the data, and properly 
speaking, much more complex expressions should be used for the 
expected join counts and their standard deviations. These are gilven 
in Cliff and Ord (1973) and are equivalent to the difference between 
the card-drawing and coin-flipping examples described in the dis
cussion of the simple runs test. 

6. 	Finally, to make the calculations relatively simple, in this example 
wc have used a regular grid. As the worked example that follows 
shows, this isn't actually a restriction on the test itself, which easily 
generalizes to irregular, planar-enforced lattices of areas. 

7.5. FULLY WORKED EXAMPLE: THE 2000 U.S. 
PRESIDENTIAL ELECTION 

We can perform a similar calculation on the V.S. presidential election 
results from November 2000. These are mapped in Figure 7.6. Visually, 
the state electoral outcomes seem to have a geography, but is this pattern 
significantly different from random? Only after we have shown that it is can 
we be justified in hypothesizing about its possible causes. The data are 
binary (Bush-Gore), so that a joins count test can be applied. 
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'. 

• Bush 
D Gore 

Figure 7.6 State-level results for the 2000 U.s. presidential election for the lower 48 
states and the District of Columbia. Some state names are abbreviated: CT. 
Connecticut; DE, Delaware; MA, Massachusetts; MD. Maryland; NH. New 
Hampshire; NJ, New Jersey; NY. New York; PA, Pennsylvania; RI, Rhode 
Vermont; WV, We.st Virginia. The District of Columbia is between 
Virginia. 

the worst part of calculating the joins count 8tntiMticM fhr an irre
b"tIlar mesh of areas rather than a regular grid is the process of determining 
which states are neighbors to which others. One approach is to build an 
adjacency matrix for the data, as shown in Figure 7.7. First we number the 
49 areas involved (48 states and the District of Columbia) from 1 to 49. 
Next, we record states that are adjacent, assembling this information into 
a matrix with 49 rows and 49 columns. Each row represents a state, and if 
another state is adjacent, we record a 1 in the relevant column. For exam
ple, California, at number 3 in our list, shares a border with Oregon, num
ber two on the list, Nevada (5), and Arizona (4). Thus, row 3 of the matrix 
has l's in columns 2, 4, and 5. All the other elements in the row are zero. It 
should be apparent that the completed matrix is sparse, in that most of the 
entries are zero and that it is symmetrical about its principal diagonal, 
since if state A is adjacent to state B, B must also be adjacent to A. 
Assembling this sort of matrix is tedious and if you attempt it by hand, it 
is easy to make mistakes. However, for repeated analysis of autocorrelation 
on the same set of areal units, the adjacency matrix is essential (see the 
next section, where other measures make use of this matrix). Many GISs 
that use a planar-enforced data structure are capable of producing the 
matrix 



1M GEOGRAPHIC INFORMATION ANALYSIS 

I wuhlnUlnn 1 1. 
1 oreuon I I 11 

j ullifornl" J 11 'I


4 Arizona : I 
5 NevAda 
 Ih\ t1. 1. 
6 Idaho 11 1 IU ,
7 Montana 1 1 ' 11

8 wyoming 11 1 1 ~l 

<) utah 111 1 1 1 , 


10 New Mu I ( u 1 1 111 
, 1 1 1111 '''U'

12 OklAhumll ,11 11 n 

I1 (u I (H'Adu 
 1, 111~li' ':114 Kiln"" 
I ~ NI'IH'.1,kd 1 :~11, 1t: 

III ,>oulh Dakota 11 ,1,111

17 Norlh Dakota 1 :1 1 

18 Minnesota ,',1t:1'I 

19 Iowa : I '1~ '1 1
20 Mi ssou ri [1~1'11 .111 
21 Arkansas :IJt i ' : i, ':1, ':1,:1,1 , 
22 Louisiana 1: i:' 11. 
23 Mississippi , I' 11 1 ',1 

24 Tennessee , ' 11 11' ,I 1'11:11 

25 Kentucky ,~, ' ,:IJ ,,~, i:t;:1,~ I" " ,

26 Illinois 11 ,1.1:1

27 Wisconsin 11: "1' : 

28 Michigan '" ',~\~

I 

29 Indiana 11 r 1 

30 ohio :t; ',t::1,i~: , " 

31 West virginia .1 ',:1: ' 11 
32 Florida " ,111,1 ' 

33 Alabama , i '1. i1,!

34 Georgia 1 :1,1 :1:1,

35 South carolina , :ll.1 
36 North Carolina ,I :1,:L, i
37 vi rginia 11 : 1 1 1 

38 Maryland :1,: : '1111 

39 Delaware i ' ;1 1,1
40 District of columbia , 11 
41 New Jersey '1'11: 
42 pennsylvania .1,1,1]", :
43 New York 11. :1, ], 1 
44 Connecticut 1, :1,1 :
45 Rhode Island ], 1
46 Massachussets 1]'111111
47 New Hampshire 1,:1,1
48 vermont 1 I],],: 

, , ], 1 

49 Maine 

Figure 7,7 Adjacency matrix for the lower 48 states and the District of Columbia. 
Note that 0 entries have been omitted for clarity. The symmetric structure of the 
matrix is clearly visible, 

Whether from this matrix, or simply by double-counting joins on the map, 
there are a total ofk = 109 joins in this data set. We can use the share of the 
popular vote nationally to determine PB (Bush) and Pw (Gore), George W. 
Bush won around 48,021,500 votes and Al Gore won 48,242,921 (note that 
all figures are based on contemporary news reports and may have been 
adjusted since). These give us PB = 0.49885 and Pw = 0.50115. As in the 
simple 6 x 6 grid example, m is determined from each state's number of 
neighbors, ki, and comes out at 440. 

Together, these give us expected numbers and standard deviations of 
joins under the independent random process 
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b:(,1,,1I) '27.1U/; with E(SBld = /;.6673 

J;J(,J ww ) ,-: 27.3755 with E(sww) = 8.7036 (7.:35) 

E(J flW) = 54.4997 with E(SBW) = 5,2203 

From'. the map we can count the joins of different types, to get the following 
totals: 

J BB = 60 

Jww = 21 (7.36) 

J BW = 28 

These values then give us the three Z scores shown in Tuble 7.4. The z
scores for both BB joins (Bush-Bush) and BW joins (Bush-Gore) Hrtl llxtre
mely unlikely to have occurred by chance. The large number of BB joinH 
could be a consequence of the fact that Bush won many more HtutllH thlln hiH 
share of the popular vote nationally (and hence our estimate of PI!) would 
lead us to expect.- This has the consequence that there are more Bush HtlltUH 
on the map than expected, so that there are many more BB joins thlln would 
be expected by chance. Perhaps more surprising is the very low numhll/' or 
observed BW joins (28) compared to expectations (about 54). There Ilrll only 
19 Gore states on the map, so this result may also reflect the poor quality of 
our estimate ofPB. Even so, an average of only 2.5 neighboring Bush states 
for each of these would give J BW = 47.5, a result that would have a z-score 
within 2 standard deviations of expectations. The much lower observed 
count of Bush-Gore joins seems a clear consequence of the concentration 
of Gore-voting states in the northeast, and thus of the positive spatial auto
correlation evident in the map. 

The conclusion must be that there is evidence for a geographical effect, 
with almost all of the Bush majority states being in a single contiguous 

Table 7.4 Z-Scores 
for the Joins Count 
Test, 2000 US 
Presidential Election, 
by State 

Join type z-score 

BB 3,7930 
WW -0.7325 
BW -5.0763 
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hlot~k, ThiM iH "" nil' "" 1.111' 14pntilll IIlllllYHiH ('1111 I,lIk.. lIH, '1'lw4II'y iH 1'(1quired to 
rniHll OUllIl' qUl'Htioll" 1,11111, lIIi""hl, ht, II11HW('l'(lI\ hy furlher spatial analysis. 
Sine!. lhp OOl'('·votillJ,( 14t.lIt."H 1I11l10Ht nil (:onl.llill IIlI'Kt) cities-New York, Los 
Angtll(lM, (~hi('II""o. HIIIl 1"l'IIlldHCO, Philud(dphin, Wmlhington, Boston, and so 
on-mU! fhlil,f'"I IIVIlIllII' lill' further research might be to examine the 
IIrhnn I'll I'll I Hplil. "I, 11 county level in some selected states. 

'l'lwl'o Ill'\, pl'Ohll'lllH with the analysis described here, particularly in the 
(lHUIIlIlt.iOIl ofI'll IIndpw, It might be more reasonable to use the numbers of 
HI,IIt.I'H won by each candidate (29 for Bush, 20 for Gore) as estimates for 
t.hI'H(' parameters. We have also carried out this test using probability esti
males based on the number of states won by each candidate, which is not 
strictly a valid procedure because it requires us to use the more complex 
expressions for expected counts and standard deviations referred to earlier. 
The result of this test confirms the finding that there are many fewer BW 
joins than would be expected. 

An alternative approach that avoids the ambiguities in estimating prob
ability values is to use Monte Carlo simulation. This doesn't require any 
mathematics, just the ability to shuffle the known results randomly among 
the states and recalculate the joins count for each shuffling to arrive at a 
simulated sampling distribution for each count. This approach is ip.creas
ingly common, due to the availability of cheap computing power. I 

7.6. OTHER MEASURES OF SPATIAL 
AUTOCORRELATION 

Although it provides an intuitive and relatively easy to follow introduction 
to the idea of spatial autocorrelation, the joins count statistic has some 
limitations. The most obvious is that it can only be used on binary
black-white, high-low, on-off-data. Of course, it is easy to transform 
other data types to this form. For example, a set of rainfall data can readily 
be converted to wet and dry regions by determining whether each measure
ment is above or below the regional average or median value. Similar tech
niques are applicable to a wide range of statistics. Second, although the 
approach provides an indication of the strength of autocorrelation present 
in terms of z-scores, which can be thought of in terms of probabilities, it is 
not readily interpreted, particularly if the results of different tests appear 
contradictory. A third limitation is that the equations for the expected 
values of the counts are fairly formidable. For these reasons, but particu
larly, if we have more information in our data than is used by the joins 
count method, two other autocorrelation statistics are often used. 
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Moran's I 

Moran's I is a Himple translation of a non spatial correlation measure to a 
spatJal context and is usually applied to areal units where numerical ratio 
or interval data are available. The easiest way to present the measure is to 
dive straight in with the equation for its calculation, and to explain each 
component in turn. 

Moran's I is calculated from 

E)=1 wU(yj ,Y)(~i ,Y)I n "n "',- ..--- (7.37) 
L-i=1 L...i I wii 

This is fairly formidable, so let's unpick it piece by piece. 'l'ho important part 
of the calculation is the second fraction. The numerator on top of thiH Ihw· 
tion is 

n n 

ji) (7.:41')"" w(y·~~ u' 
i=l j~l 

which you should recognize as a variance term. In fact, it iH a ('()variance. 
The subscripts i and j refer to different areal units or zones in the study, 
and Y is the data value in each. By calculating the product of two zones' 
differences from the overall mean (ji), we are determining the extent to 
which they vary together. If both Yi and Yj lie on the same side of the 
mean (above or below), this product is positive; if one is above the mean 
and the other below, the product is negative and the absolute size of the 
resulting value will depend on how close to the overall mean the zone values 
are. The covariance terms are multiplied by Wij' This is an element from a 
weights matrix W, which switches each possible covariance term on or off 
depending on whether we wish to use it in the determination of I. In the 
simplest case, Wu = 1 if zone i and zonej are adjacent; otherwise, wij = 0, so 
that W is an adjacency matrix for the study region. 

Everything else in the formula normalizes the value of I relative to the 
number of zones being considered, the number of adjacencies in the pro
blem, and the range of values in y. The divisor E E wij accounts for the 
number of joins in the map-it is exactly equivalent to k in the joins count 
calculation. The multiplier 

n 
(7.39)

E~l (Yi - ji)2 
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iH uctulIlIy dill;Hillll hy Uw Hvt','ulllluI.IIHC.t vlII'iullecl, which OIlHlIl'OH that I iH 
not lurKll Idmllly llC!l~II!IIiIC' 1.111' vIIIIIC'H unci vul'illbility in y ure high, 

ThiH mllY "till not. hc' ohviollH. Wo {~lIn pol'lhrm the calculation on our 
pruBiduntill1 "Ic,diclIl dlltll lIHing U(!orge W. BUHh's share of the vote in 
each HtULU 11" Uw HlmUul vnriublc y. These are recorded in Table 7.5, 
tOKllthtlr with nUH'I' t!itlllwntH in the calculation of 1. The values in the 
IUHt. cnlulllll nf thiH table are the covariance sums for each state. If we 
tllkll, fiu' (1xnmplc, the Pennsylvania calculation shown in detail in Table 
7.fi, w(' Hl!(l that Bush's share of the vote in Pennsylvania is 46%. Referring 
11Iwk to Figure 7.6, the neighboring states are Ohio (50% Bush vote), West 
Virbrinia (52%), Maryland (40%), Delaware (42%), New Jersey (40%), and 
New York (35%). The mean value ofy calculated from the entire data set is 
ji 49.775. This gives us local covariance calculations for Pennsylvania as 
in Table 7.6. 

The products in the last column of Table 7.6 sum to the value 149.710 
given for Pennsylvania in Table 7.5. A similar calculation is performed for 
each state, to produce a final value for the weighted covariance term of 

n n

L L WU(yi ji)(.r; ji) = 9507.354 I (7.40) 
i=l j=l 

Table 7.5 Calculation of Moran's I for Bush's Share of the Popular Vote in Each 
State 

Bush 
State vote (%) (Yi (Yi - y)2 Lj Wij(Yi - Y)(yj - y) 

Washington 45 4.775 22.805 -78.552 
Oregon 48 -1.775 3.152 -8.696 
California 41 -8.775 77.009 11.640 
Arizona 50 0.224 0.050 1.598 
Nevada 50 0.224 0.050 5.639 
Idaho 68 18.224 332.132 717.077 
Montana 59 9.224 85.091 543.303 
Wyoming 69 19.224 369.581 1333.159 
Utah 67 17.224 296.683 626.057 
New Mexico 47 2.775 7.703 -105.809 
Texas 59 9.224 85.091 100.528 
Oklahoma 60 10.224 104.540 156.914 
Colorado 51 1.224 1.499 79.067 
Kansas 57 7.224 52.193 179.875 
Nebraska 63 13.224 174.887 493.894 
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Table 7.5 (Wlltlllllt,cI) 
-----'" 

!lulih 

1. 

State vote (%) (Yi (Yi y)2 Lj Wij(Yi y)

'. Y)~i 

South Dakota 60 10.224 104.540 514.771 
North Dakota 61 11.224 125.989 198.375 
Minnesota 48 -1.775 3.152 -33.553 
Iowa 49 -0.775 0.601 -10.350 
Missouri 50 0.224 0.050 6.913 
Arkansas 50 0.224 0.050 7.037 
Louisiana 53 3.224 10.397 53.736 
Mississippi 57 7.224 52.193 78.732 
Tennessee 51 1.224 1.499 41.:182 
Kentucky 56 6.224 38.744 40.903 
Illinois 43 -6.775 45.907 -70,360 
Wisconsin 48 -1.775 3.152 23,262 
Michigan 46 -3.775 14.254 -21.420 
Ohio 50 0.224 0.050 1.823 
Indiana 57 7.224 52.193 -29.630 
West Virginia 52 2.224 4.948 -10.800 
Florida 49 -0.775 0.601 -8.878 
Alabama 56 6.224 38.744 80.28:J 
Georgia 55 5.224 27.295 105.129 
South Carolina 57 7.224 52.193 82.713 
North Carolina 56 6.224 38.744 98.956 
Virginia 52 2.224 4.948 -77.085 
Maryland 40 -9.775 95.560 468.027 
Delaware 42 -7.775 60.458 181.375 
District of 9 -40.775 166.642 307.896 

Columbia 
New Jersey 40 -9.775 95.560 257.355 
Pennsylvania 46 -3.775 14.254 149.710 
New York 35 -14.775 218.315 736.966 
Connecticut 39 -10.775 116.111 531.518 
Rhode Island 32 -17.775 315.968 489.733 
Massachusetts 33 -16.775 281.417 903.823 
New Hampshire 48 -1.775 3.152 55.620 
Vermont 41 -8.775 77.009 292.457 
Maine 44 -5.775 33.356 10.254 

Note how this works. Pennsylvania's level of support for Bush was below 
the mean, so that the product of its difference from the mean is positive 
with other states where Bush's share of the vote is also below the mean. If 
similar results tend to group together (i.e., there is positive autocorrela
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Tabl(~ 7,6 lllkull1lioll\ lor Mor.lI1\ I for Pennwlvilnla" 

M/iN" huri IIN /1"/IIIHyl, l ll 11 ill. M·iJ.(hborillJ.( 


H/a/I' Y'I~ .v H/a/I', .vi .Y P/'Oduct 


( )hlll 	 a.77G (U!25 -0.8494 

:t775 2.225 -8.3994W"Mt Vil'Killill 
Mnr'ylulld -3.775 -9.775 36.9006 

1>(·lnwnw -3.775 -7.775 29.3506 

N!!w .JorHcy -3.775 -9.775 36.9006 

New York -3.775 -14.775 55.7556 

8 The same process is repeated for all 49 states-very much a job 
for the computerl 

tion), most such calculations produce positive values and the total will be 
positive. If unlike results are adjacent (negative autocorrelation), many of 
the local sums are negative, and the total will probably be negative. 

Other terms in the final calculation are less difficult to find. The number 
of zones n is 49, L L Wij is twice the number of adjacencies, determined 
earlier, 218), and the sum of squared differences is (Yi - y)2 is 
5206.531. The final calculation of I is thus 

I 49 9507.354 (7.41)5206.531 x 218 0.4104 

As for a conventional, nonspatial correlation coefficient, a positive value 
indicates a positive autocorrelation, and a negative value, a negative or 
inverse correlation. The value is not strictly in the range -1 to +1, although 
there is a simple correction that can be made for this (see Bailey and 
Gatrell, 1995, page 270). In the present example, the adjustment makes 
little difference: The result comes out a little higher, at 0.44. A value around 
0.4 indicates a fairly strong positive correlation between Bush votes in 
neighboring states. 

It is instructive to note that the equation for Moran's I can be written in 
matrix terms in a rather more compact manner as 

n yTWy 
(7.42)

LiLj yTy 

where y is the column vector whose entries are each Yi - y. In statistics, this 
is a common formulation of this type of calculation and you may encounter 
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it in the litm'ntul'o. 'l'hiM f(u'm also hints at the relationship betw(!(m MOI'IIIl'(O\ 

I and regrmll'!ion unnlYl'liH (see Chapter 9 and also Anselin, 1995). 

'. Geary's Contiguity Ratio C 

An alternative to Moran's I is Geary's C. This is similar to I and is calcu
lated from 

C 1 "Il "Iln L..-i=1 L..-j~l wu(y; (7.43)
-)2 2 "n ,'"- Y L..-i~1 L.....i I 	wii 

The concept is similar to Moran's I. The first term iH n vnrinnco normlll
ization factor to account for the numerical values ofy, The H(!cond tor'lll hUH 
a numerator that is greater when there are large differencoH b(ltwm'f1 udja
cent locations, and a denominator 2 L L wii that normalizcl'I for tho IHlIll 

ber of joins in the map. Calculation of C for the election data iH very Himillll' 
to that for I and results in a value 0.4289. This indicates n pOHitiVt' Hpntinl 
autocorrelation as before. However, C is rather confusing in thiH rOHpl'd: 1\ 
value of 1 indicates no autocorrelation; values of lel'm than 1 (but mM!! than 
zero) indicate positive autocorrelation, and values of more thnn t indicate 
negative autocorrelation. The reason for this is clear if you consider that the 
L Wij(Yi - Yj)2 term in the calculation is always positive but gives smaller 
values when like values are neighbors. Geary's C can easily be converted to 
the more intuitive ±1 range by subtracting the value of the index from 

Both the measured I and C can be compared to expected values for the 
independent random process to determine if an observed result is unusual. 
This is an involved procedure (see Bailey and Gatrell, 1995, pp. 280-282). 
Often, it is more appropriate and conceptually easier to determine the sam
pling distribution of I and C by randomly shuffling the observed y values a 
number of times (say, 100 or 1000) and calculating the measures for each 
set of shuffled values. The result is a simulated sampling distribution, 
which can be used to assess how unusual the observed values are. This 
approach is identical to that discussed in Section 4.5 for assessing an 
observed G, F, or K function in point pattern analysis. 

Using Other Weight Matrices 

An important variation that can be introduced to either of the indices above 
is to use a different weights matrix W. Variations on Wallow us to explore 
the autocorrelation structure of a data set, depending on different concepts 

I 
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of nd,iaconcy, I"or (lXltlHplll. WI' might. \11011' 1111 illVOfHI! t1iHtnnC(l woighting, HO 

thnt 

//Iv cl:, whero z· () (7.44) 

nnd cl iH 11 nWUHUl'l' Ill' the distance between zone i and zone j. With the v 
f'urth(lr (~III1Ht.I'lIillt that if dij is greater than some critical distance beyond 
whi(~h l.UlWH m'!! not considered neighbors, we have 

(7.45)Wij = 0 where >d 

Alternatively, we can weight zones adjacent to one another based on the 
length of shared boundary, so that 

I ..
El (7.46)

Wij = z: 
where li is the length of the boundary of zone i and lij is the length of 
boundary shared by areas i and j. A combination of these might also. be 

used, so that 

Wij = where z < 0 (7.47) 

The idea behind such variations on W is to adjust the summation at the 
heart of the correlation statistics according to the degree of relationship 
between areal units. For example, using the "length of shared boundary" 
approach, Pennsylvania and New York states would be held to have an 
important degree of interaction, but Pennsylvania's interaction with 
Delaware would be regarded as less significant. Note that this approach 
results in a non symmetric W matrix since Delaware is less significant to 
Pennsylvania than the other way around. This particular measure might 
help avoid some of the ambiguity of zones that only meet at a corner (in the 
United States, for example, this arises at Four Corners between Arizona, 
New Mexico, Colorado, and Utah). 

Of course, each alternative requires further calculations, and carrying 
out a whole battery of tests with different W matrices is computationally 
intensive. Furthermore, statistically testing such complex alternative 
matrices will certainly require simulation of the sampling distribution for 
the statistic, which is also computationally intensive. On the other hand, if 
you are going to pursue this sort of research, it is computationally intensive 
anyway! 
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Lagged Autocorrelation 

One variation on the weights matrix W that deserves particular mention is 
Zag{J6d adjacency. This is the idea that rather than test for correlation 
between immediately adjacent zones, we examine whether or not there 
are correlations between zones at different lags. Zones adjacent at lag 2 
are those that are neighbors once removed across an intervening zone. 
For example, California and Utah are neighbors at a lag of 2. Often, the 
lag 2 adjacency matrix is denoted W<2J, and for clarity, its elements are 
denoted w~). Unlike the various intermediate measures of adjacency dis
cussed above, this notion of adjacency can also be applied meaningfully to 
the joins count statistic. To find the lag 2 adjacency matrix, we manipulate 
the immediate adjacency matrix W exactly as described in Section 6.4 in the 
discussion of shortest path determination in a network. 

In theory we can determine all the measures discussed in this chaptof lit 
a series of different lags and thus plot the degree of autocorrelntion in 11 

study region as a function of lag. This may provide quite complex infhrmll
tion about the study region (see Dykes, 1994). It is, however, Iikoly to be 
hard to interpret unless the underlying spatial effects are very markml. It iH 
also important to note that this sort of investigation is closely rolutml to the 
study of the semivariogram, as discussed in Chapters 2 nnd 9. 

7.7. LOCAL INDICATORS OF SPATIAL 
ASSOCIATION 

Finally, we consider briefly a development in autocorrelation statistics that 
has attracted a lot of research attention in recent years. As with point 
pattern analysis, the autocorrelation measures we have discussed thus 
far are also whole pattern or global statistics that tell us whether or not 
an overall configuration is autocorrelated, but not where the unusual inter
actions are. Just as when we looked at practical point pattern analysis in 
Chapter 5, it may be argued that this is often not what is really needed. Be 
they clusters of points or sets of areas with similar attribute values, what 
we need is a way of finding where in the study region there are interesting 
or anomalous data patterns. 

One possible remedy to the limitations ofglobal autocorrelation statistics 
is to use local indicators of spatial association (LISA). These are disaggre
gate measures of autocorrelation that describe the extent to which particu
lar areal units are similar to, or different from, their neighbors. The 
simplest measure of this type is another function called G, suggested by 
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(lotil, Itlld Orel (wmo, 'I'hil'l (lxpl'e'""!',, \.1\11 tutul ol'VUIUI'H ol'y Itl(~ul to u :r.OIW i 
aH n I'l'Ildion of'!.IlI' 1.0\.111 vnllll' of'y ill !.II!' ('Ilt.i'·t· Id.udy "t!gion: 

~ili0; 	 (7.48)
'\ '11 y.
L."i J I 

whore· u!(/ i" nil t!\t'mtmt in an adjacency or weights matrix as before. Ord 
unci (,oH" ( 1991)) and Bao and Henry (1996) develop a distribution theory for 
UliH HtlltiHtic under the hypothesis of a random allocation of values, In 
p1'lIctical applications, where the number of zones in a neighborhood is 
low in comparison to the number of areas, the exclusion of the point itself 
can lead to awkward problems, and a variant, G*, is sometimes calculated in 
the same way by simply including the zone's own value. These statistics are 
used to detect possible nonstationarity in data, when clusters of similar 
values are found in specific subregions of the area studied. 

As an alternative to the G statistics, Anselin (1995) has shown that both 
Moran's I and Geary's contiguity ratio C decompose into local values. The 
local form of Moran's I is a product of the zone z-score and the average 
z-score in the surrounding zones: 

I j Zi L wijZj (7.49) 
jiei 

In making these calculations, the observations, z, are in standardized form, 
the W matrix is row-standardized (Le., scaled so that each row sums to 
and the summation is for all) not equal to i. Recall that Zi = (Yi y)/s and 
you can see that this equation is related closely to the aggregate form of 
Moran's I. If this is unclear, compare the form above to calculation of the 
local value of Moran's I for Pennsylvania presented in Section 7.6 and 
tabulated in Table 7.6, The local form of Geary's contiguity ratio is simply 

Ci 	= L Wij(yj (7.50) 

Rather than testing significance, the easiest way to use these local func
tions is to map them and to use the resulting maps as an exploratory tool to 
raise questions about the data and suggest theoretical avenues worthy of 
investigation. This approach is particularly suited to larger data sets, so 
that if we were to apply it to the U.S. presidential election data presented 
earlier, it might be more useful to examine county-level data. Ifsignificance 
tests are required, simulation is necessary, and tricky corrections must be 
made for conducting multiple significance tests across many zones (see 
Anselin, 1995, for details). 
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The idoll of' n Im'l1l inliielltor of spatial association may be gtl,w,·uli:r.od 
further and iH not I'(~nlly new. Similar calculations have been routine n,r 
decades in image processing. In the restricted world ofraster GIS, Tomlin's 
map algebra operations of the focal type are another example (Tomlin, '.1990). We encounter some simple cases in Chapter 8 when we consider 
how slope and aspect may be calculated on a digital elevation model. 
Once we have the computer power, almost any classical statistic can be 
calculated as a local value (see Unwin, 1996, and Fotheringham, 1997, for 
comments on this emerging trend). All that is required is to insert a W 
matrix into the standard formulas and compute Ilnd map values of the 
resulting statistic. Fotheringham et al. (1996) exploit this idea to compute 
maps ofspatial variation in the estimated parameterH of It regr(~HHi()n model. 
They call this approach geographically weighted repression. An tJxnmple is 
provided by Brunsdon et al. (2001). We have no doubt that thiH Hingulllrly 
geographical approach will steadily find favor in many nrtHlH of (liS 
analysis. 

CHAPTER REVIEW 

• 	Area objects of interest come in many guises, with a ust!ful, although 
sometimes ambiguous distinction between those that ariHe naturally 
and those that are imposed arbitrarily for the purposes of data col
lection. 

• 	Area objects have geometric and topological properties that can be 
useful in description. The most obvious of these, but more proble
matic than it appears at first sight, is the object's area, but we can 
also find the skeleton, and attempt to characterize its shape. If there 
are many area objects in a pattern, measures of fragmentation are 
also used. 

• Autocorrelation is a key concept in geography, so much so that argu
ably a test for autocorrelation should always be carried out before 
further statistical analysis of geographical data. 

• We can develop a one-dimensional autocorrelation measure known as 
the runs count statistic, which illustrates the idea of the more useful 
measures used in geography. This statistic is based on counting 
sequences of similar values in a longer sequence and has different 
expected values for free and nonfree samples. The former is exempli
fied by flipping a coin, and any sequence of outcomes is possible. The 
latter is more typical in geography and relates to assessing the like
lihood of an observed arrangement or configuration of outcomes 
given the known total numbers of each outcome. 

http:gtl,w,�uli:r.od
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• 'l'htJ dirtlct unulu" ul'UlIII'IIIIM {~mlllt ill two (01' lIlOro) dinwnMionH iH the 
juinH ('mm I MtnLiMLic', 'l'hiM iM "ppli{~lIhl(J to binary data, Ulmully 
denotnd hy li Ihhll'kl Itllll W (whit(·" IIlld iH determined by counting 
tho nUlllhlll' of joinM of !'uch I)I)HHible type, wh(Jro a join is a pair of 
nlliJ,chhorillN' lII'cml unitH with the appropriate classifications. 

• 	 Bmltld Oil (\Mlimntod probabilities for each outcome, expected joins 
mmntM ,/1111 • •Jww • and J BW can be determined and used to assign z
Ht~OI'('H to the observed joins counts. Interpretation requires some 
CIII'O, Hincu a high z-score for the J BW count is indicative of negative 
Ilutocorrelation, and vice versa. 

• 	The usefulness of the joins count statistic is limited by its use of 
binary (i.e., nominal) classification. Alternatives are Moran's I and 
Geary's C, which may be applied to interval and ratio data. 

• 	Moran's I employs a covariance term between each areal unit and its 
neighbors. A value of 0 is indicative of random arrangement; a posi
tive value indicates positive autocorrelation, and a negative value 
negative autocorrelation. 

• 	 Geary's C uses the sum of squared differences between each areal 
unit and its neighbors. A value of 1 indicates no autocorrelation; 
values between 0 and 1 indicate positive autocorrelation, a1jld values 
between 1 and 2 indicate negative autocorrelation. 

• 	The use of different weights matrices, W, allows infinite variation in 
the measurement of autocorrelation. An important variant is lagged 
autocorrelation, which examines the extent to which units at differ
ent lags or ranges are like or unlike one another. 

• 	 For many autocorrelation measures, Monte Carlo simulation is the 
most appropriate way to determine statistical significance. In this 
context, simulation consists of randomly shuffling around the 
observed areal unit values, and recalculating the autocorrelation 
measure(s) of interest to determine a sampling distribution. 

• Recently, there has been interest in local indicators of spatial auto
correlation. These are used in an exploratory manner and may help 
to identify regions of a map where neighboring areas are unusually 
alike or different. 
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Chapter 8 
'. 

Describing and Analyzing Fields 

CHAPTER OBJECTIVES 

In this chapter, we: 

• Show how important fields are in many practical problemH 
• 	 Show how field data can be recorded and stored in a GIS 
• 	 Introduce the concept of interpolation as spatial prediction or estima

tion based on point samples 
• 	Emphasize the importance of the first law of geography in interpola

tion 
• 	Demonstrate how different concepts about near and distant or neigh

borhood result in different interpolation methods that produce dif
ferent results 

• Explore some of the surface analysis methods that can be applied to 
fields 

After reading this chapter, you should be able to: 

• 	 Outline what is meant by the term scalar field and differentiate 
scalar from vector fields 

• 	 Devise an appropriate data model for such data and understand how 
the choice of model will constrain subsequent analysis 

• Interpolate point data by hand to produce a field representation 
• 	 Describe how a computer can be programmed to produce repeatable 

contour lines across fields using proximity polygons, spatial averages, 
or inverse distance weighting 

209 
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• 	 ":xplllin why t.lWI'III IIwthoclH 111'1' to HOIlII1 oxtl'lll. arhitrw:v /lncl Hhould 
ho tl'l!utucl t~nr,'f'lIl1y ill /lily wCI!'k with 11 OIH 

• 	 Undt.rHl.nnd HII' icil'lI 0(' UH' Hlopl' IInd (tHIJI'ct IlH n Vl1ctor field given by 
th(1 firMt. cll'I'ivlltiVI' of' hpig-ht 

• 	 LiMt. unci d"HI'I'ih!' HOIlW typical processing operations using height 

1. INTRODUCTION 

In Chapter 1 we drew attention to a basic distinction between an object 
view of the world that recognizes point, line, and area objects each with a 
bundle of properties (attributes), and afield view, where the world consists 
of attributes that are continuously variable and measurable across space. 
The elevation of Earth's surface is probably the clearest example of a field 
and the easiest to understand since, almost self-evidently, it forms a con
tinuous surface that exists everywhere. In a more formal sense it is an 
example of a scalar field (it turns out that this apparently obvious fact is 
arguable; see later). A scalar is any quantity characterized only by its mag
nitude or amount independent ofany coordinate system in which it is mea
sured. Another example of a scalar is air temperature. A single number 
gives its magnitude, and this remains the same no matter how we trans
form its spatial position using different map projections. A scalar field is a 
plot of the value of such a scalar as a function of its spatial position. 

Scalar fields can be represented mathematically by a very general equa
tion, 

Zi = ((Si) = f(xi'y;) 	 (8.1) 

where f denotes some function. This equation simply says that the surface 
height varies with the location. 

DescrIbing and Analyzlng Fields 

Note on Notation andT~rl11lnp'q8Y 

BY4IIonventionjz is 
fiijl~as a 

1~~&I.As 


.. mperature, rainfall, or even 
height as a general term for any field 

Just by writing down this equation we have already made somo impor
tant assumptions about the scalar field. Depending on the phenomonon 
represented and on the scale, these may not be sustainable for real fiolclH. 
First, we assume continuity: For every location Si there is a measurablo Zi 

at that same place. Although this seems intuitively obvious, it is an assump
tion that is not always satisfied, Strictly, mathematicians insist thnt con
tinuity also exists in all the derivatives of z, that is, in the rates of change of 
the field value with distance. For a field representing the height of' Earth's 
surface, this implies that there are no vertical cliffs. Try tolling that to 
anyone who has gone rock climbing in, say, Yosemite or less dramatically, 
the Derbyshire Peak District! Second, we assume that the surface is single
valued. For each location there is only one value of z. This is equivalent to 
assuming that there are no overhangs of the sort that (a few!) rock climbers 
greatly enjoy. 

http:1~~&I.As
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(bo)( cenflnu'" 
• 	In studl•• of radio and radar propagation by the moblle.telephone 

Industry or military
• tn Flhoto.reallstlc slmulatlons In both arcade games and in serious 

applications such as flight simulation 
• 	In terrain-guided navigation systems to steer aircraft or cruise missiles 
• 	In landscape architecture to map areas visible from a point (or view-

sheds) 
S}fsfemstopredtctthe flUXElSof enerw 

"' 	 .".. • ~ ",,\, A' 

In fact, scalar fields are found and analyzed in virtually all the sciences. 
This has its benefits, in that there are well-developed theories, methods, 
and algorithms for handling them. There is also a downside, in that the 
same concepts are often reinvented and given different names in different 
disciplines, which can lead to confusion. 

O.lCrlblns and Analyzlns Fields 

For the examples of scalar fields you suggested In the preceding exercise, 
what Is the meaning of the equivalent vector fields? If we have a scalar field 
of temperature, what does the vector field represent? How can the atmo
spheric pressure field be used to predict the vector 

·1bur local science IiRra:fY9ri9~~kshop wm· have lots Otb~I<S;w~Ata:!:'~nd 
vector fields Iqtb~m~~h~ati~sectjon. A good one is 
and Vec;tQf Fl~I4s~.iA.f!hY$Jl:iJf·llfterp,etation. 

8.2.MODELlNG AND STORING FIELD DATA 

As for other spatial object types, how a field is recorded and storml in n GIS 
can have a major impact on the spatial analysis that is pOHHible. For fitlldH, 
there are two steps in the recording and storage process: sampling thll renl 
surface and employing some form of interpolation to give a continuous sur
face representation. In this section we briefly consider surface sampling bllt. 
concentrate on five approaches to continuous surface reprmICntlltioll: 
digitized contours, mathematical functions, point systems, triangulated 
irregular networks (TIN), and digital elevation matrices mgM). E!l(~h of 
these generates a digital description of the surface that iH often called a 
digital elevation model. The initials also give the acronym 'DE M', which can 
generate confusion with a specific type of model, the digital elevation 
matrix. Details of simple interpolation techniques that may be used to pro
duce such continuous representations from sample data are covered in 
Section 8.3. The end product of sampling and interpolation is a field that 
may be visualized and analyzed (or processed) to attach meaning to the 
underlying data. A selection of processing operations commonly used in 
GIS is discussed in the concluding sections ofthis chapter. 

Step 1: Sampling the Real Surface 

Whatever field description and processing methods are used, it is necessary 
to acquire suitable sample data. These often strongly affect how a field is 
modeled and stored. There are numerous possibilities. Sometimes we have 
a series of measured values of the field obtained by some method of direct 
survey. For example, we might have the rainfall recorded at sites where 
rain gauges are maintained, or values/of air temperature recorded at 
weather stations. For Earth surface elevation, recorded values are called 
spot heights. A more general term is control point. In terms of the general 
equation Zi = f(si), control points are a list of z values for selected locations 
in some pattern scattered over the region. Increasingly, field data are 
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.1iIncquirod from Iwrhtlltllcl "Itt,(11I11,11 "1111101,., H(lI1Hillg pllltfiU'IllH, ofton yielding z 
valuoH ovor 11 rtl"ulnr' "rid of 1()(~lItiIllIH. In tllrmH of the basic field equation, 
this iH R Huluilon In tlw fhl'lll Of'1I rogulnr tllblo of numbers. Field data may 
also t){l ncqllit't1cl hy digiti1.illg tllo contourH on It map. Many mapping agen
cioN produc(! "l'idH of' height data that appear to have been measured 
diroctly hut whieh hnvo uctually been produced from a digital version of 
th(1 pt'tl(lxiHting topographic maps. In terms of the equation 

Zi = (Cs;) {(xi,yd 	 (8.2) 

digitized contours are solutions in the form of all the (x,y) values with 
various fixed z values-the contour heights. Since the contours may them
selves have been determined from a set of spot heights in the first place, 
such data should be treated with caution. 
~ Whatever the source, there are three important points to consider in 

relation to field data: 

1. 	The data constitute a sample of the underlying, continuous field. 
Almost always, and even if we wanted to, it is impractical to mea
sure and record values everywhere across the surface. I 

2. 	With the exception of a few relatively permanent fields, such as the 
height of Earth's surface, these data are all that we could ever 
have. Many fields or surfaces are constantly changing (think of 
most weather patterns), and only the values recorded at particular 
locations at particular times are available. 

3. Unless 	we go out into the real world and do the measurements 
ourselves, much of the time we have no control over where the 
sample data have been collected. 

~ Step 2: Continuous Surface Description 

As we have just seen, to represent any scalar field faithfully requires an 
infinite number of points. What determines the number of points actually 
used is rarely the surface itself but our ability to record and store it. Even in 
the almost ideal situation of Earth surface elevation, which in principle at 
least could be measured everywhere, practical considerations dictate that 
any information system would be unable to store all the data. Generally, a 
surface of interest has been recorded at a limited number of control points 
and must be reconstructed to produce what we hope is a satisfactory repre
sentation ofthe truth. Often, we can never be certain that the reconstructed 
surface is reasonable-for example, the air temperature on a particular day 
is no longer available, except in the form of the values recorded at weather 
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I, 

HtutionH. 'l'odIlY. I/ohody elln pOI-Isibly know the actual air temporatllrtl ut 11 

location where no record \Vas made yesterday. 
Reconstruction ufthe underlying continuous field of data from the limited 

eviden.e of the control points, called interpolation, is an example of the 
classic rmissing data problem in statistics. Whatever type of surface is 
involved and whatever control points are used, the objective is to produce 
a field of values to some satisfactory level of accuracy relative to th~ 
intended subsequent use of the data. It is therefore important to conside~ 
the possibilities for storing and representing a field before interpolation i If 
undertaken, since the representation adopted may affect both the choice 0 

interpolation technique (see Section 8.3) and the pOHsibiIities for subse
quent analysis (see Section 8.4). 

Several methods, illustrated in Figure 8.1, can be used to ruclU'd fidd 
data. Each of these is considered in the sections that follow. 

Continuous Surface Description: 1 Digitized Contours 

An obvious way of recording and storing altitude is to digitize and Htlll'(' 
contour lines from a suitable source map, as shown in Figure 8.la. Huch 
data sets are readily acquired by digitizing the contour pattllrn of 11 printlld 
map. Just as these ~ata are relatively easy to acquire, so they are eaHY to 
display by playing back the stored coordinates. Some surface processing 

o 
~"- ~ 
~. 

°0: 
(a) Digital contours (c) Surface random 
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(d) Surface specific (e) Regular grid of (f) TIN model 
point samples 

Figure 8.1 Methods of storing fields. 
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Op(lrutiOrH;, MlIt~h ItM UlII ('IIi<'lIll1tioll of tl\(l IIrOIlH "hove or bolow Hpecilicd 
hoightH, nrn ohvluuHly VIII'y .!IIHy to do with contour data. In production 
cartogrnphy (~lm(~"I'IWd wit.h t,opogr'llphil: mllpH, where most of the plotting 
iH of point or linll infhl'lllllt.ioll, thiH iN the prethrrod method, but for GIS 
nnalYMiM it. Mllm'rH fhull H(lV(!n~ limitationH. First, the accuracy attainable 

~	dtlpnndH 011 tlw HClllc~ of the original map, together with both the spatial 
(pllln) IInd vc'rtielll accuracy of the source map contours. Second, all infor
milLion 011 Hurfhcc detail falling between contours is lost. Third, the method 
ovm'Hllmples steep slopes with many contours, relative to gentle ones 
only a few. Finally, many processing operations, such as finding the slope 
or even something as apparently simple as determining the elevation of an 
arbitrary location, are remarkably difficult to automate from contour data. 

Continuous Surface Description 2: Mathematical Functions 

In some GIS applications, it is possible to use a functional expression such 
as 

Zi f(si) = f(xi,yd -12xr + 10XrYi - 14x;Yf + 25yr + 50 (8.3) 

This gives the height of the field at some location using an explicit mathe
matical expression involving the spatial coordinates. In principle the use of 
a single compact mathematical expression is a very good way of recording 
and storing surface information, since it allows the height at any location to 
he determined. Figure 8.1b shows a very simple example. A more complex 
case-in fact, the surface described by equation (8.3)-is shown in Figure 
8.2. Note that x and y are expressed in kilometers and Z in meters. 

120 
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40 
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Figure 8.2 Surface from equation (8.3), over a small range of (x,y) values. Note that 
the z axis is exaggerated fivefold. 

OelCrlblng and Analyzlngfllelds 	 217 I,: 

In thiH 1l1'1)!'OIl!:h, t.llI' pl'Ohlmn iH to find an explicit mathematical function, 
or series of ti..mctionH, thut interpolate or approximate the surface. By inter
polate we mean that the expression gives the exact value for every known 
control point, so that the surface it defines honors all the known data. In 
contrast, a function that approximates the surface may not be an exact fit at 
the control points and does not honor all the data. Sometimes-for example, 
in producing contour maps of earth surface elevation-interpolation is 
required since the observed height information is known exactly. At other 
times, when control point data are subject to significant error or uncer
tainty, or where scientific interest focuses on trends in the surface values, 
approximation is more appropriate. 

A mathematical representation of a surface has a number of advantages. 
First, since all that we need to know to reconstruct the surface iH the type of 
function and any associated coefficients, the method is a compact WHy of 
storing all the information. Second, the height at any location with known 
values of (Xi,Yi) can be found easily by substitution into the formula. Third, 
finding contour lines is only slightly more difficult, involving a revertml (If 
this process where all coordinate values with a specified z value are culcu
lated. Fourth, some processing operations, such as calculation of Hurfhc!' 
slope and curvature, are easily carried out using the calculus to difTorcmti
ate the function. The disadvantages of the approach lie in the oftcn arhi
trary choice of function used and a tendency for many functions to give 
values that are very unlikely or even impossible-for example, negative 
rainfall totals-in the spaces between data control points. It is also fre
quently almost impossible to derive a parsimonious function that honors 
all the data. A parsimonious function is one that does not use a large num
ber of terms in x and Y and their various powers. 

In most texts on GIS you will find little mention of this approach to sur
face description, but it is used more frequently than is often realized. In 
some.applications, use is made of complex functions to describe relatively 
simple scalar fields. The best example of this is in operational meteorology, 
where atmospheric pressure patterns are often stored and transmitted in 
this way. The approach is also used in the statistical approach to the ana
lysis of spatially continuous data called trend surface analysis, discussed in 
Section 9.3. Mathematical functions are also used in the method of locally 
valid analytical surfaces. From Figure 8.2 it should be evident that not far 
beyond this small region, the equation shown is likely to give extreme 
values. For example, at x 0, y = 2 the equation above gives z = 450, mak
ing for extremely rugged terrain. This is typical ofthe difficulty of finding a 
function that fits the real surface over a wide area. For locally valid sur
faces, this problem does not arise. The area covered by a field is divided into 
small subregions over each of which the field behaves regularly. Each sub
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region i", thtm dtl"'Cribnd by it,,,, own Illllt.lwlll11ticnI function. 'I'ho rllsu1tin~ 
of function", IIc(~UI'IlI,(!ly lUul l!col1olllicully represents the entir~ 

surfaC{l. 1<1f1{l(:tiv(lly. I,hi'" j", whllt i", dOl1o when a TIN or DEM description 
of a surlhc(\ i", mntollrml (HO(l b(llow). The ~eomorphologist Evans (1972) 
pr{lS{mtM ullot.ht\!' v("'Hion of this upproach. As a step in estimating the 
",Iopo Ilnd Il"'ptld of 11 IlIndfhrm surface, he fits local equations to DEM 
l1oij.{hhol'llOOdH, Pitch consisting of nine spot heights. 

Continuous Surface Description 3: Point Systems 

Representing a surface by digitized contours or by a mathematical function 
produces a compact data file, but both representations are, in a sense, dis
honest. What is stored is already an interpretation of the surface, one step 
removed from the original control point data. A third method avoids this 
problem by coding and storing the surface as a set of known control point 
values. This is a natural, compact, and honest way to represent a field. 
Under this general heading there are three possible ways of locating the 
control points, which can be called surface random, surface specific, and 
grid sampling: 

L 	In a surface-random design the control point locations are chosen 
without reference to the shape of the surface being sampled. The 
result, shown in Figure B.1c, is an irregular scatter of control points 
that mayor may not capture significant features of the surface 
relief. 

2. 	Surface-specific sampling is when points are located at places 
judged to be important in defining the surface detail, such as at 
peaks, pits, passes, and saddle points and along streams, ridges, 
and other breaks of slope. This is shown schematically in Figure 
S.ld where points along ridge lines and at a surface peak have been 

, 	recorded. The major advantage of this method is that surface
specific points provide more information about the structural 
properties of the surface. The spot heights on most topographic 
maps are examples of surface specific sampling systems, because 
heights are usually located at significant points on the land surface, 
such as hilltops and valley floors. 

3. 	 In grid sampling we record field heights across a regular grid of 
(x,y) coordinates. As we saw in Chapter 1, this is often recorded in 
a GIS as a raster data layer, and if the field of interest is the height 
of Earth's surface, such a set of data is called a digital elevation 
matrix (DEM), as shown in Table S.l and Figure S.le. 

Delcrlbln, and AnalyzlnS"Flelds 	 21' 

Tablc 8.1 A 10 .>i 10 Grid of Height Values in a DEM 

115 laO 144 162 160 141 133 130 130 1a2 
114 130 142 145 139 131 121 115 131 135 
116• 130 135 131 130 120 100 125 133 141 
l1S r 131 130 120 112 100 100 130 140 140 
120 124 119 lOS 100 95 100 130 139 136 
115 111 100 96 93 99 120 132 136 132 
107 100 96 93 93 100 125 140 139 129 
100 96 91 93 96 110 131 145 131 117 
92 91 90 94 100 120 1:-14 1:19 125 109 
85 85 91 100 108 118 129 125 115 102 

The advantages of grids are obvious. First, they give a uniform don",ity of 
point data that is easy to process and that facilitates the integration of other 
data held on a similar basis in a raster data structure. Second, spntilll 
coordinates do not need to be stored explicitly for every control point, 
since they are implicit in each z value's location on the grid. To locnto th(' 
grid relative to the real world, all that need be stored are the real-world 
coordinates of at least one point, and the grid spacing and orientation. A 
third advantage of grid storage is less obvious but is very important. In a 
grid we know not only each z value's position implicitly, we also know its 
spatial relationship to all other points in the data. This makes it easy to 
calculate and map other surface properties, such as gradient and aspect. 
Fourth, grid data can readily be displayed using output technology based on 
raster displays and can be processed using array data structures, which 
exist in most computer programming languages. 

The major disadvantages of grid data lie in the work involved in assem
bling them, the large size of the arrays required, and the difficulty of choos
ing a'single grid resolution appropriate across all of a large region. Because 
the number of points needed increases with the square of the grid's linear 
resolution, changes in either the size of the area covered or the resolution 
involved may be achieved only at great cost in extra data. For example, a 
standard 20 x 20 km PANORAMA tile from the Ordnance Survey of Great 
Britain, with 50-m grid resolution, requires that 160,000 values be 
recorded, but increasing the horizontal resolution to 25 m would require 
four times as many grid points (640,000). A tendency to oversample in 
areas of simple relief (consider, for example, an absolutely flat dry salt 
lake bed) is also problematic. A large grid interval that avoids this problem 
might seriously undersample the surface in areas of high relief. In practice, 
the grid interval used is bound to be a compromise dependent on the objec

http:ullot.ht
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tivoH of t.lw 141.\111:;, CllltoKI'lIplll'l'H t'llt'OIlIlt.m' Himillll' Pl'OhltHllH dwoHing H 
Hinglo cont.uul' illtllrvfll Uppl'lIpr'IIIt.I' Ihl' IIII'g'o mllp HerioH, 

Conlinuouc, Surface Description 4: Triangulated Irregular Networks 

A COIllIllOlII,Y lIHl'd alternative to the DEM is a triangulated irregular net
11I0l'h ('I'IN It illuHtrated in Figure 8.1f. These were originally developed in 
t./w purl.y 19708 as a way of contouring surface data but have subsequently 
hmm incorporated into a GIS as a way of representing a continuous surface 
based on a point sample. In a TIN, sample points are connected to form 
triangles, and the relief inside each triangle is represented as a plane or 
facet. In a vector GIS, TINs can be stored as polygons, each with three sides 
and with attributes of slope, aspect, and the heights of the three vertices. 
The TIN approach is attractive because of its simplicity and economy, since 
a TIN of 100 points will usually describe a surface as well as a DEM of 
several hundred, perhaps even thousands, of elements. 

In creating a TIN, for best results it is important that samples be 
obtained for significant points across the field, such as its peaks, pits, 
passes, and also along ridge and valley lines. Many GISs have facilities to 
do this taking as their input a very dense DEM from which very important 
points (VIPs) are selected automatically and used to build a TIN represen
tation. The set of points selected may be triangulated in various ways, but 
typically the Delaunay triangulation is used. This, you may recall, uses 
proximity polygons as its basis as described in Section 2.3. The triangular 
structure makes it relatively easy to render images of a TIN mesh and also 
to generate reasonably realistic images of terrain. As a result, the Virtual 
Reality Modeling Language (VRML) frequently makes use of TIN models of 
natural terrain. 

8.3. SPATIAL INTERPOLATION 

Spatial interpolation is the prediction of exact values of attributes at 
unsampled locations from measurements made at control points within 
the same area. In a GIS, interpolation is used to convert a sample of obser
vations made at a scatter of points into an alternative representation, typi
cally either a contour map or a digital elevation model. Since we usually 
have no way of confirming the true values of the field away from the control 
points, interpolation is a type of spatial prediction. The basic problem is 
outlined in Figure 8.3. 
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Figure 8.3 Interpolation problem. Sampled points are filled circles, where we know 
both the location s, and the height z, but we require the field height z anywhere in the 
region A-say, at the unfilled circle locations. 

first law of geography In relation to the 
interpolation or prediction. Tobler's law tells us that 

everything else, but near things are more related 
:<tobler, 1970) and, as we saw in Chapter 7, It appears 
spati~lautocorrelation. Now consider a field of data that 

'.. .' '. .................. ........ . ....... .......• ." 
.. r~$Qundlng: •. ·'·no.tl.·.Spatl~I>lnt~r~atitln .,. 

t~~,st Law Again 

ejtut()(:orrelated, to which Tobler's law did not~pply .. ls 
jeQS~t~l~fQrsuch a field? 

,¥9~·.lln$~e~~.a 
dep~nds.~H~p~ti~lC\Uto(;~rCel.a:tlonbeingpres~nt."f j~is n(jt~' '. 
~.j()t pos~i~!!--Qritis;,but w~mightju~tas weUguess. valtJ~ 
ov~.ra1t ~1$trJb'~9n.ofO~se~e8 \laIU~5, regardles:.olVi~~re .•... 

·t~tnr ..lot~~I~~.~e. vv~nt ..Ul.p~?i~t.An.,impOttant<;o~tept
;.~onls'ttla,tt!lffer~t.Jflterp6iJil;tit\)n 

"ne~ . 

The best way to introduce interpolation is to attempt it by hand. The 
boxed exercise takes you through an example. 
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Spatlll Interpolation by Hand alid Eye 

Th, data In FI.ur, 8.4 Ire spot heights of the average January temperature 
(OF) In a part of Alberta, Canada. Your task Is simple: Get a pencil (you will 
also need an eraser/) and produce a continuous surface representation of 
these data by drawing contours of equal tempera~ure (in climatology 
are called Isotherms). We sugg~st~hat you bear in mind 
doing this: 

Finished? It Is not as 

based on this exercise. 


.-6.6 

.2.4 .-7.9 
• Q4 

.1.0 
.1.7 

·3.1 
.2.5 

1.4
•.10~ .1~ 

• 5.0 

.12.6 .8.4 7.4 • 6.6 

• ·2.9 
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thus make different predictions about the unknown values in the spaces 
between the data pOints. Your solution may be a good one, but it Is also 
an arbitrary one. Without more information, the.(~ is .no way to be sure 
about which solutions are best. Are some~()j~~@~~:~~r~han others? Is 
therl a single best solutiQA? 

Second, because .thi~.I~.a .•M~p;Q~· 

confident that assump~~$.~t(:~~!

but what if the pr' .....' ' .' . " . 'depthdfa'higfl!~ 
and faulted stra do not hold? 

Third, if .Y9u !lmation about the weathKi:!r 
stations. would this have helped in 
theinte!pOfa. foie of prior knowledge in 
anyinterpof one of surface height and 

ntlt tell,J~r~~!J~~ lays that rise and fall down 
thelr.·fqq~Pf9f!l~i.·.· :.r;~~~e.sharp V-turns in the contour 
lin~sindi~~ti~gtirl f.J(lwere also told that the underlying 
roc~ W~ , '. .tr~~hard ·to give a Visual impression of 
roln 

FI [~)He accuracy of each isotherm line Is affected 
bYlnJ.lttl p:r$\~ndwltl not be consistent across the area mapped. It 
dep~ndS ~tlthe number and distribution of control points, the 
contour and more awkwardly. on the unknown character
istics ·of the 

Given the difficulty of manual interpolation, it is natural to ask if it is 
possible to devise computer algorithms that interpolate in a consistent and 
repeatable way. In the remainder of this section we introduce simple math
ematical approaches to this problem. In the next chapter we describe more 
complex statistical solutions to interpolation . 

It is useful to think of the problem of predicting field values at unknown 
locations in the following way. If we had no infonnation about the location 
of sample points, what estimate would you make of the likely value at 
another sample point? Basic statistics tells us that the best estimate (a 
technical tenn for "guess") is the simple mean of the sample data points . 
In spatial tenns, this is equivalent to the situation represented in Figure 
8.5. We make the assumption that all the unknown field heights have a 
single value equal to the mean, so that they fonn a single horizontal plane 
in the study area. 

In Figure 8.5, higher values of the data set tend to be in the foreground 
and lower values in the background. Using a simple mean to predict values 

.7.1 
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Mean 
height 

Figure 8.5 Not taking space into account in prediction. 

at unknown locations in this way, we are ignoring a clear spatial trend in 
the data. This results in a spatial pattern to our prediction errors, or resi
duals, with underprediction in the foreground and overprediction in the 
background. In other words, we know very well that the unknown values 
do not form a flat surface as shown. Instead, we expect them to exhibit some 
geographical structure, and making use of the spatial distribution of our 
samples and the first law of geography, we hope to be able to do better than 
this. 

Automating Interpolation 1: Proximity Polygons 

A simple improvement on the mean is to assign to every unsampled point 
the value at its nearest control point using proximity polygons. In terms of 

first law, this means that we are taking the idea of near to mean 
nearest. In a GIS this operation is carried out by constructing proximity 
polygons for the sample locations and then assuming that each has a uni
form height value equal to the value at the control point for that polygon. 
This technique was introduced almost a century ago by Thiessen (1911), 
who was interested in how to use rain gauge records to estimate the total 
rainfall across a region. 

The proximity polygon approach has the great virtue of simplicity, but as 
Figure 8.6 shows, it does not produce a continuous field of estimates. At the 
edges of each polygon there are abrupt jumps to the values in adjacent 
polygons. In some situations, this may be the best we can do. Whether or 
not it is appropriate depends on the nature of the underlying phenomenon. 
If step changes are a reasonable assumption, the approach will be fine. Also, 
remember that we may have no way of knowing the accuracy of an inter
polated surface, so this approach also has the virtue of making its assump
tions immediately obvious to someone using the resulting spatial field. 
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Figure 8.6 The "blocky," discontinuous results of an interpolation using proximal 
polygons. 

Smoother fields can appear to have a spurious accuracy that is unjUlo\tified 
by the observed d~ta. Finally, ifthe data associated with each location iH not 
numerical but nominal-say a soil, rock, or vegetation type-the proximal 
polygon approach is often reasonable and useful. However, bear in mind 
that processing nominal data in this way is not usually called interpolation. 

Automating Interpolation 2: The Local Spatial Average 

Another way to approach interpolation is to calculate local spatial means of 
the sample data points. In contrast to the approach illustrated in Figure 
8.5, the idea here is that it is reasonable to assume that the first law of 
geography holds, and to predict values at unsampled locations using the 
mean of values at nearby locations. The key question is: Which locations are 
nearby? The proximity polygon approach has already suggested one 
answer: Use just the nearest location. Each location is then assigned the 
mean value of its single nearest neighbor in the region. Since there is only 
one value, the mean is equal to that value. As we have seen, the resulting 
field is discontinuous. 

Instead of using only the nearest control point, we can use only points 
within a fixed distance of the location where we wish to determine a value. 
In Figure 8.7 the effects and problems of this approach are highlighted. 
three maps show the results from using successive radii of 250, 500, and 
750 m to determine local spatial means for the same set of spot heights. The 
most obvious difficulty is that because some locations are not within the 
chosen distance of any sample locations, it is not possible to derive a full 
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Slll'nIC(~ nil' till' Iltlldy "Pl«illll, A p"'(~OIl(1 pl'ohll'lll ill tlmt Imt:llUHt' points drop 
abruptly ill Ilnll 0111. uf tlw ('nh~lIlntion. tlw I'(lHulting li(~ld iH not properly 
continuOUH, 'PhiM iH 1ll0Mt ubviOlIH wlwll tlw mdiuH Ihr including points in the 
locnl 111(111n 1'I1I('lIll1l.ioll ill l'l'llltivdy Hmull. 

An nlt.(ll'IlIltiv(I 1.0 11 lilwd rndi Wl is to use an arbitrary number of nearest
noighhul'ing (~(Jlltl'Ol points, For example, we might choose to use the six 
n(1/1rtlHt. elllll.l'Ol points to calculate the local mean at each unsampled loca
tion. Itl'HUltH fill' u series of different numbers of near neighbors are shown 
ill I"igul'e 8,8 I'or the same control points as in Figure 8,7. This approach has 
Um udvantage that the effective radius for inclusion in calculation of a local 
mean varies depending on the local density of control points. In areas where 
control points are densely clustered, the radius is reduced, and where con
trol points are few and far between, the radius is increased. A potential 
advantage of this method is immediately apparent from the figure: All 
locations can have a value estimated, because all locations have three (or 
six, or however many) nearest neighbors. However, care is required here. 
For example, all the locations in the first part of Figure 8.7 for which there 
is no interpolated value have no control point closer than 250 m away. 
means that the interpolated surfaces shown in Figure 8.8 use control points 
all of which are farther away than 250 m to estimate values in those 
regions. This may not be very plausible in some cases. Another questionable 
aspect of both radius-limited and nearest-neighbor interpolation is that use 

locations within 250 m locations within 500 m 

Higher 

~ H.'g~ 

Lower 

locations within 750 m 

Figure 8.7 Interpolation using the mean of control points within 250. 500. and 750 m 
of locations to be estimated. 
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3 nearest neighbors 6 nearest neighbors 12 nearest neighbors 

HigherIHolg." 

Lower 

25 nearest neighbors 50 nearest neighbors 

Figure 8.8 Nearest-neighbor interpolation for the same data as in Figure 8.7. 

may be made of control points on only one side of the point to bc cHtimuted i I' 
it happens that the nearest control points are all in more or lCHH the sume 
direction. 

Radius-limited and nearest-neighbor interpolation have two points in 
common. First, the limit chosen is arbitrary, whether it be a distance or a 
number of nearest neighbors. Second, as the sets of values on which esti
mates are based increase in size, either by increasing the radius or the 
number of nearest neighbors included, discontinuous steps in the interpo
lated surface become smaller, so that a smoother appearance is produced. 
However, the appearance of smoothness is not real, since control points still 
drop in and out oflocal mean calculations abruptly. One side effect of this is 
that. it is difficult to draw plausible contours on these interpolated surfaces. 
Further, the larger the sets of control points we use for estimation, the more 
the interpolated surface becomes like the horizontal plane shown in Figure 
8.5. With a little thought you should be able to see that this is a spatial 
demonstration of the central limit theorem of classical statistics (see 
Appendix A). 

Automating Interpolation 3: The Inverse-Distance-Weighted 

Spatial Average 


So far we have taken little account.of spatial proximity except by choosing 
to use only control points judged to be near to calculate a local mean. A 

http:account.of
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further ,'(I(intlll1UnL t.hlll. luid"(I"'foII1foI t.hi", Cl'itidHIll iH to UHe inU('f'H(, diHtan('(' 
wl'i}(htiu}( whun d(lu1rminillJ,{ t.\wllH'un. 'l'hiH method formed the basis of the 
SYMAP computur' P"0J,{,'nm, whidl ill th(lolll'ly 1960s pioneered the applica
tion of cOmpUL(lrfol t.o !.Ill' pr'oeoHHing of Hputilll datn. SYMAP consisted of a 
fbw thOLHlIlIld Iinofol of' 1·'()[t'I'HAN code, hut a simplified version was pub
Iishod hy t1w g('IIlogiHt .John Davis (1973), and it has been reinvented sev
ernl tinwfol foIim~e then by others (see, e.g., Unwin, 1981, pp. 172-174). Rather 
thun w(·ighing all included sample locations equally, nearer locations are 
giv(11l mort! prominence in the calculation of a local mean. The simple mean 
(~U ku [ation is 

~ 1 m 

Zj = mL.,;!- '" Z (8.4) 


i=l 

where Zj is the estimated value at thejth location and r:Zi is the sum ofm 
neighboring control points. Implicit in this is that each control point within 
the critical radius is weighted 1 and all those outside it are weighted O. This 
idea can be expressed by making use of a matrix of interaction weights W of 
the sort discussed in Section 2.3 and used in the autocorrelation calcula
tions of Chapter 7, so that 

m 

Zj = L WijZi (8.5) 
i=l 

where each wij is a weight between 0 and 1 and is calculated as a function of 
the distance from ~i to the control point at Si' If the distance is denoted dij, 
an obvious function to use is 

1 
ex (8.6) 

This sets the weight proportional to the inverse of the distance between the 
point to be interpolated and the control point. Ifwe want to arrange for the 

values to sum to 1, we simply set each weight equal to 

1/dij 
(8.7)

wij = 1:::1 11dij 

Large values of dij where the control point is distant are thus given small 
weights, whereas control points at short distances are given a high weight
ing. 
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'['0 Hee how inVOI'H(' diHtllncl) weighting works, look at the situation shown 
in ~'igure 8.9. Here, we want to estimate the height of the field at the point 
shown as an open circle using the nearest four control points with z values 
of 10£, 100,96, and 88. Table 8.2 shows the calculations required. This gives 
the estimate required from the weighted sum as 95.63. The simple average 
of these four heights is (104 + 100 + 96 +88)/4 = 97, so the inverse distance 
weighted result of 95.63 is shifted toward the nearer, in this case lower, 
values. 

The mathematically inclined may have spotted a snag in this approach 
that must be handled by the software. The closer a point is to a data control 
point, the stronger its influence on the interpolation becomes. What hap
pens if a point is exactly coincident with a control point? The distance dij is 
zero and when we divide this into z, the height at the control point, the 
result is undetermined. Computers that try to do the sum will end up with 
their own version of infinity. Because of this problem, inverse distance 
approaches test for this condition, and when it occurs, they use the control 
value coincident with the point as the interpolated value. This is importnnt 
because it guarantees that the method honors every data point. In the 
jargon it is an exact interpolator. An equally important but less obviouH 
problem that arises from the mathematics is that thiA method cnnnot pn!
dict values lower than the minimum or higher than the maximum in the 
data. This is a property of any averaging technique that is restricted to 
weights between 0 and 1. 

4 

963

e1u:t DZ=?2 

88 

Control point. 

not used 


0-1 i I 
o 234 

Figure 8.9 Inverse distance weighting in spatial interpolation. 
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Table 8.2 Estimation U.,lng InVN\(' [)I\t.lncc Weighting 

C
point 

ontml IM#hI. 
z/ 

I J;H/(tIIl'l'. 

Il,; 

IIIII/'I'HI' 

diM/ltlll·e. 

l/du 
Weilfht. 

W'j 

Weilfhted 

Wijzi 

2 
a 
-1 

'I'utllli'! 

10-1 
100 
H6 

88 

:,U)OO 
1.414 
1.000 
1.000 

0.50 
0.71 
1.00 
1.00 
3.21 

0.1559 
0.2205 
0.3118 
0.3118 
1.0000 

16.21 
22.05 
29.93 
27.44 
95.63 

Inverse-distance-weighted spatial averages are often used for interpola
tion of surfaces in GIS. Given a set of control points, the first step is to lay a 
grid of points over the area. An interpolated field value is then calculated 
for each point on the grid. The interpolated values on the grid may then be 
isolined (or contoured) to produce a surface representation. Contouring the 
interpolated grid is relatively simple. Even with this simple technique there 
are at least four ways we could change the rules of the game so as to change 
the final contour map: 

1. 	Specify a finer or a coarser grid over which the interpolation is 
made. A very fine mesh will add a lot of local detail; a coarse 
mesh will produce a smoother surface. 

2. Following from 	the preceding section, we may alter the choice of 
neigh boring control points used. Whether we use nearest neighbors 
or a limited search radius to choose control points, as the number of 
control points increases, a smoother surface results. 

3. 	We can alter the distance weighting. In the example we used the 
actual distance, that is, 

1 
(8.8)wij ex d .. 

!I 

More generally, we can weight the distance using an exponent k set 
to some value other than the 1.0 implicit in equation (8.8). The 
resulting more gen~ral formula for weights is 

1 
wij ex 	 (8.9) 

Values of k greater than 1.0 decrease the relative effect of distant 
points and produce a peakier map. Values less than 1 will increase 
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th(! r'olutivo (Im·d. or dil;tant pointH and Htl100th the rmlUlting IlIUp. 
Whatever value of k is used, calculations are still arrangod to 
ensure that the weights sum to 1. .. Figure 8.10 shows two maps produced from the same data using 
7n 12 neighbors but with the weights given by both simple linear 
(left-hand) and distance-squared (right-hand) approaches. 
Although the general shape is much the same, there are differences 
between the two maps. In fact, many computer programs follow 
SYM~'s example and use k = 2, giving an inverse-distance
squared-weighting. Some years ago, one of us conducted trials 
using volunteers (students) to produce contour maps by hand and 
then worked backward to estimate the value of k they were using 
when contouring data. It turned out that k 2 was a pretty fair 
average. 

4. 	Finally, we can change the form of the distance weighting function 
used. One that is sometimes used is the inverse negative expontln
tial, given by 

kdijWij ex e-	 (8.10) 

It should be obvious that by changing any of the foregoing aspects of'the 
procedure, we can produce various reconstructions of a field from sample 
data. In most studies there is no simple way to test which reconstruction is 
the best result. Given the enormous range of possible interpolation 
schemes, which is best? The answer is that there is no universally best 
scheme. It is up to the analyst to make sure that the method chosen is 
suited to a particular problem (see Rhind, 1971; Morrison, 1974; Braile, 
1978). There are some ways that the issue can be addressed. One simple 
way is to rely on the evidence of the maps produced. Do they look reason
able? Alternatively, if a large number of control points are available, 

HigherIHelg"to 

Lower 

12 nearest neighbors 12 nearest neighbors 

w proportional to 1/d w proportional to 1/d 


Figure 8.10 Different inverse distance-weighted interpolation results. 
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anothm' Ilpprolleh h4 to lIIo1ing II HuhHllt of th(, dutn lInd 
to examino (lrrnrM ill till' 1'111HlIt, Ill, Uw (~ontrol pointH. The preferred 
intcrpolutioll giVCH the Hmallest errors. A 
moro complnx UHOH diHtance weighting and 
that in Hlmw dl'(~lImHI,lIllcmj can produce better results, is examined in 
Section H.4, 

Rollltiv(l to Ilonweighted schemes, one other point is worth making. As 
notml 1)l'oviouHly, the apparent continuity of the surfaces in Figure 8.8 is 

because the points included in each spatial average drop in and out 
of calculations abruptly. Inverse distance weighting changes this, so that 
the surface produced really does vary smoothly and continuously. This 
makes contouring of the interpolated surface from inverse distance weight
ing possible, as shown in Figure 8.10. 

Automating Interpolation 4: Even More Options! 

There are many other ways to interpolate a surface. Space and time don't 
allow us to go into these in detail, but mention should be made of three: 

1. 	Some GISs offer as an option a method known as bicubic spline 
fitting. This is a mathematical technique that finds contours that 
are the smoothest possible curves (in two dimensions) that can be 
fitted and still honor all the data. Logic suggests that this is a 
sensible, conservative approach. However, you should be aware 
that in regions where there are no nearby control points, this 
method can produce some very unlikely predictions. 

2. 	Multiquadric analysis is a method developed by Hardy (1971) for 
application to topography. In many ways it is similar to the method 
of density estimation we applied to point data, in that it centers a 
varying-sized circular cone (a special case of a quadric surface) on 
each of the n control points in the data. The cone sizes are them
selves estimated so as to satisfY a ~eries of linear equations 
ensure that they honor all the data points exactly. The value at 
any point is then expressed as the sum of all the contributions from 
thes~ quadric surfaces. We know of no GIS that implements this 
approach, but it has been much used in the interpolation of rainfall 
data and is relatively easy to program. 

3. 	One other interpolation technique deserves specific mention 
because it is used widely for terrain modeling and representation 
and is especially relevant when the intention is to use the repre
sentation in computer visualizations. A triangulated irregular net
work (TIN) model can be used to interpolate a z value for any 
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locatioll thllt. iH illHide 11 triangle in the triungulation. We Himply 
assume thut each triangle is a flat facet and assign a z value to 
locations inside the triangle, based on this assumption. Figure 8.11 

'.illustrates how this works. 
~ In the triangle ABC, the field height at the open circle is esti
mated as a weighted sum of the known heights at A, B, and C, with 
weights proportional to the areas of the three smaller triangles. 
This is effectively an inverse-distance-weighted approach based 
on thE1 position of the unknown location in the surrounding triangle 
of points. 

All these methods are similar to inverse distance weighing in that they 
are deterministic. In every case they assume that the data at the control 
points are exact and they use a mathematical procedure to do the interpola
tion. Given the data and the method, including any parameters, such as In 

and k, in a nearest-neighbors inverse distance approach, the results arc 
uniquely determined. You may argue about the parameters chosen, but 
the results are verifiable and repeatable. An alternative is once again to 
use ideas about random processes and interpolate using statistical methodH, 
as discussed in Ch~pter 9. 

Spatial interpolation is calculation-intensive, and using a GIS to do the 
work, you must be careful to ensure that the methods you use are appro
priate for your specific problem. One problem that cannot be addressed 
adequately by any of the techniques discussed above is that sampled data 
points are not randomly distributed in space. You should consider the 
effects of this on the solutions obtained. For example, often sample points 
are denser in areas where people gathering the data felt it necessary. This 

happen with mining surveys, for example, where more detailed 
investigations are carried out in promising areas. With climate data, sam-

A~B 

C 

, ''~', ' , 

Figure 8.11 1nterpolation in a TI N surface representation, 
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pie points may Im morll dlllHlHly dust(!r<lIi rlOlll' conters or populutiorl. 
Unsamplod locntionM in 10HM dmlM(lly Mllmplod regions are inherently leHH 
well detin(ld thnn thOM(l in Il\oro dClnMClly sampled regions. ThiH is an impor
tant point to rmnmnh!'I' wlwn !'('viewing the reHults of any interpolation 

procedur(l, 

Interpolation &nd·pensity Estimation 

8.4. DERIVED MEASURES ON SURFACES 

In most investigations, creating a continuous field by interpolation is a 
means toward an end. We might, for example, want to know the field values 
for an ecological gap analysis where observations ofthe incidence of a plant 
or animal species are to be related to environmental factors such as average 

Deseriblng llnd Analyzlng "FIelds 2J5 

.January t(!tllpm'utut'(ls 01' mean unnual rainfall. In addition to this diroct 
lIMO or interpolated vulues, it is sometimes necessary to derive measures 
thut provide additional information about the shape of the field. 

Alt,hough scalar fields are of interest in most branches of geography, 
phYSIcal geographers have tended to develop most of the available methods 
for summarizing and describing them. Geomorphologists interested in land
form have analyzed elevation fields, deriving useful information from prop
erties such as average elevation, the frequency distribution of elevation 
values, and landform shape as described by slope and aspect. Similarly, 
climatologists analyze atmospheric pressure fields to derive the predicted 
geostrophic wind, while hydrologists find the total baflin precipitation from 
a field of precipitation depths. Often, the same, or similar, methods have 
been developed and named independently, and there is nn (mormous vari
ety of possible ways ofdescribing surfaces. In the following account, we elmll 
with a representative selection of descriptive and analytic m(lUSUr(lS of sur
faces. Most of these have immediately obvious interpretations in tho cOlltmct 
oflandscape (Le., fields of elevation values), but many are also npplicnblo to 
other fields. 

Relative Relief 

Perhaps the simplest measure used is relative relief, which is the height 
range from the lowest to the highest point over some clearly specified area. 
A map of relative relief over a network of small grid squares gives a useful 
indication of the roughness of the surface. Prior to GIS and the widespread 
availability of accurate DEMs, relative relief was assessed by a variety of 
labor intensive methods (see Clarke, 1966). In a DEM, relative relief is easy 
to compute. All that is required is to work across the grid, finding for each 
grid square the maximum and minimum height values within some defined 
neighborhood around that grid cell. 

The Area/Height Relationship 

Plots of the proportion of area at differing heights have been used a 
great deal in geomorphology in attempts to detect the existence of flat 
planation surfaces (for reviews of the numerous available techniques, 
see Clarke and Orre11, 1958; Dury, 1972). These can easily be derived 
from a histogram of height frequencies taken directly from a DEM. The 
ability to produce such frequency distributions is often available in GIS 
that handle raster data. 
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Slope and Gradient 

A critical qllllntity wlwtl eOl\si(h~ring altitudo is the slope of the ground 
Hurfuc(l. ThiM Ilhviollldy ufli"ds how easily wo can walk up and down and 
is Il koy vllrillhlo in Uw visuulizution of real landscapes. It is also central to 
un enormous mngo of ocological and geoscientific applications in GIS. 
Mlltholllllticuily, the slope is the maximum rate of change of elevation at 
11 point Ilnd is culled the gradient of the field. The left-hand side of Figure 
H.12 iH a contour map of a hill whose summit is at 500 m elevation. Suppose 
thut we walk up to it from A, which is at 100 m. On the walk we ascend 
through a vertical interval of 400 m and walk a plan view distance of 3 km. 
The geometric tangent of the slope angle from A to B is thus 

I vertical interval 400 = 0 133 (8.11)tani 3000 . 

which is equivalent to an average slope angle of around 7.5°. We can specify 
a slope like this in any direction across the surface. Notice that this slope 
angle applies only along the direction AB and so is a vector quantity that 
has both a magnitude (7.5°) and a direction (around 500 E of north). It 
should be apparent that slope can be measured in any direction. What 
GISs usually calculate when slope maps are produced is the slope in the 
direction of the steepest slope through that point. This is the slope down 
which a dropped ball would roll and is called the fall line by skiers. It is this 
slope that is termed the gradient of the field. 

To displa:¥ the vector field ofgradient properly needs either two maps, one 
for each of the magnitude and direction, or a single map on which are drawn 
slope arrows with their heads in the correct direction and with lengths 
proportional to the slop~ magnitude. An example is shown in Figure 8.13. 

:1>~m 

100 

Figure 8.12 Calculation of the slope angle for a surface. 
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'. 


Figure 8.13 Vector field visualized using arrows pointing in the down-slope dlrc~ction 
of the gradient. Contour lines of the scalar field are also shown. 

Producing maps of the gradient from digital data is not as e8!"Y us it might. 
appear. Although meteorologists have devised methods that w(H'k c1il'odly 
on a set of control points (Dixon, 1971), most analysts working in (lIH lIH(~ 
either a TIN or a DEM as the starting point. Compared to thl! Dl~M CIlHe, it. 
is easy to find slope and aspect at a particular location using a TIN . We 
simply find the slope and aspect attributes of the containing triangle. For a 
DEM the standard approach works across the grid point by point, calculat
ing the gradient for each location in turn. Any single calculation is another 
example of a local operation on the surface. 

Figure 8.14 shows a typical grid point, P, surrounded by eight other 
points, each ofwhich could usefully contribute information about the likely 
gradient at P. The different methods that have been proposed vary in how 
they use this information. The simplest way is to assume that the slope 
across the four grid squares that meet at P is an inclined plane, as illu
strated. The orientation of these can be specified by two slopes, one in the 
direction of the x-axis (ex), the other in the direction of the y axis COy). The 
slope in the x direction is estimated from the difference in the height values 
either side of P as 

tan ex = z(r, c + 1) - z(r, C - 1) (8.12)
2g 

where g is the grid spacing in the same units as the z values. Similarly, the 
slope along the y direction is 



238 

C 

219 CEOCRAPHIC INFORMATION ANALVSIS 

C 
CIf.-"-'l 

.~ "" 


q..~"-'l 

"" 
~ -"I 

~ 

~o-t\ 

<,,"
~o-t\ 

Figure 8.14 Estimating the gradient through a point in a DEM. 

tane = z(r + 1, c) - z(r 1, c) 
y (B.13) 

These two slopes can then be resolved by Pythagoras's theorem to give the 
gradient 

gradient at P = Jtan2 ex + tan2 ey (B.14) 

The direction or aspect of this gradient is found from 

tan a (B.15) 

In using this method one has to be confident that the original grid is suffi
ciently dense for the inclined plane assumption to be reasonable. It should 
be noted that use is made of information from only four neighboring points 
and the central point, z(r, c), is ignored completely. 

An alternative method using the concept of a locally valid analytical sur
face introduced in Section B.2 has been suggested by Evans (1972). Briefly, 
this works its way across a grid of values performing a local operation that 
approximates the surface shape across each set of four grid squares using a 

D••crlblng and Analyzlrt, Fields 

qUlldmtic polynomilll HlIl'fuel' fitted to nil nine relevant points. This is littod 
t.o observed heights by the method of least squares and is thus overdetm'
mined, since only six points are needed to define the polynomial, whereas 
nine are available. The result is that each quadratic is not an exact fit to the•
nine points, so that there are potential difficulties if the lack of fit were 
large. In fact, Evans reports that discrepancies are not serious, at least for 
elevation data. All that remains is to find the gradient of the locally fitted 
quadratic function. This is accomplished by direct differentiation of the 
equation of, the fitted surface. 

Many investigators use GIS-produced slope maps uncritically. By way of 
conclusion, two issues should be mentioned. The first is scale and the grid 
spacing of the DEM used. Technically, the gradient at a point is a mathe
maticallimit as the distance over which it is measured goes to zero, but in 
practice we evaluate the gradient over a distance equal to 2g, twice the grid 
spacing..This means that any measure obtained is an estimate of the true 
gradient at the point and will tend to smooth out steeper slopes and to miss 
detail in the surface relief. Second, many DEM data products are them
selves interpolated from contours, and to save on computer memory height 
values may be rounded to the nearest whole number of meters. In areus of 
low relative relief, the errors that this introduces in both aspect and slope 
values can be very large indeed. 

Surface-Specific Points and the Graph of a 

Surface 


Whatever method is used to find the gradient of a field, it will sometimes 
give a value of exactly zero indicating that the surface is locally flat. 
Examination of the formulas given in the preceding section indicates that 
a zero gradient occurs if, and only if, the slopes along x and y are both zero. 
This will be the case at the top of a hill or at the bottom of a pit. In the case 
of ridges and valley lines, the slope in at least one direction will be zero. Of 
course, if elevations are measured to high precision, the chance of two grid 
point values being exactly the same is very small. Usually, the precision of 

data is such that rounding z values to the nearest convenient integer 
generates apparently equal values. It follows that points with zero gradient 
will occur on most surfaces. Having no gradient also means that the aspect 
is vertically upward and thus cannot be mapped. Such points are surface 
specific and are of six types: 

1. Peaks higher than their immediate neighborhood 
2. Pits lower than their immediate neighborhood 
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:J. Hnddlt'H t.hllt. lie! Ill. t.llI' H(\If'-('I'ClHHin~ of' fi~lIro of' l'ight eIIntolll'H 
4. Rid~(l lint'H 

Il. ~'Int VllllCl,V hottolllH 01' ehlllllwlH 

6, PlninH t.hllt. ""(' flllt. in (,V(,I'.y direction. 


Algoril.hlllH hllv!' hmm developed for the automatic detection of surface
Hpecifie point.H. An interesting branch of surface analysis is to use the dis
trihul.ion of' pitH, Haddles,and summits together with their connecting ridges 
(f'1'01ll 11 Huddle to a peak) and channels (from a pit to a saddle) as a way of 
chllracterizing surface forms topologically. The lines connecting these 
Hurface-specific points form a surface network whose properties can be 
analyzed using graph theory (Pfalz, 1976). 

Catchments and Drainage Networks 

Two major aspects of a drainage basin are its topographic form and the 
topological structure of its drainage network. The manual quantification 
of these components is tedious and time consuming. Automated determina
tion is an ideal application of GIS technology, since watersheds comprise a 
method of partitioning space completely, and many environmental phenom
ena can be related to them. Furthermore, knowledge of drainage divides 
and drainage networks can be used to provide better estimates of slopes and 
aspects since slopes should break at divides and at channels. Determination 
df drainage networks and the associated drainage divides is an important 
first Htep in the creation Gf an effective hydrologic information system. 

A DEM contains sufficient information to determine general patterns of 
drainage and watersheds. The trick is to think of each grid height value as 
the center of a square cell and determine the direction of flow of water out of 
this cell by inspection of the altitudes of the surrounding cells. Algorithms 
to determine flow direction based on this idea g~nerally assume only four 
possible directions of flow (up, down, left, right, the rook's case directions 
from chess), or occasionally, eight possible directions (the Queen's case). 
Each possible flow direction is numbered. A typical algorithm sweeps the 
entire DEM labeling each cell by the assumed direction of water movement. 
Pits in the DEM are treated separately, usually by flooding them with 
virtual water until an outlet direction is found. To determine the drainage 
network, the set of flow directions are then connected with arrows. Since in 
natural systems, small quantities of water generally flow overland, not in 
channels, we may also want to accumulate water flowing downstream 
through cells so that channels begin only when a threshold volume is 
reached. 

Otlcrlblng and Analyzlnl Fields 

Hillllllllt.od dl'llinu~(' Iwt.workH cannot capture all the detail of' 11 reul 
Htreum network. For example, real streams sometimes branch downstream, 
which cannot occur using the method described. Second, the number of 
HtreBJl1s joining at a junction, known as the valency of the junction, is 
almost always three in reality, but may be as high as eight using an 
eight-direction algorithm. Third, junction angles are determined by the 
cell geometry in the simulation, but in reality are a function of the terrain 
and erosion processes. Fourth, in areas of uniform slope the technique gen
erates large numbers of parallel streams, where in reality streams tend to 
wander because of surface unevenness and the resulting junctions reduce 
the density of streams in such areas. As a reHult, the length of stream 
channel per unit of surface area, the drainage density (Hoe Section 6.3), is 
often too high in simulations. Some of these limitations can be overcome in 
considerably more complex dynamic models based on TINs (Ree, e.g., Tucker 
et al., 2001). 

Similar logic can be used to determine the watershed ofa point. 'fhiH iH an 
attribute of each point on the network and is given by the region upHtrealll 
of the point that drains toward it. Using a grid of flow directions developed 
as above, it is easy to find the watershed of any cell. Simply begin at the cell 
specified and label all cells that drain to it, then all which drain to thOl'le, 
and so on, until the upstream limits of the basin are defined. The watershed 
is then the polygon f~rmed by the labeled cells. 

Note that these'methods are not applicable in all landscapes. They per
form well on highly dissected landscapes of high drainage density and are 
better at modeling watershed boundaries than drainage channels. There 
are also many landscape types where simple approaches fail entirely. 

Viewsheds 

Another surface operation is the calculation of a visibility region or 
viewshed. Originally, programs were written to compute the line of sight 
from a point in a specified direction. As machines have become faster, it has 
been possible to extend these methods to estimate and map all the ground 
visible or at least potentially visible from a specified point. Viewsheds have 
application in the military, in routing unsightly constructions such as pipe
lines and electricity lines, and in landscape architecture, where they are 
used in studies of landscape attractiveness. Communications companies 
also use the technique to locate transmitter and receiver towers. 

Like finding gradient or determining surface-specific points, calculating 
the viewshed of a point is an operation conducted locally on each grid point 
in a DEM. Some algorithms replicate the manual method of drawing a 

http:Hillllllllt.od
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Herim; of' profii<IH rndially out. fl'Olll t.ho vi(~wpoint, marking on elleh t/w 
hiddtm !UlctionH, and I.IH'n t.ruIlH"ol'l'ing' t/WHP back to the blllm map. A Him
pIer mothod to illlplolllont. findH 1.110 interviHibility to all other pointH making 
up the DEM. An imaginary Jll'Ofile iH drawn from a viewpoint to every other 
grid point in tUl'n (t.o HOIIW limit determined by the scale of the DEM, earth 
eurvuturo, oLe.) and HuceeHHive heights along each profile where it crosses a 
grid lino 1If(~ liHted IInd used to determine whether or not the point is visible 
(HOO BUl'rough IInd McDonnell, 1998, for an overview). Algorithms for find
ing' viewHheds that use a TIN data model have also been described 
mP[<'loriani and Magillo, 1994). 

Surface Smoothing 

One other operation carried out on surface data is smoothing or general
ization. Typically, this is necessary when displaying a relief map at lower 
spatial resolution than that at which data were collected and stored. The 
standard approach to smoothing makes use of the idea of a moving average 
calculated across a field, where the height of every data point across a grid 
of values is replaced by the average of its near neighbors. Inevitably, this 
reduces the variance of the entire grid of values and results in a smoother 
map. The technique also has the potentially undesirable side effect of occa
sionally erasing significant hilltops and valley floors. More sophisticated 
algorithms avoid this problem. 

8.5. CONCLUSION 

Many important environmental phenomena, such as altitude, temperature, 
and soil pH, are interval or ratio scaled and form truly continuous single
valued scalar fields. However, in almost all cases our knowledge of the 
precise form of these surfaces) is limited to a sparse and inadequate pattern 
of control points where measurements have been made. Usually, it is pro
hibitively expensive to make measurements at all the locations where 
values are required for use in subsequent studies, so we must interpolate 
from the sample data to reconstruct the complete surface. 

Most GISs have capabilities to enable the creation of interpolated sur
faces at the click of a mouse. The intention of this chapter, at least in part, 
has been to persuade you that this must be approached with some caution. 
Depending on the approach used, very different results may be obtained. At 
the very least, find the system documentation and check how the system 
vendor decided to do the interpolation! Where the details are vague-for 
whatever reason-you should proceed with the utmost caution. 

Dllcrtblng and Analyzln) Fields 

Int.ol'pollltioll rOHultH r'olillnt on tho Hoer'ot inner' workingH of 11 pllrtieulllr 
(: IS IlI'e probubly leHH uHeful than contours hand drawn by a human export 
Hnd Hre certainly leHH uHeful than the original control point data, which at 

I(,UHt allows subsequent users to draw their own conclusions. Whenever you
'.Jlorfotm interpolation on field data control points, best practice is always to 
indicate the exact method used. 

CHAPTER REVIEW 

• 	Scalar fields are continuous, single-valued differentiable functions in 
which the attribute value is expressed as a limetion ot'locatio/l. 

• 	They can be recorded and stored in a variety of wayH, including 
DEMs, TINs, as explicit mathematical functionH, or using digitized 
contours. 

• 	Spatial interpolation refers to techniques used to predict the valull of 
a scalar field at unknown locations from the values and locationH of'1I 
set of survey locations or control points. 

• We 	can distinguish interpolation methods on the basis of how thoy 
treat the concept of near and distant samples and HO make UHe of the 
first law of geography. 

• A proximity polygon or nearest-neighbor approach is appropriate for 
nominal data"but results in a blocky or stepped estimate of the under
lying field, which may not be plausible for interval or ratio data. 

• 	The nearest-neighbor approach is extended by basing local estimates 
on spatial averages of more than one near neighbor. These may be 
chosen either on the basis of some limiting distance or on the m 
nearest neighbors. The resulting fields become progressively 
smoother as more, neighbors are included. Eventually, when all con
trol points in the study region are included, this is identical to the 
simple average. The interpolated surface does not necessarily honor 
the control points. 

• 	The most popular approach is inverse-distance-weighted averages 
that make use of an inverse power or negative exponential function. 

• 	Alternative interpolation techniques are based on bicubic splines, 
multiquadrics, and threading contours across a TIN. 

• All 	these techniques are deterministic in the sense that once the 
method and any necessary controlling parameters are set, only one 
solution surface is possible. 

• 	There are many ways that fields can be analyzed to assist in inter
pretation and understanding. These include calculation of the vector 
field given by the gradient, the identification of watersheds and 
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druillallt' IlI'tlllorkH, P;"fIIHIII'dH IlI'Clumj u point, nnd Hlllootlwd and 
Ilt.!Iwl'alizt'd VlI 1'1'1 i01l1'l , 

• 	It iH importunL to hll I..~UI·(lful 1Il'1ing' "out of the box" programs to per
fhrm Hputinl intlll'polllLion unleHH you undcrl:ltand the methods used. 

rung'l' of pOHHih1t1 outcomcs of interpolation make it important to 
(lxlll'dHO judg'lIwnt in chuosing which results to present, and why. 
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Chapter 9 

Knowing the Unknowable: The Statistics of 
Fields 

CHAPTER OBJECTIVES 

In this chapter, we: 

• Show how 	simple linear regression can be reinterpreted in matrix 
terms 

• 	 Outline how this enables the extension of regression to two or more 
independent variables 

• 	 Describe the application of multivariate regression where the inde
pendent variables are spatial coordinates: the method known as 
trend surface analysis 

• 	 Describe how the semivc,riogram can be used to describe the spatial 
structure of observed data 

• Describe 	interpolation by the method known as kriging in general 
terms, with reference to the discussion of least squares regression 
and the semivariogram 

After reading this chapter, you should be able to: 

• 	 Outline the basis of the statistical technique known as linear regres
sion. It will help, but it is not essential, if you can do this using 
matrices 

• Show how this can be developed using the spatial coordinates ofsome 
observations to give the geographical technique known as trend sur
face analysis 

• 	 State the difference between trend surface analysis and deterministic 
spatial interpolation of the type undertaken in Chapter 8 

246 

ICnowlnl the Unknowable: The Statistics of Fields 

• Implolll(lnL n t.r(Hld JoHll"fn{:e analYHiH uHing either thll Hupplitld func
tion in a (lIS or with any standard software package for statisticul 
analysis 

• 	Outline how the semivariogram summarizes the spatial dependence-. 
in some geographic data and can be used to develop a model for this 
variation 

• 	Outline how a model for the semivariogram is used in optimum inter
polation or kriging and be able to list some variations on this 
approa~h 

• Make a rational choice when interpolating field data between inverse 
distance weighting, trend surface analysis, and geostatistical inter
polation by kriging 

9.1. INTRODUCTION 

In Section 8.3 we examined some simple methods for spatial interpolution. 
All of these make simplifying assumptions about the underlying spatiully 
continuous phenomenon of interest, and all were deterministic in the HenAe 
that they used some specified mathematical function as their interpolutor. 
Many statisticians argue that deterministic interpolators are unrealistic for 
two reasons: 

1. 	Since no environmental measurements can be made without error, 
almost all the control point data have errors. Furthermore, mea
sured values are often a snapshot of some changing pattern, which 
means that we ought to consider their time variability. From this 
viewpoint it is ill-advised to try to honor all the observed data with
out recognizing the inherent variability. 

2. 	 In choosing the parameters that control deterministic methods, we 
make use of very general domain knowledge about how we expect, 
say, rainfall totals or temperatures to vary spatially. Other than 
this, these methods assume that we know nothing about how the 
variable being interpolated behaves spatially. This is foolish, 
because we have-in the observed control point data-evidence of 
the spatial behavior, and any sensible interpolation technique 
should make use of this information. 

In this chapter we examine two techniques for the analysis of fields that 
are statistical, rather than mathematical, in nature. The first, called trend 
surface analysis, is a variation on ordinary linear regression where speci
fied functions are fitted to the locational coordinates (x,y) of the control 
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puint duta in un uU.mnpL t.u upproximllt.(l tr(lndH in fiold hoight,.t, ucrOHH 
region of intllrmll. 'I'rond Hul'liw(l unulYHiH iH not widely used aH a basi!~ for 
intorpolution ()f HlIrfht~(\H. UIUlOUgh it is uHed occasionally as an exploratory 
method to giv(l u ruugh idl'u of the spntial paUern in a set of observations. 
The loJ()cond LechniquCI, culled kriging, attempts to make optimum use of the 
available control point. data to develop an interpolator that models the 
underlying phenomenon as a spatially continuous field of nonindependent 
rundom vllriables This approach also makes simplifying assumptions about 
IlWaHUrement variability, but at least it attempts to allow for it and also 
incorporates estimates of the data autocorrelation. 

In both cases, and unlike the methods introduced in Chapter 8, some 
measure of the error involved can be produced. Kriging is a sophisticated 
technique, used widely by earth scientists in mining and similar industries. 
There are many variants of the basic method, and we do not attempt to 
cover them all here. Ifyou can to grips with the basic concepts on which 
kriging is based, you will be well equipped to deal with many of the more 
specialized variations on the approach. Trend surface analysis and kriging 
are related, and one good way to appreciate the connection is to review 
simple least squares regression. This is done in Section 9.2, where we 
develop a matrix approach to regression that allows us to extend univariate 
regression to multiple independent variables. In Section 9.3 we show how 
we can then use linear regression to find if there is a relationship between 
observed values of a spatially continuous phenomenon and the coordinates 
ofthe locations at which they have been observed. Finally, in Section 9.4 we 
show how ordinary kriging can be considered to be an extension of these 
techniques but one that takes into account observable patterns of spatial 
dependence in the data set. 

9.2. REVIEW OF REGRESSION 

Simple linear regression is used when we have two sets of numerical data 
and we wish to see if they are linearly related. The assumption is that one 
set of measurements, x, is the independent variable, and the other, y, can be 
estimated for a given value of x according to the equation 

y bo b1x (9.1) 

Observed values of x and y are assumed to fit this relationship approxi
mately but with some error E, so that for each pair of observations of Xi and 
Yi we have 
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.1', bu +biXi+ f; (~U~) 

I"rom these two equutions it is clear that the error Ei or residual for each 
obs8;lOVation is the difference between the estimated and the observed value 
of y, that is, 

Ei Yi Yi (9.3) 

Least squares regression is a method that allows us to determine values of 
and b1 that produce a best-fit equation for the observed data values. The 

best-fit equation is the one that minimizes the total squared errors ET for 
observed values ofXi and Yi. It turns out that with just one independent and 
one dependent variable, the parameters boand b1 are easily calculated from 

2 
b _ a xy 

1 2 (9.4) 
axx 

and 

ji b1x (9.5) 

where the overbars represent the mean value of the observed values of x 
andy. This really is all there is to simple linear regression-it's that simple! 
Of course, there is a great deal more to understanding when the method is 
appropriate and when it is not, to assessing the strength of the relationship, 
and so on. 

Now, if we wish to extend linear regression to finding a relationship 
between observed values Yi of some phenomenon and two or more indepen
dent variables Xl> X2, ... , Xm , we are effectively hoping to find extra b para
meters, so that the function for estimating Y becomes 

Y = Do + + ... + biXi + ... + bmxm (9.6) 

Thus, for each extra independent variable Xi, we have an extra unknown 
regression parameter bi , to estimate. It will help to understand how we 
perform least squares regression in this case if we rewrite our original 
simple linear least squares regression as a matrix equation and show how 
it has been solved in the univariate case, This is mathematically quite deep 
but will help you see why matrices are so useful in statistical analysis. It 
also serves as a basis for our discussion of trend surface analysis. 
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Ho, nlturning tu U1(l (~ml(l uf'Milllphl lirwnr r'(!groHHion in only ono indepen
dent x vnriuhhl. giv(1II 11 OhMI!l'vutiol1H ofx IIncl'y we actuully have a system of 
equationR. OIW Ihl' (1lwh oh"mrvution IlH IhUoWH: 

)') bo + b)Xl + f:t 
Y2 bo+bI X 2 + f:2 

(9.7) 
Yi {Jo + +ej 

Yn bo+ bIxn + en 

The problem is to solve these n equations for the two unknowns boand bl . If 
there were only two observations, Y1 and Y2 at Xl and X2 there would be no 
problem: We would have two equations in two unknowns, and straightfor
ward high school mathematics can be used to solve two simultaneous equa
tions. Adopting the matrix approach described in Appendix B, we can write 
the problem as a set of matrix equations: 

Y1] = [1 Xl ] [bo] (9.8)
[Y2 1 X2 b1 

or, in matrix notation, 

y=Xb (9.9) 

and multiplying both sides by X-I we obtain a solution for h. However, this 
no longer works now that we have more than two observations in 

our data set. Each additional observation adds a row to both y and X: 

(9.10)= 

so that X is no longer a square matrix and cannot be inverted. Technically, 
the system of equations is overdetermined, meaning that different pairs of 
observations drawn from the data contradict each other, and lead to differ
ent solutions. 

Two geometrical ways of thinking about this problem are helpful and are 
shown in Figure 9.1. On the left-hand side of the figure the usual view of 
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b1 [~~]2 

Figure 9.1 Two perspectives on the regression problem. 

regression is presented. The problem of adding a further observation is 
clear-it means that we cannot draw a single straight line through all 
the (x,y) points. Each pair of points forms a different straight line. The 
problem is how to determine a single best-fit line through the points. On 
the rightchand side of Figure 9.1 a different perspective on the problem iH 
shown. To understand this perspective, we rewrite the matrix version of the 
original equation with only two observations as the vector equation 

] (9.11)n{~] + 

The solution to this equation involves finding the two values bo and b1 that 
together make the vector equality exact. The problem is to find a linear 
combination of the vectors [1 l]T and [Xl X2]T which sums to equal the 
vector fyl Y2]T. The answer is determined from the lengths of the sides of 
the parallelogram indicated by the dashed line. 

From this vector perspective the problem of adding new observations is 
that each new observation increases the dimension of the vectors, so 
with a third observation we have 

(9.12)[::J b{l +b{::l +[::l 

or 

Y bol+b1x+8 (9.13) 
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or 

y' Xbtll (9.14) 

The g(~oml!tr'y of the problem is shown in Figure 9.2. We have only two 
TvectorH 1 It 1 11'1' und x = [Xl x2 X3J to work with in attempting to 

reach tho vector y [Y\ Y2 Y3]T. Any two vectors form a plane, and linear 
combinutions of them can only reach points in that plane. Thus, unless the 
vector y happens to lie exactly in the plane formed by 1 and x, no linear 
combination will provide an exact solution to the equation. The best we can 
do is to find the linear combination of 1 and x that reaches the point in the 
plane right underneath y. The error vector in this view ofthe problem is the 
vector from this point in the plane to y and is the key to finding a best-fit 
solution for b. 

From the diagram we can see that the error vector is given by 

s=y-Xb (9.15) 

When the error is minimized, as we want it to be, it will form a right-angled 
triangle with the target vector y and the approximation to that vector, Xb. 
This is the basis of the least squares regression solution. Xb and y Xb 

[r:] 

[ 
X1] " 
X2 .............). 
X3 :" 

.l , 

E=y-Xb 
IIlItimate Xb = bo 

[] []~ + b1 ~~ 

Figure 9.2 Regression problem with three observations and two b parameters. 
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mU!'It be lit right Hngltl,." HO wo know that their dot product mUHl eqlllll1.l1ro 
(see Appendix B). Thi,., give!'! us 

'. (Xb)T(y Xb) = 0 
(9.16) 

(Xbly - (Xb)TXb = 0 

Recalling that (AB)T BTAT, we get 

bTXTy - bTXTXb = 0 (9.17) 

and some rearrangement gives us 

bTXTXb bTXTy 
(9.18) 

XTXb=XTy 

and now, multiplying both sides by the inverse ofXTX gives us the solution 
for b that we require: 

b = (XTxflXTy (9.19) 

This is the least squares regression solution that provides estimates of the b 
parameters. Note that this cannot be simplified any further because the 
nonsquare matrices X and XT are not invertible. 

The important idea to grasp here is that complete data sets-the x's and 
y's-may be considered as vectors in an n-dimensional space, and the use of 
vector-matrix mathematics helps us address the problem of approximately 
solving an overdetermined set of equations. 
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This matrix development of linear regression makes it possible to extend 
the approach to any number of independent variables, and hence b para
meters, simply by adding more vectors to the right-hand side of the equa-
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(box cont/l'tUft/) 

SO that 

36)(T)( III [1 .1 1] [1 1]12 (9.21) 
. 123 - 6 


The Inv.... of thl. I. 1 3 - [ 14] 
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tion, ult(lring Uw y, X mul h matrices accordingly. Whatever the Hiz(l Ill' 
these matriceH, Uw (lXpreHsion for b given in equation 9.19 always holds. 

Let's assume thut wc had seven observations and three independent vari
ablei!.' Then the X and y matrices become 

1 Xn XI2 XIS 

1 X2I X22 X23 

1 x3I XS2 XS3 

X 1 X41 x42 X43 (9.25) 

1 X5I x52 X53 

1 X61 X62 X63 

1 X71 X72 X73 

and 

Yl 

Y2 

Ys 

(9.26)Y= IY4 

Y5 

Y6 

Y7 

but the solution for b remains the same: 

b = (XTX) -IXTy (9.27) 

Of course, (XTXrI is now a 4 x 4 matrix and so a little harder to invert, but 
the same solution applies. This equation is the basis for all of multivariate 
regression. In the next section we show how it has been applied using 
location, s, as the independent variable. 

A number of the characteristics of regression become readily apparent in 
this geometric perspective on the technique. For example, the reason that 
the fit can always be improved by adding variables to a multiple regression 
model is that you have more vectors to work with in attempting to reach the 
y vector representing the dependent variable. Problems of collinearity are 
readily explained when you consider that the vectors representing two 
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highly corrolated vUrillbh.lH point in mor(l or \mu; the HanHl dil'llction, HO that 
their combined usefulness in fitting the y vector is limited. 

9.3. 	REGRESSION ON SPATIAL COORDINATES: 
TREND SURFACE ANALYSIS 

Tho methods we examined in Chapter 8 are all exact interpolators that 
honor the data control points. In this section we outline a technique called 
trend surface analysis that deliberately generalizes the surface into its 
major feature or trend. In this context, the trend of a surface is any 
large-scale systematic change that extends smoothly and predictably from 
one map edge to the other. Often, it is appropriate to consider this as a first
order spatial pattern, as discussed in previous chapters. Examples of such 
systematic trends might be the dome of atmospheric pollution over a city, 
the dome in population density over a city, a north-south trend in mean 
annual temperatures, and so on. The basics of the method are very simple. 
Recall, first, that any scalar field can be represented by the equation 

Zi f(s;) f(Xi,Yi) 	 (9.28) 

which relates surface height (z) to each location s and its georeferenced pair 
of (x, y) coordinates. As it stands, this is vague, since f denotes an unspeci-

I fied iimction. A trend surface specifies a precise mathematical form for this 
function and fits this to the observed data using least-squares regression. It 
is extremely unlikely that any simple function will exactly honor the 
observed data for two reasons. First, even where the underlying surface 
is simple, measurement errors will occur. Second, it is unlikely that only 
one trend-producing process is in operation. It follows that there will be 
local departures from the trend, or residuals. Mathematically, we denote 
this as 

Zi = f(s;) + Si 
(9.29) 

= f(Xi,Yi) + Si 

That is, the surface height at the ith point is made up of the fitted trend 
surface component at that point plus a residual or error at that point. 

The major problem in trend surface analysis is to decide on a functional 
form for the trend part of the equation. There is an enormous range of 
candidate functions. The simplest trend surface imaginable is an inclined 
plane, which can be specified as 
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,[, bn + blXi + b 2Yi + t:i 	 (O.:lU) 

Mathematically, the trend is a linear polynomial, and the resulting sur
face.is a linear trend surface. To calculate values for the trend part of this 
equation, we need to have values for the constant parameters ba, bl> and b2 

together with the coordinates of points of interest. These constants have a 
simple physical interpretation as follows. The first, bo, represents the 
height of the plane surface at the map origin, where Xi = Yi O. The second, 
bi , is the surface slope in the x direction and the third, b2 , gives its slope in 
the Y direction. This is illustrated in Figure 9.4. The linear trend surface is 
shown as a shaded plane passing through a series of data points, each 
shown as a circle. Some of the observed data points lie above the trend 
surface-those colored white-while others are below the surface and are 
shaded gray. The trend surface is the one that best fits the control point 
data observed using the least-squares criterion. It is thus exactly the Ramc 
as a conventional regression model, using the locational coordinates as its 
two independent variables. 

At this point the mathematical notation may become a little confusing. 
Because we are using Z to indicate surface height and Y to indicate the 
second coordinate iJ;l an (x,y) pair, for consistency with our previous discus
sions of the analysis of field data, the least-squares solution from the pre
ceding section now becomes 

b = (Xl'X) -lXl'Z 	 (9.31) 

Figure 9.4 Simple linear trend surface. 

http:vUrillbh.lH
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where it is understood that tho matrix X iN j.{ivon hy 

1 Xl Yl]
X .. : (9.32) 

[ ~ X~ y~, 


and the surface height z becomes the dependent variable, whose values 
form the column vector z. We apologize for any confusion that this 
causes-sometimes there just aren't enough letters in the alphabet! 

Figure 9.5 shows a series of spot heights across a surface to which a linear 
trend surface is to be fitted. The first step is to measure the locational 
coordinates (x,y). The second and third columns of Table 9.1 shows these 
values, together with the spot heights, z. 

The boxed section shows the required calculations, but for accuracy 
and to reduce the labor, this type of calculation would almost always be 
done using some standard computer software, or a built-in function in a 
GIS. 

100 
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Figure 9.5 Spot height data for a linear trend surface. 
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Tllble 9.1 Locational (x. y) and 
Height (z) Coordinates for the 
Data in Figure 9.5 

Point x Y Height, Z• 
1 36 13 5 
2 73 5 19 
3 40 39 15 
4 32 48 20 
5 64 16 25 
6 63 25 30 
7 21 69 35 
8 76 38 40 
9 53 89 45 

10 98 66 50 



2.0 211 GEOGRAPHIC INFORMATION ANALVSIS 

(box contlnu.d) 

Again, to save space, we have not written out each matrix In full. Note how 
a 3 x 10 matrix postmultlplled by a 10 x 3 matrix gives a symmetric 3 x 3 
result (see Appendhc B). The next step Is to Invert this matrix. Take our word 
for It that this Is 

1.058071437 -0.011959429 -0.007184489 

(XT 
[ 

-0.0071.84489 0.000.150252 

X)~1 = ... -0:01195~429 Q.OOO20~ 184 1.89607 x 10-5 

_ 
'(9,36) 

J\lttI~~&hw~.paV~~M t~w~~tltdftnj.tt~ tills. in~e~r.yo~ (it'$~t;~~ •... 
.. ·.·~~rtdi wl~~atDrnputed), f:10tic~. ~at~it.; r~~~n~man1 digits J~ :~~e worki"~i; .•• 

..~s:.pos$I~.~With thts rnipd,webaV'~: ~Iso snownthesmalL valtJ~ 
e:~pone:nt(l11Sf!tf$~J{1rm ..~ 1.89607 K10""'.MI.\I1Yi< 

.... ..•... . ... . ... .' . ·... ·T· . . ...........•....• .. i.!· 

.. ' . ... 

. .... 

(l.fr~~.~HIf~q~~~I)~~!~ 
...•.•. ?fusttl~Y\llrti~'~alf1ijte~ithatttle )(i.;matril(~hat arise~f' 

.•• iso~en.~Il~;nUfl1etlC~l~~ly$ts •• c~1j~II~':';i: 
. ; ..,J'T1~il'lgblll1drell~nc~ on acomputer, with itsfi~e(j In~.fi!'llte '.. 

.bu,rnerj~at·.~t~~I~n,~~metimes h~a.rdous.·1nversion of suchmatric~~ !=an be .•• ". 
~lfYis!!!n~~~.et~~vellsma.n <;hangesin .the el~ment vaJl.!es:~etenti9n.Q.f{l~;:; 

\, m'{~ .pr~?l.$i.~~...:, ..•. .....s., .• ...•....o~S .....I....•..•.. \...a... ~ ......•C......•....s....aga.••....••..... ~ .•. •..•. lb..e ...•· .•.•........E!.,... a..h .....t .. ~. O.fthe calculation\$; ti~e~efbf1;!:.:. f'.advlsable. ..... '.. ..... .....• ..• .,>; ....... i.' '. .'. 


To determine b, weals()~~d~T:&.whi~h: 15 ...... 

xTz::: [3~ 
13 
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(box continued) 

'" Again, to guard against numerical errors, we have retained as many digits as 
possible. Our best-flt, linear trend surface for InclIned 
Pine described by the . ; 

~~ , " 

~i~t:lt' is easier to 
required •. ~onto~r,~ai·
each ·CCl?.e~il1qlng .. , 
cro$$~~th~t~l~ 
r~l~gfQrmt!,*iH)

> '\ 

z· 

DraW a sQoare map frame with x and y 
produce contours of this linear 

equation (9.39). Set z at the 
each of J( and y at zero, In 

01 yvalue where the contour 
a'slmple, regular Inclined plane 

toward the north east of the frame. 

In some studies it is the form of the trend that is of major interest, while 
in other cases interest may focus on the distribution of the local residuals. 
From the previous equations it is obvious that these can be calculated as 

E:i Zi - (bo + b1Xi +b2yj} (9.40) 

That is, the residual at each point is given by the difference between the 
observed surface height at that point and the value predicted by the fitted 
surface. Maps of resi duals are a useful way of exploring the data to suggest 
local factors that are not included in the trend surface. 

Finally, it is also customary to derive an index of how well the surface fits 
the original observed data. This is provided by comparing the sum of 
squared residual values for the fitted surface to the sum of squared differ
ences from the simple mean for the observed Z values. This is better known 
as the coefficient of determination used in standard regression analysis, 
given by the square of the coefficient of multiple correlation, R2: 

R2 1 

(9.41)
SSE

1 

http:in~e~r.yo
http:t~w~~tltdftnj.tt
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where SSE stands for sum of sCJlwr(~d ('rrors nnd HHl Htundli fur sum of 
squared differences from mean. This index is used conventionally in regres
sion analysis and indicates how much of an improvement the fitted trend 
surface is compared to simply using the data mean to predict unknown 
values (as suggested in Figure 8.5). If the residuals are large, SSE will be 
close to SSz and R2 will be close to O. If the residuals are near 0, R2 will be 
close to 1. In the boxed example, R2 is 0.851, indicating a very close fit 
between the trend surface and the observed data. 

Whether or not this fit is statistically significant can be tested using an 
F-ratio statistic 

R2 /dfsurface (9.42)
F = (1 R2)/dfresiduals 

where d(~urface is the degrees of freedom associated with the fitted surface, 
equal to the number of constants used, less one for the base term bo, and 
dfresiduals is the degrees of freedom associated with the residuals, found from 

degrees of freedom (n 1), less those already assigned, that is, 
dfsurface. In the example, d(~urface 3 - 1 2 and dfresiduals 10 1 - 2 = 7, 
so that 

F 0.851/2 
0.149/7 

0.4255 (9.43) 
0.0213 

19.986 

This F-ratio indicates that the surface is statistically significant at the 99% 
confidence level, and we can assert that the trend is a real effect and not 
due to chance sampling from a population surface with no trend of the 
linear form specified. 

If this test had revealed no significant trend in the data, several explana
tions might be offered. One possibility is that there really is no trend of any 
sort across the surface. Another is that there is a trend in the underlying 
surface but that our sample size n is too small to detect it. A third possibility 
is that we have fitted the wrong sort offunction. No matter how we change 
the values of the b parameters in our linear trend equation, the result will 
always be a simple inclined plane. Where this does not provide a significant 

or where geographical theory might lead us to expect a different shape, 
other, more complex surfaces may be fitted. Exactly the same technique is 
used, but the calculations rapidly become extremely lengthy. Suppose, for 
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eXllmplo, lhllt W(I WiMh (,0 lil u dome or trough like trend IlCrOl-lH Lho Hludy 
area. The Ilpproprinlo function would be a quadratic polynomial: 

Zi = f(Xi.Yi) bo + b1Xi + b'2Yi + b 3XiYi + b4Xi
2 + b5Yi 

2 + 8i (9.44)• 

This is still a basic trend model, but there are now six constants, bo to bs, 
lo be found, and you should be able to see that X is now the six-column 
matrix 

1 	 Xl Yl XlYl Xl 
2 

(9.45)1 	 Xi Yi XiYi xr i 

2 2
1 	 Xn Yn XnYn Xn Yn 

so that the term (XTX) will be a 6 x 6 matrix; the inversion will be consid
erably more complicated and certainly not something to try to attempt by 
hand. Computer calculation of the b parameters is still accomplished easily. 
However, care is required in introducing many interrelated terms into 
regression models because of collinearity effects, and it is unusual to go 
further than using the squares of location coordinates. Further terms pro
duce yet more complex-cubic, quartic, quintic, and so on-surfaces, but in 
practice, these are seldom used (see Unwin, 1975a, for a discussion). The 
danger is of overfitting the trend surface. In fact, if we have n observations 
to fit, it is almost always possible to get a perfect fit by introducing the same 
number of parameters. This is because the vector equation form of the 
problem now has enough dimensions for an exact fit. However, the trend 
surface that results is unlikely to be meaningful. Other types of surface, 
including oscillatory ones, may also be fitted (for reviews, see Davis, 1973, 
or Unwin, 1975b). 

Summary Exercise: Albertan Example 

If you look carefully at the map of Albertan temperature that you produced 
in Section 8.3 for the data in Figure 8.4, there seems to be a distinct trend in 
these values, which increase the farther southwest we go. The complete 
data file is shown in Table 9.2. 

1. 	Enter these data into any standard regression package or spread
sheet able to compute multiple regressions and find the best-fit 
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Table 9.2 Temperatures in Alberta in 
January ("F) 

Control point x .Y z 

1 	 1.8 0.8 11.5 
2 	 5.7 7.1 12.6 
3 	 1.2 45.3 2.4 
4 	 8.4 57.1 -6.6 
5 10.2 46.7 -7.9 
6 11.4 40.0 1.0 
7 15.9 35.4 2.5 
8 10.0 30.9 7.1 
9 15.7 10.0 8.4 

10 21.1 17.5 5.0 
11 24.5 26.4 10.0 
12 28.5 33.6 3.1 
13 33.5 36.5 1.7 
14 36.4 42.9 0.4 
15 35.0 4.7 7.4 
16 40.6 1.6 7.2 
17 39.9 10.0 6.6 
18 41.2 25.7 1.5 
19 53.2 8.3 2.9 
20 55.3 8.3 2.9 
21 60.0 15.6 -0.9 
22 59.1 23.2 0.0 
23 51.8 26.8 1.4 
24 54.7 54.0 -6.3 

linear trend surface in which z is the dependent variable and x and 
.y are the independent variables. You should get the solution 

Zi = 13.164 - 0.120Xi - 0.259Yi (9,46) 

2. 	Substitute values into this equation to produce a trend surface map 
with contours at z = 0, 4, 8, and 12. 

3. 	Having done that, why not use a spreadsheet to find the values of 
the residuals and map them? 

This very simple linear surface fits the data surprisingly well, with an R2 
of 0.732 and an F-ratio of 28.6, which indicates that it is extremely unlikely 
to be the result of sampling from a totally random pattern of z values. We 
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haven't th'l liIint..,Ht idml why this surface is like it is but have no doubt that 
Canadian climutlllogisb; might provide an explanation! 

Whatever the merits of trend surface analysis, it should be obvious that it 
is a relatively dumb technique:-

• 	There will generally be no strong reason why we should assume that 
the phenomenon of interest varies with the spatial coordinates in 
such a simple way. 

• 	The fitted surfaces do not pass exactly through ("honor") all the con
trol points. 

• Although the control point data are used to fit a chosen model for the 
trend by least-squares multiple regression, other than simple visua
lization of the pattern they appear to display, the data are not used to 
help select this model. 

In short, the theoretical underpinnings of trend surface analysis are 
weak, although it has definite merit as an exploratory technique. Our sec
ond statistical approach to the analysis of field data attempts to remedy this 
underlying thebretical weakness. 

9.4. STATISTICAL APPROACH TO 
INTERPOLATION: KRIGING 

In Chapter 8 we reviewed some simple mathematical methods ofinterpola
tion, particularly the much-used method of inverse distance weighting 
(lDW), where the height of any continuous surface Zi at location Si is esti
mated as a distance-weighted sum of the sample values in some surround
ing neighborhood. The Achilles' heel of this approach was seen to be a 
degree of arbitrariness in the choice of distance weighting function used 
and the definition of the neighborhood used. Both are determined without 
any reference to the characteristics of the data being interpolated, although 
these choices may be based on expert knowledge. By contrast, in trend 
surface analysis we specify the general form of a function (usually a poly
nomial) and then determine its exact form by using all the control point 
data to find the best fit according to a particular criterion (least-squared 
error). In a sense, trend surface analysis lets the data speak for themselves, 
whereas IDW interpolation forces a set structure onto them. 

It would make sense ifwe could combine the two approaches in some way, 
at least conceptually, by using a distance weighting approach, but at the 
same time letting the sample data speak for themselves in the best way 
possible to inform the choice of function, weights, and neighborhood. 
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Kriginp is a .~tatiHtical int(lrpulntion nwthud thut iH optimal in the MllnH(l 
that it makes beHt UHO ofwhllt enn bo inferrod about the Hputial Htructure in 
the surface to be interpoluted from nn nnlllYHiH ofthe control point data. The 
technique wnH dovoloped in France in the 1960H by Georges Matheron as 
part of hiH theory of rtwionalized variables, which in turn was a develop
ment of methodH uHed in the South African mining industry by David Krige. 
The basic theory is nowadays usually called geostatistics and has been 
much developed from the original ideas and theories by numerous spatial 
statisticians. In this we section explain a little of how kriging works. 

The basis of interpolation by kriging is the distance weighting technique 
outlined in Section 8.3. Recall that for every location Si, we estimated an 
interpolated value as a weighted sum of contributions from n neighboring 
data control points. The neighborhood over which this was done was set 
arbitrarily by changing the number of included points, while the rate of 
decay of influence with distance was changed by arbitrarily varying an 
inverse distance function. In essence, all that kriging does is to use the 
control point data as a sample to find optimum values of the weights for 
the data values included in the interpolation at each unknown location. 

To interpolate in this way, three distinct steps are involved: 

1. 	Producing a description of the spatial variation in the sample con
trol point data 

2. 	Summarizing this spatial variation by a regular mathematical 
function 

3. 	Using this model to determine the interpolation weights 

Step 1: Describing the Spatial Variation: The 
Semivariogram 

The most important thing we need is a description of the spatial structure of 
the values at the sample locations, that is, of the degree to which nearby 
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locations huvo similnr vlllueH, or do not. This information is summarized in 
the semivari()pram. 

The semivariogram is a development of the idea of the variogram cloud 
introduced in Section 2.4. Recall that the variogram cloud is a plot of a 
measure of height differences against the distance dij between the control 
points for all possible pairs of points. This produces a cloud of points that 
may be summarized by breaking the continuous distance scale into discrete 
bands, called lags. For each lag we calculate a mean value. In Figure 2.9 a 
series of boxpl<;,ts, one for each lag, shows what this tells us. In the illu
strated case there is a trend such that height differences increase as the 
separation distance increases, indicating that the farther apart two control 
points are, the greater is the likely difference in their surface heights. A 
variety of indicators of height difference may be used in the variogram 
cloud. In Figure 2.9, the square root of the height difference was used. 
The squared differences in height between locations are called semivar
iances and are the important measure in the description that follows. 

A more concise description of spatial dependence than the variogram 
cloud is provided by the experimental semivariogram function, which is 
estimated from the sample data by the equation 

29(d) 1 	 L (Zi - Zj)2 (9.47) 
dij=d 

where y is the conventional symbol for the semivariogram. This equation 
indicates that the semivariogram y(d) is a function of distance d and is 
based on the average sum of squared differences in attribute values for 
all pairs of control points that are a distance d apart. The number of pair 
of points at separation d is n(d). Note that although technical1y this is the 
semivariogram and the quantities are the semivariances, in the literature 
and where the context makes it obvious, these terms are often shortened to 
variogram and variance. It is also worth noting the similarity between this 
measure and Geary's C measure of spatial autocorrelation (see Section 7.6). 
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In essence, the semivariogram is an application of llxnctly tilt! HIlIlHl i<i(Ju to 
control point data, with the additional provl!;ion that we wiHh to (lHtimute its 
value at a series of distances. 

It should be noted that the estimation procedure implied by the equation 
above is not straightforward. In particular, for a given distance d, it is more 
likely than not that there will be no pair of observations at precisely that 
separation. Therefore, as for the variogram cloud box plots (Figure 2.9), we 
make estimates for distance bands (or lags) rather than continuously at all 
distances. Thus the equation above should really be rewritten 

1 d+t:..j2 

2y(d) = L (Zj Zj)2 (9.48) 
n 

d ij =d-t:../2 

indicating that the estimate is made over pairs of observations whose 

separations lie in the range d - 6./2 to d + 6./2 where 6. is the lag width. 

It is also important to note that the form of the equations shown here 

depends only on the distance between observations-effectively assuming 

that the underlying phenomenon is isotropic, with no directional effects. 

For some data, this may not be a reasonable assumption. For example, 

the continuous field may have distinct parallel ridge~and valleys, so that 

semivariances are very different for pairs of observations along ridges as 


! opp~sed to across them. For such anisotropic cases, semivariance is a func

tion of the vector separation between control points, and equation 9.48 may 

be adjusted accordingly. 

Step 2: Summarizing the Spatial Variation by a 

Regular Mathematical Function 


Having approximated the semivariances by mean values at a series of lags, 
the next step is to summarize the experimental variogram using a mathe
matical function. The experimental variogram is an estimate, based on the 
known sample of control points of a continuous function that describes the 
way in which the height of the field changes with distance. Often, for rea
sons of mathematical convenience, the semivariogram is fitted to match a 
particular functional form that has appropriate mathematical properties. 
The task of finding the underlying function is illustrated in Figure 9.6. The 
data points in this plot are derived from the same data as Figure 2.9, but 
note again that we are now dealing with semivariances rather than square 
roots of the height differences. 

We will not discuss the fitting procedure in detail, but note that many 
empirical semivariograms approximate to a very general form, known as 
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Figure 9.6 Estimating a continuous function that models the semivarlogram. The 
data points are the empirical Or experimental estimates in each of 20 distance b.1nd... 
Dashed lines indicate possible smooth mathematical functions that might be fitted to 
these data. Note that the low values at lags 17 through 20 have been ignored here; 
see the comments in Section 2.4 for an explanation. 

the spherical model, shown in Figure 9.7. Key features indicated on this 
are: 

• 	The nugget, denoted co, is the variance at zero distance. In an ideal 
world one might expect this to be zero, since at zero distance all Z 

values should be the same, and hence their difference should also be 
zero. This is rare for the best-fit function to experimental data. A 
nonzero nugget may be thought of as indicating that repeated mea
surements at the same point will give different values. In essence, 
the nugget value is indicative of uncertainty or error in the attribute 
values. 

• 	The range, denoted a, is the distance at which the semivariogram 
levels off and beyond which the semivariance is constant. Beyond the 
range, pairs of points might just as well be selected at any separation. 
If the range in a data set is (say) 250 m, this means that it would be 
impossible to tell if a pair of observations were taken from locations 
250 m or 25 km apart. There is no particular spatial structure in the 
data beyond the range. 
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sill, Co + Cl 

~ " C1 

nugget, Co range, a 

Distance, d 

Figure 9.7 fitted variogram, with key features-the sill, nugget and range-
indicated. 

• 	The sill is the constant semi variance value beyond the range. The 
sill value of a data set may be approximated by measuring its total 
variance. 

The spherical model starts at a nonzero variance (Yo co) for the nugget 
and rises as an elliptical arc to a maximum value, the sill, at some distance, 
the range a. The value at the sill should be equal to the variance (i of the 
ft'tnctlOn. This model has the mathematical form 

y(d) = Co +Cl [~: - 0.5(~r] 	 (9.49) 

for variation up to the range a, and then 

(9.50)y(d) = Co +Cl 

beyond it. 
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Clearly, a fitted variogram model can only be an approximation to the 
spatial variation in a real data set. Despite its limitations, it remains a 
powerful summary of the overall properties of a spatial data set. A good 
idea of its summary power is provided by Figure 9.9. On the left-hand side 
of the diagram are a series of surface profiles with steadily increasing local 
variation in the attribute values. On the right-hand side of the diagram are 
the corresponding semivariogram models that we might expect. As local 
variation in the surface increases, the range decreases and the nugget 
value increases. Because the overall variation in the data values is similar 
in all cases, the sill is similar in all three semivariograms. The most distinct 
effect in these plots is the way that the semivariogram range captures the 
degree to which variation in the data is or is not spatially localized. 

According to two authorities, "choosing [semivariogram] models and fit
ting them to data remain among the most controversial topics in geostatis
tics" (Webster and Oliver, 2001, p. 127). The difficulties arise because: 

• The reliability of the calculated semivariances varies with the num

ber of point pairs used in their estimation. Unfortunately, this often 

means that estimates are more reliable in the middle-distance range 

rather than at short distances or long ones (why?), and that the least 

reliable estimates are the most important for reliable estimation of 

the nugget, range, and sill. 


I 
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Surface profile Semlvarlogram 

Figure 9.9 Typical spatial profiles and their associated semivariograms. All plots are 
on the same scales. 

• 	Spatial variation may be anisotropic, favoring change in a particular 
direction, as discussed in Section 2.4. In fact, based on the findings in 
Section 2.4, we should really consider using an anisotropic model for 
the data presented in Figures 9.6 and 9.8. It is possible to fit a semi
variogram that is a function of the separation vector rather than 
simple distance, although this complicates matters considerably. 

• 	Everything so far assumes that there is no systematic spatial change 
in the mean surface height, a phenomenon known as drift. When 
drift is present, the estimated semivariances will be contaminated 
by a systematic amount, not simply due to random variation. We 
explore this further in the next boxed section. 

• 	The experimental semivariogram can fluctuate greatly from point to 
point. Sometimes, for example, there is no steady increase in the 
variance with distance as is implied by most models. 

Knowln. the Unknowlbl.: Th. statistics of Fields 27. 

• 	 Muny of Uw pro!i.!I'!'m! functional formH fhr the variogram arc non
linear Ilnd cnnnot b() m~timated easily using standard regression soft
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How best to estimate the experimental semivariogram and how to choose 
an appropriate mathematical function to model it is to some extent a "black 
art" that calls for careful analysis informed by good knowledge of the vari
able being analyzed. It is definitely not something that you should leave to 
be decided automatically by a simpleminded computer program, although 
this is precisely what some GIS systems attempt to do. Many very experi
enced workers fit models by eye, others use standard but complex numer
ical approaches, and still others proceed by trial and error. 

Step 3: Using the Model to Determine 

Interpolation Weights by Kriging 


Now that we have seen how the spatial structure in data can be described 
using the semivariogram function, how can this information be used to 
improve the estimation of continuous data from sampled locations? 
Kriging is a technique for doing exactly that. To outline how the method 
works, we will look at only one type ofkriging, called ordinary kriging. It is 
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importlmt to r(lIllizl' frllll! the outHet thut kriging iH jUl;t anuther tbrlll of' 
interpolation by It wuighted Hum of local values. In kriging we aim to find 
the best combination of weights for each unsampled location, based on its 
Hpatij.l relationship to the control points and on the relationships between 
the c6ntrol points summarized in the semivariogram. To achieve this, it is 
necessary in ordinary kriging to make several assumptions: 

1. 	The surface has a constant (unknown) mean, with no underlying 
trend and hence that all the observed variation is statistical. 

2. 	The surface is isotropic, having the same variation in each direc
tion. 

3. 	The semivariogram is a simple mathematical model with some 
clearly defined properties. 

4. 	The same semivariogram applies over the entire area. Once trends 
have been accounted for, or assumed not to exist, all other variation 
is assumed to be a function of distance. This is effectively an 
assumption about stationarity in the field, but instead of assuming 
that the variance is everywhere the same, we assume that it 
depends solely on distance. For reasons that you may appreciate 
from Chapters 3 and 4 on point patterns, this is sometimes called 
second-order stationarity, and the hypothesis about the variation 
that it conceals is called the intrinsic hypothesis. 

We wish to estimate a value for every unsampled location s using a 
weighted sum of the Z values from surrounding control points, that is 

n 
A 	 ~ T (9.52)Zs W1Z 1 +W2Z2 + ... + WnZn = L..- WiZi = W Z 

i=l 

where W1, ... , Wn are a set of weights applied to sampled values in order to 
arrive at the estimated value. To show how simple kriging computes the 
weights, we use the very simple map shown in Figure 9.12. Although much 
of what follows is normally hidden from view inside a computer program, 
we think it is instructive to work through the detail of the calculation. 

It can be shown (see, e.g., Webster and Oliver, 2001, p. 152) that estima
tion error is minimized if the following system of linear equations is solved 
for the vector of unknown weights wand a quantity we introduce called a 
Lagrangian multiplier, denoted A. 

w1y(dn ) + w2y(d12 ) + ... + w n y(d1n ) + A = 

= (9.53) 
W1 y{dn1 ) + w2y(dn2) + + + A = 

1W1 + W2 + + Wn + 0 
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Figure 9.12 Data used in the example of ordinary kriging. The open circle shows the 
location whose value is to be estimated using a weighted sum of the seven 
surrounding control points shown as filled circles 1 through 7, along with their z 
values. 

where n is the number of data points used, each of the terms y(d) is the 
semivariance for the distance between the relevant pairs of points, and the 
last equation is a constraint such that the weights sum to 1. This is neces
sary to ensure that the kriging estimates do not have any systematic bias. 
This equation is much easier to represent in matrix form as the system 

y(d12 ) y(d1n )Y(~ll) ~l' [~ll = [Y(~lP)l (9.54) 
y(dn1 ) y(dn2 ) y(dnn ) 1 Wn y(dnp )[ 


1 1 1 o A 1 


which gives a standard system of linear equations 

A·w=b (9.55) 

that can be solved in the usual way, by premultiplying both sides by the 
inverse of A, to get the required weights: 

W =A-1 . b (9.56) 

There are some similarities here to least-squares regression where we use 
an augmented matrix derived from the data. However, in this case the 
entries in the matrices are based on calculating values of a fitted semivar
iance function according to the distances between the data control points. 
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Given It Hlllllivlll'illlll'l' fllildion for the surface we are interpolating, all 
required vlllum; ellll hI! dd(~rmined and the set of weights calculated. 

In our example tlwre are eight simultaneous equations, seven for each of 
the<litta points to be used and one to constrain the weights to sum to unity. 
To so1ve this system of equations for an unknown point we must assemble 
the matrices A and b, invert A to find A -1, and then solve for the weights 
and the Lagrangian in the vector w. The key quantities in both A and bare 
the semivariances given by our chosen model for the semivariogram, calcu
lated at the distances between the relevant control points. Normally, the 
semivariogram would be estimated from the data, but we assume that in 
this case it is known and is given by a spherical model of the form 

y(d) = Co + Cl [~~ - 0.5(~r] 
(9.57) 

= 0 100[~ _ 0.5(~)3]+ 2 x 95 95 

Thus there is\ no nugget semivariance (co = 0), and the sill has a value of 
100 at a range a = 95 units of distance. 

A Little Calculation 

Use a spreadsheet or hand calculator to compute the data needed and then 
draw a graph of this semivariogram model for distance d = 0, 5, ... ,100. 
How does the semivariance vary with distance? 

The matrix A can be assembled, starting with the matrix of distances 
between the control points: 

0 

44.10 0 

57.31 97.09 0 

49.52 60.07 105.60 0 (9.58) 

45.28 70.35 17.26 94.75 0 

56.92 62.65 41.23 103.94 27.46 0 

47.38 89.20 34.13 86.38 39.56 66.64 0 
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Since this matrix is symmotrical, W(l huy" liHj,oc\ only the lowol' triang"!. '<'01' 

matrix A each element in the matrix aboyo iH I'Oplllcod by tho l'Iomivarillnce 
at this distance, calculated from our hypothetical modo\. For nxamplc, the 
distance between sample points (1) and (2) is 44.10 coordinate units, 80 

y(d l2 = 44.10) = 0 + 100 x 44.1 = 64.63 (9.59) 

Doing this for all the distances and then augmenting the matrix by a row 
and column gives 

0 

64.63 0 

79.51 98.99 0 

71.11 82.21 98.06 0 
A= I 

66.08 90.77 26.96 100.00 0 
(9.60) 

79.12 84.58 61.01 98.63 42.15 0 

68.61 99.45 51.57 98.80 58.85 87.96 0 

1 1 1 1 1 1 1 0 

As before, we show only the lower triangle of the symmetric matrix. We 
have rounded the values in this matrix to two decimal places but have 
retained as many significant digits as possible in all our calculations. 
This means that you may see some discrepancies in the results if you 
work through this example using the truncated values in matrix A above. 

Similarly, the column vector b is assembled using first the distances from 
the unknown point whose value is to be estimated to the seven control 
points 

15.81 

47.30 

43.66 

65.19 1 (9.61) 

30.00 

41.98 

42.49 
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With tho HIIIlW mOl".1 lill' t.lw Hemivuriogrnm oxtrn 
row this giV(lH UH vnlul!H fClr b: 

24.73
• I 68.51 

64.08 

b=1 86.78 
45.79 I 
61.96 

62.61 

1 

The required inverse of A is (once again, take our word for 
again showing just the lower triangle of a symmetric matrix) 

-0.0148 
0.0043 -0.0103 

-0.0024 0.0003 -0.0236 
A~l 0.0038 0.0027 0.0023 -0.0092 

0.0048\ -0.0005 0.0161 -0.0020 -0.0298 
0.0003 0.0029 0.0008 0.0015 0.0097 -0.0144 
0.0040 0.0005 0.0067 0.0009 0.0016 -0.0008 -0.0129 
0.0261 0.2161 0.1220 0.2464 -0.0184 0.1953 0.2126 

(9.62) 

and once 

(9.63) 

Finally, premultiplying b by this inverse gives the weights vector as 

0.61930 

0.06193 

-0.03755 

-0.06694 
(9.64)

W = I 0.26715 I 
0.08617 

0.06993 

-0.79128 

Note that the seven weights sum to 1.0 as they should (ignore the last value 
in w-it is the Lagrangian multiplier). Just as in IDW interpolation, it is 
the nearest points that have the largest weight, with points 1 and 5 having 

most influence and the most distant (point 4) having the least. It 
remains to calculate the weighted sum of the control point values from 

-70.0065 
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11 

Zs = LWiZi 
1=1 

= 	0.619(15.2) + 0.062(12.1) 0.038(7.1) 0.067(21.8) f 0.267(3.8) 

+ 0.086(2.8) 0.070(10.1) 

10.338 	 (9.65) 

Notice that this is for a single unknown point on the field. For every other 
point at which we want to make an estimation, we will have to go through 
the final steps of the process again-calculating a new b matrix each time 
by measuring the distances, computing the semivariances, and computing 
the sum required. Mercifully, A-I will remain the same, at least ifwe define 
the neighborhood of each unsampled point to be all the available control 
point data. However, making use of the fact that distant points have very 
little, often constant weight, many systems compute a rolling estimate 
using just control points that are close to the unsampled point. 

This is only a small example, but you should be able to see several impor
tant points: 

1. 	Kriging is computation ally intensive. Ther~ will usually be many 
more samples, so that inversion of a considerably larger matrix 
than the 8 x 8 case described here would be required. As with 
many such processes that take place hidden from view inside a 
computer, there is a real danger that rounding errors in the arith
metic will become uncomfortably large (see Unwin, 1975a). 

2. 	You need a suitably programmed computer. Although some GISs 
offer semivariogram estimation,. mode ling, and kriging, most ser
ious workers in the field continue to use specialist software such as 
GSLIB (Deutsch and Journel, 1992), Variowin (Pannatier, 1995), or 

Webster and Oliver (2001) give a 
relatively accessible account with scripts for the GENSTAT pack
age. 

3. All 	the results depend on the model we fit to the estimated semi
variogram from the sample data and the validity of any assump
tions made about the height variation of the field. As we have seen, 
estimation of a semivariogram function is not simple and includes 
some more-or-Iess arbitrary decisions (how many distance bands? 
what distance intervals? what basic model to fit? what values to 
take for the sill and the nugget?). Different choices lead to different 
interpolated fields, and it is often the case that we will have 

lC"owIn. the Unknowable: The Statistics of Fields 

IlO ,'OUI'401l 1.0 !i.VOI· one over another. l"ortunately, "even u 
crudely doh'l'llIilwll Het of weights can give excellent results when 
applied to dntll" (Chiles and Delfiner, 1999, p. 175; see also Cressie, 

.• 1991, pp. 289-299). 
4.~	As with mmlt things statistical, it helps if you have a lot of data 

(large n). The more control points, the more distance pairs there 
are to enable the semivariogram to be estimated and modeled. 

5. 	If the correct model is used, the methods used in kriging have an 
advaI;ltage over other interpolation procedures in that the esti
mated values have minimum error associated with them, and 
this error is quantifiable. For every interpolated point, an estima
tion variance can be calculated and depends solely on the semivar
iogram model, the spatial pattern of the points, and the weights. 
This means that not only does kriging produce estimates that are in 
some sense optimal, it also enables useful maps to be drawn of the 
probable error in these estimates. 

6. Finally, 	 there are other forms of kriging that make different 
assumptions about the underlying surface and the nature of the 
data used. We have discussed ordinary kriging, and mentioned 
universal kriging, which is used when there is drift in the mean 
height of the field. In practice, universal kriging models drift by 
some form of trend and then computes the semivariogram 
using residual values from that surface. Other variations include 
indicator kriging (where the field variable is a binary, 0-1 indica
tor), disjunctive kriging to give the probability of exceeding a pre
defined threshold Z value, and cokriging, which extends the 
analysis to two or more variables considered at the same time. 
Texts such as (1991), Isaaks and Srivastava (1989), 
Chiles and Delfiner (1999), and Webster and Oliver (2001) cover 
this ground, and there is at least one comprehensive Web site 
devoted to geostatistics, at www.ai-geostats.org. 

9.5. CONCLUSION 

This chapter has covered some tricky material. When studying the statis
tical approach to field data, it pays to take one's time and to ensure that 
each stage of development of the techniques is familiar before moving for
ward into the unknown. We hope that after reading this chapter you will 
have realized at least some of the intended learning objectives from which 
we started. In any real analysis, the major decision you face is which of the 
techniques presented in this chapter and the previous one should be used. If 

http:www.ai-geostats.org
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you have data that contain a lot of' OITOf' Hlul m'o interoHtml only ill milking' 
rough generalizations about the shape oftlw field. polynomial trend Hurfuce 
analysis seems appropriate. If, on the other hand, you want to create con
tour maps that honor all your data, but do not need estimates of interpola
tion error, some form ofIDW will almost certainly be adequate. However, if 
you want the same properties but also some indication of the possible 
errors, kriging is the approach to take. 

Perhaps the most important general point that emerges is that just as we 
can apply statistical models and logic to point, line, and area data, so we can 
apply them to spatially continuous fields to improve substantially the esti
mates we make of unknown values of the field, relative to guesstimation 
derived from a simple mean of all the data points. The reason for this 
capability is that phenomena do not usually vary randomly across space 
but tend to exhibit characteristic spatial structures or autocorrelation 
effects. Whether we represent the autocorrelation of our data with a rule 
of thumb such as IDW, or attempt the more involved process of estimating 
and fitting a variogram, ultimately we are hoping to take advantage of this 
fundamental fact. 

CHAPTER REVIEW 

• Simple linear regression can be represented by vector equations. 
• 	The least-squares solution to the general system of equations y = 

Xb + 8 that minimizes the error term 8 is b = (XTX)~lXTy. This can 
be calculated from the vector version of the equations using simple 
geometry and it applies no matter how many independent variables 
we include. 

• 	Linear regression can be applied to spatial data using the approach 
known as trend surface analysis, in which the independent variables 
are the spatial coordinates of the observations. This is a useful, 
exploratory technique. 

• 	The spatial structure of a set of observations can be described in 
terms of the semiuariogram. The semivariogram function y(d) is 
based on the squared differences between pairs of observations at a 
distance d apart. 

• 	 The semivariogram is estimated starting from a uariogram cloud, 
which records differences between observed values and their separa
tion distance as a scatter plot. 

• 	Semivariograms are summarized using standard continuous mathe
matical functions that model the variance as a function of the separa
tion distance. Often this will be nonzero even at the origin, giving a 

ICnow'", th. Unknowabl.: Th. Stltiltlcs of Fields :al. 

IlU}(}(t·t vlIl'illnt't'. Hlld will incrmuw to 11 limit, culled the sill, Ilt Home 
distanco r{\fl~rl'(ld t.o IlH the range, beyond which there is no spatinl 
dependenctl. '1'110 Hph(lrical model is often used and is capable of 
describing many experimental semivariograms. 

• Irriging 	uses the semivariogram to determine appropriate weights, 
based on observed sample values, for an estimate of unknown values 
of a continuous surface. These estimates are statistically optimal, but 
the method is computationally intensive. 

• 	 If you a!e serious about spatial analysis using continuous field data, 
you must have a working knowledge of the field ofgeostatistics. This 
is a difficult and technical subject, but might at least make you think 
twice before uncritically using the functions in your favorite GIS 
because they seem to work. There's a good chance that they don't! 
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Chapter 10 

Putting Maps Together: Map Overlay 

CHAPTER OBJECTIVES 

In this chapter, we: 

• 	Point out that polygon overlay, the most popular method of map 
combination, is but one of at least 10 possible ways by which geo
graphic objects might be overlaid 

• 	 Illustrate the basics of sieve mapping using a Boolean, true-false 
logic 

• Underline the importance of assuring that the data used are fit 
the intended purpose 

• 	Emphasize the importance of ensuring that the overlay inputs are 
correctly co-registered to the same coordinate system; 

• 	Examine some of the typical issues that arise in Boolean overlay 
• Develop a general theory of map overlay based on the idea of favor

ability functions and outline some possible approaches to their cali
bration 

Mter reading this chapter, you should be able to: 

• 	Understand and formalize the GIS operation called map overlay 
using Boolean logic 

• Give examples of studies that have used this approach 
• 	Understand why co-registration of any maps used is critical to the 

success of any map overlay operation 
• Outline how overlay is implemented in vector and raster GIS 
• Appreciate how sensitive overlay 	analysis is to error in the input 

data, the modeling strategy adopted, and the algorithm used 
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• 	 LiHt r'OIlHOIIH why Hlwh 11 HimI'll! IIl1prOllch CUll be lInHlltiHlitclory 
• Olltlino nnd illllHt.rnto ultornlltivp upproachm; to the same problem 

' 10.1. INTRODUCTION 

In this chapter we examine the popular geographic analytical method 
known as map overlay. Our treatment is deliberately skeptical in that we 
concur wit~ Leung and Leung (1993, p. 189), who conclude that the major 
consequences of error and generalization in data are that the results, at 
least for basic Boolean overlay, "unravel more questions about data quality 
and boundary mismatch than they solve." 

The techniques we have introduced so far have almost all been techni
ques that are applied to a single map made up of points, lines, areas, or 
fields. Yet arguably, the most important feature of any GIS is its ability to 
combine spatial data sets, to produce new maps that incorporate informa
tion from a diversity of sources. Generically, this process has been given the 
name map overlay. In fact, sieve mapping is the GIS version of an old 
technique used by land-use planners to identify areas suitable or not fhr 
some activity. To start, the entire study area is considered suitable, then 
areas are disqualified on a series of criteria until all that remainH are areHS 
still considered suitable. Before the advent of GIS, this method made use of 
a light table and a series of transparent map overlays, one for each criter
ion, on which the areas deemed unsuitable were blacked out. When a set of 
binary maps are stacked on top of each other, light shines only through 
those areas deemed suitable-hence left unshaded-on all the overlaid 
maps. 

Although this technique was first formalized by a landscape planner 
(McHarg, 1969), the idea is as old as the hills, and in retrospect, it has 
been used in many analyses. Moreover, many types of map overlay are 
possible, and it is possible to argue that overlay in one form or another is 
involved in most of the nongeneric GIS operations recognized by Burrough 
(1992; see also Unwin, 1996). As Table 10.1 shows, there are at least 10 

Table 10.1 Possible Types of Map Overlay: Geometric View 

Points Lines Areas Fields 

Points PointJpoint 
Lines Line/point Linelline 
Areas Area/point Arealline Area/area 
Fields Field/point Fieldlline Field/area Field/field 
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general ways in which we cun combirw t.\w dil1ilrtHlt tYP('H of g(logruphi(~nl 

Thought Exercise 

Either by finding case studies in thE! Jlter.t~fe or by thinking it through from 
first principles, how many (If.~h~~tOQverlaY5 can you Illustrate? You 
should be able to thi'nl<ofQrfinij'~tI~~ul~ample of everyone! 

Each of these operations presents different algorithmic and analytical 
problems, but the most common type of analysis is a map overlay where 
we take one map of planar enforced area objects and determine its inter
section with another. For obvious reasons this area/area process is called 
polygon overlay and finds application in numerous GIS functions. For 
example, polygon overlay is necessary in areal interpolation, where we 
have the populations for one set of areas and want to estimate the popula
tions of a different set of overlapping areas. Apportioning population from 

It is useful brJefly 
overlay 

fluttl"1 Maps Together: Ma"pOverlay 

• 'Slope steepness, estimated from a digital elevation matrix (see 
Chapter 8) , 

• Slope aspect derived fromthe~am~: 
• Roc;k type, ~rjved fl'9~(!f .. ' .. 

~:~"t()':~ densely pop~lated as the 
:~rJteria was much higher than had 

8, mean that all the areas Identified 
~uonable ~:J:\.'mplng grounds. but the analysis 

Indeed. the demonstration that a very 
;lTlilJht ~ven be taken as evidence that 

the first set of polygons to polygons in the second set according to the areas 
of overlap between the two coverages is a simple, albeit very rough way to 
tackle this problem. In ecological gap analysis, use is often made of similar 
techniques to estimate the areas where specified plant, animal, or bird 
species are likely to be found. Each input map describes the environmental 
conditions favored by the species, and these are overlaid to identify those 
areas seen to be favorable on all the criteria Franklin, 1995). The basic 
low-level GIS operations of windowing and buffering also involve overlay of 
polygons. 

10.2. POLYGON OVERLAY AND SIEVE MAPPING 

Although the areas of application are very different, the studies sketched 
above used essentially the same analytical strategy, involving: 

• Map overlay of sets of areas on top of each other. 
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• Sieve mapping, by which IlWIlH nro diHqulllilim\ HucceHHivoly on tlw 
basis of each criterion, until those remaining are f(mnd to be Huscep
tible on all the criteria. 

• A simple logical test at each step such that areas are deemed either 
suitable or unsuitable, with no degrees of suitability in between. 
Because of the yes-no nature of this logic, such an overlay is called 
a Boolean overlay, after the mathematician who developed binary 
(true-false) logic. 

Figure 10.1 illustrates the overlay processing involved. Here two catego
rical maps are being overlaid. Map A shows the rock types limestone and 
granite, and map B shows the land uses arable and woodland. Overlay gives 
map A & B, with four possible unique conditions given by the combinations 
granite-arable, granite-woodland, limestone-woodland and limestone
arable. If the intention is to find those areas with the unique condition 
limestone-woodland, this overlay would be a sieve mapping operation, and 
the result would be the heavily outlined area shown. This kind of operation 
is central to the use of a GIS in spatial decision support systems, when a 
number of criteria have to be balanced in some way to achieve a desired 
outcome (Malczewski, 1999). The classic early paper is Carver (1991). 

Any map overlay has four distinct steps: 

1. 	Determining the inputs. We must decide which maps to overlay, 
and in a Boolean sieve operation, what thresholds to set to deter
mine whether areas are suitable or unsuitable. 

Map A 

Map B 

MapA&B 

Figure 10.1 Map overlay. 

Puttln. Maps Together: Mlp"Ov.rlay 	 21. 

~. Ol'ttillJ.llhf' tlll/u. "'hiH stop invoiveH uSHmnbling the requirod dlltll 
Ilnd pr(lpnf'ing !.I\(' individual maps, one for each criterion to be 
used . 

3. 	Referencing the maps to the same reference system or co-registra.. 
tion. If the results of any overlay are to make sense, it is vital that 
all inputs are georeferenced to the same coordinate system, so that 
the same part of Earth's surface is at the same place on every map. 

4. 	Finally, overlaying the maps to sieve out the unsuitable areas and 
prodU(!e a map showing only areas suitable in the context. 
Technically, this step is different in raster and vector data struc
tures, but the underlying principle is the same. 

Step 1: Determining the Inputs 

Many authors have recognized two basic approaches to map overlay, char
acterized as either knowledge or data driven. In the knowledge-driven 
approach we use the ideas and experience of experts in the field, to deter
mine what criteria to use. In a data-driven approach, use is made of any 
data available to suggest which criteria should be used. In practice, most 
map overlay studies use some combination of the two, and the distinction is 
not always clear-cut. This issue is beyond the immediate concerns of this 
book, and we simply assume that someone in the analysis team has a good 
working knowledge of the problem under investigation. 

Step 2: Getting the Data 

In practice, this step isn't always capable of being separated from step 1, in 
that decisions on what to include in the sieve analysis are almost always 
taken with one eye on what data are available. In an ideal world we would 
have digital data to the same standards of accuracy and precision for each 
input map, and those data would all be georeferenced to the same coordi
nate system (see step 3). In practice, this is rare, and the inputs are often 
scanned or digitized from maps originally compiled to widely varying stan
dards of accuracy, with different locational precision, and georeferenced to 
different coordinate systems. This can be a recipe for disaster. If the outputs 
from overlay analysis are to be of reasonable quality, it is essential that the 
input information be consistent in its accuracy and precision. Since accu
racy and precision are often a function of the map scale, this amounts to a 
requirement that data sources are also at more or less the same scale. 
Further, the input scales should be consistent with the scale required of 
the result. Overlaying, say, data from a 1:10,000 map of woodland areas 
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onto a geological map at 1:250,000 dooM not r'(~Mult in locntionnl prociHion in 
the output map equivalent to the 1:10,000 data. 

Another trap for the cartographically naiv(J is n fhlse belief that every
thing on a map is located accurately. Maps are drawn with a view to the 
communication of information and were never intended to be a source of 
data for a GIS. The data they display have been generalized, often resulting 
in displacement of the outlines of objects relative to their true positions to 
avoid incomprehensible clutter. Alternatively, many geographic entities are 
represented by symbols rather than by their true outline on the ground. 
Perhaps the most obvious example of both of these practices is the way that 
roads are shown on small-scale maps with lines whose widths are very 
much greater than the real width on the ground. 

Similarly, care is required when input maps are themselves the results of 
data manipulations, such as an interpolated field variable like a digital 
elevation matrix, or worse, some derivative from it, such as a slope map. 
This is not to say that mixing data sources in these ways is completely 
nonsensical-indeed, the spatial integration of diverse data sets is a 
major motivation for the use of GIS. However, it is important to point out 
that the results ofoverlay analysis must be interpreted bearing these issues 
in mind, and therefore in a suitably questioning frame of mind. 

Step 3: Getting Data into the Same Coordinate 
System 

A look at Figure 10.1 should convince. you that map overlay is possible only 
if all the input maps are registered accurately to the same locational co
ordinate system, yet this is frequently not the case. We might, for example, 
have data from a GPS georeferenced to the WGS84 system that we wish to 
combine with data georeferenced to a State Plane Coordinate System, to 
latitudellongitude, or to some other projection-based coordinate system, 
such as the Universal Transverse Mercator. For an overlay to make 
sense, the inputs must all refer to the same parts of the earth's surface, 
making it necessary to co-register them all to the same system. 

Figure 10.2 shows what is involved. Here we have the same object, a 
river, on two maps, A and B, and the objective is to bring the data on 
map B into the same system as that used on map A. To do this, a grid
on-grid transformation is required to achieve three things: 

1. 	Move the origin of the coordinates used in map B to the same point 
as in map A. This is a translation of the origin. 

Puttin. Mapl Together: Map Overlay 

SIlItIH objucl on map A&B 

Target coordinate 
system (x.y) on 
map A.. 

Figure 10.2 Co-registration problem in map overlay. For an overlay analysis to be 
accurate. it is essential that all the overlaid maps be registered into the same 
coordinate system. 

2. 	Change the scale on both X and Y axes. Locational coordinates in B 
might be in units of meters from the origin, whereas in A they 
might be in some nonmetric scale. This is a scaling of the axes. 

3. Because, 	as illustrated, map B's coordinates may be in a system 
where x and y are not parallel to the corresponding axes in map A, 
coordinates may need to be rotated to correct for this. This is a 
rotation of the axes. 

The co-registration problem arises frequently when transferring data 
from a semiautomatic digitizer into a GIS system, and transforming one 
set of coordinates into another is often required when integrating data from 
several sources. For this reason it is an operation that is usually found as 
part of the standard GIS tool kit. It is also another good example of how 
caution is required before accepting the results you obtain from a GIS. To 
understand why this is the case, we need to explore the process a little more 
deeply. We do this by first looking at the three basic operations: translation, 
scaling, and rotation. Then we combine them using a single transformation 
matrix before going on to look at how most systems seem to work in 
practice. 
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Translation 

Consider Figure 10.3. The point P if! located lit (x.y) relativo to the coordi
nate axes X and Y with origin at O. This point can be translated to another 
location p' by adding or subtracting increments on X and Y according to 

X' =X +Xt 
(10.1) 

=Y 

where (x',y') is the translation from (x,y) by the amounts Xt and Yt. Notice 
that although we have considered this process as a movement of the point 
location, and that this is an easy way to visualize it, we are effectively 
moving the origin of the coordinate system from 0 to 0'. The translation 
with components Xt and Yt is exactly equivalent to moving the origin by the 
same amounts in the opposite direction, that is, by -Xt and -Yt. 

Scaling 

A second operation is scaling, or stretching, the coordinates. Usually, this is 
accomplished by a straightforward multiplication of the (x,y) values by the 
required scale factors BX and By: 

, 
x SXX 

(10.2) 
=SyY 

y 

---------------fP' (x' 

-- /~
----f p(x,y) , 

O,I~:;"-S-hi-fte-d:-----~-----~·X 


Figure 10.3 the origin of the coordinate system. a 

Puttl". Maps To.ether: MI,P Overlay 

If eithm' vultw (If 1'1;.; or Hr i,; grouter than 1, this iH u str'otching ulong tllIIt 
axis, whorouH VUILW'; of I(~HH than 1 caUf!e compression, More complicat(ld 
scaling is pOHHible, f<lr example in preparing a map projection where dis
tance might be scaled trigonometrically, depending on angular measures of 
latitude and longitude. 

Rotation 

The third operation is rotation, to correct for lack of alignment of the axes of 
the map grids. This is illustrated in Figure 10.4. Here, point P is rotated 
counterclockwise through an angle A to pi at (x',y'). Simple trigonometry 
gives us the rotated coordinates 

xcosA ysinA 

y' xsinA +ycosA 

y 

"y' 

P'(x', y1 
e. ... Counterclockwise 

rotation of point.. 
. 

" /' 

:~'A 
. " .P(x,y) 

,/' ~ ~" 

v?:=
0.... ..X 

Clockwise 

Figure 10.4 Rotation of the coordinates. 
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Again, notice that although we huvo inLt'odutt'd thiH HI' 11 IllIlVOlllent of 
data point, counterclockwise rotation oflL.lli.!iJ.lJ.. iH equivul'ent to u ctockwiHe 
rotati~f~~~ tnroli,ih-the samE? {J..l.U{le, that i~, from th~' axes x-Yp~l 
the axes X'-Y~Siniilarly, a clockwise rotation of points is the same as a 
co"~~terclock;ise rotationof.!'l:Xes. Ifyou read the technicalliterature in this 
field~ you will do well to keep"'tliis"distinction clearly in mind, since many 
texts refer to clockwise and counterclockwise rotation without specifying 
whether they are referring to points or axes. Another potential source of 
confusion is that the equations given above relate only to a rotation around 
an origin at (0,0), so that in practical calculations it is almost always neces
sary. to translate the axes so that the origin coincides with the center of 
rotation, perform the rotation, and then translate back. 

Combining Operations 

Matrix algebra provides a powerful way of combining all these operations 
and offers a compact notation. We consider each point pair of coordinates as 
a column vector p, where 

(10.4) 
p [:] 

The third extra coordinate makes it possible to represent translation as a 
matrix premultiplication of p: 

X+Xt] [1 0Xt] [X] 
(10.5)

pi [Y :Yt ~ ~ ~ . ~ 

Thus, translation is represented by premultiplication of p by the transla
tion matrix T, where 

1 0 
Xl]

T= 0 1 Yt (10.6) 
[ o 0 1 

'unt". Maps TO,lth.r: Map OVlrllY 

Scaling np"I'Ilt.ionH IllIlY nil-m reproH(lJlted by u matrix prmnultiplicatioll: 

". o 0] [X] [SXX]pi = Sp = o (10.7)S; ~ . ~ = s~y 
o 

where S is the scaling matrix. 
Finally, rotation about the origin is also a multiplication operation: 

COSA - sinA 0] [X] [XCOSA YSinA] 

pi = Rp Si~A CO~A ~ . ~ = XSinA: ycosA (10.8)
[ 

The addition of a third coordinate in the equations above forms what arc 
known as homogeneous coordinates, by which P(x,y, w) represents the tW()
dimensional point (x/w,y/w), where w is a nonzero scale factor. 
Homogeneous coordinates are used widely in computational manipulations 
of coordinate geometry because they enable translation to be represented as 
a multiplication operation, so that we have three matrix multiplication 
operations. This means that we can combine any sequence of translation, 
scaling, and rotation operations into a single matrix operation by forming 
the required matrices and multiplying them together in the correct 
sequence to form a single transformation matrix. Generally, we require a 
combination of all three operations, so the ability to combine operations that 
homogeneous coordinates provide is of immense value and well worth the 
apparent complexity. 

Worked Example 

Figure 10.5 shows a simple quadrilateral located with its left lower corner 
at (2, 2). Suppose that it is required to rotate this shape counterclockwise by 
45° around its southwest corner at (2, 2). It is possible to work out indivi
dual point transformation equations for all four corners of the shape, but a 
more general approach uses homogeneous cQQr.g..~!!~te~ and matrix multi
plication. No scaling is needed, so Sx = Sy = 1 and the scaling matrix S is 
the 3 x 3 identity matrix 

o 0]
1 0 (10.9)

S I [~ 
o 1 

http:oflL.lli.!iJ.lJ
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4. 

3 

-1·1 3 4 ·1 2 3 4 

·1 -1 -1Translation Rotation Translation 

Figure 10.5 Affine transformation. 

Recall that the rotation given by the matrix R in the section above refers to 
a rotation around an origin (0,0) so that to use it we must first translate the 
coordinates by moving the point at (2,.2) to (0,0) using the translation T 1: 

1 0 -2]
Tl = 0 1 -2 (10.10)[o 0 1 

For a counterc1ockwise rotation of 45° the rotation matrix R is 

0 

COS45 -sin45° 0] [0.707 -0.707 0] 
R = sin 45° cos 45° 0 = 0.707 0.707 0 (10.11) 

{ o 0 1 0 0 1 

Finally, the rotated coordinates must be translated back to (2,2) using a 
second translation matrix: 

1 0 2]
T2 0 1 2 (10.12)[001 

Examination of the diagram shows that the four corners of the shape have 
homogeneous coordinates that can be expressed in matrix form as 

'uttlnl Maps Together: Map'Overlay 2.7 

:.:! :.:! a 4] 
p= 2 3 4 3 (10.13) 

[ 1 1 1 1.. 
If you want to, you can perform each of the steps in the entire process 
individually by premultiplying the matrix P by each of Th R, and T2 in 
the correct sequence to get the rotated coordinates Pi. In operational work 
it is far simpler to form a single, general transformation matrix, called an 
affine matrix M, by multiplying the matrices together: 

M=ST2RT1 (10.14) 

and then perform the single multiplication 
" 

pi MP (10.15) 

An affine transformation is a specific class of coordinate transformation in 
which the only changes allowed are translation, scaling, and rotation, and 
where no other distortion of the coordinates may occur. One result is that 
lines parallel in the original system remain so in the new one. As we shall 
see, in GIS it is sometimes necessary to warp (twist and bend) one map to fit 
onto another using a more complex transformation. 

In the example given, we get the affine transformation matrix 

M ST2RT1 


-0.707 
o 2] [0.707II 0 0] [1 0] [1 0-2]
010 0 1 2 . 0.707 0.707 o . 0 1 -2 

o 0 1 0 o 1 0 o 1 0 0 1 

0.707 -0.707 

0.707 0.707 
[ -~828 ] 

o o 
(10.16) 

This matrix can now be used to perform the complete transformation in one 
step: 
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pi 
[0.707 

0.707 
-0.707 

0.707 
~ ] 

-0.828 
[~ 

. 2 
~ 
a 

:J 
4 

4 
:3 

o 0 1 1111 
(10.17) 

[2 1.293 1.293 2.707] 
= 2 2.707 4.121 4.121 

1 1 1 1 

It cannot be stressed too strongly that these matrix multiplications are 
order dependent (remember that A x B is not the same as B x A for 
matrices), so care must be taken to ensure that the resultant transforma
tion matrix is the correct one. 

Although we have introduced coordinate transformations using matrix 
methods, in software implementation this may not always be the most 
efficient approach, because whatever sequence of operations is involved, 
the affine transformation matrix M will always have three rows and 
three columns with the general form 

rn r12 tx] 
M= r21 r22 ty (10.18) 

[ o 0 1 

where the rij elements represent a composite rotation and scaling and tx 
and ty are the final composite translations. Any individual point transfor
mation can therefore be reduced to two simple equations: 

Xl = rnX + r12Y + tx 
(10.19) 

Y' = r21x + r22Y + 

This reduces the number ofoperations required per point to be transformed 
from 15 (nine multiplications and six additions for each matrix multiplica
tion) to eight (four multiplications and four additions in the equations 
above). Given that a practical coordinate transformation operation on an 
entire object layer might involve many thousands of points, use of this 
shortcut can greatly reduce the amount of arithmetic involved-in fact, 
by almost a half. 

'uttt"1 Maps Together: Map Overlay 2•• 

'I Ixerclse on Affine Transformation 

Ttf graphical exercise Is intendeato 
tiot1s In a Carteslan cnordiml 

l'viti~!~~~~i~'~~.!lVith I~s Orlaln ~)(ac;tIy 
~!t~M~el~,bYa$mall. krl'own lIl.,.e 

, , 

smalramount, .and then 
«I';pQSttloFlS of y~ur eight points. 

points I., this, new system. 

A question that we have not focused attention on so far is how to find 
transformation constants Xt, Yt, Sx, Sy and the angle A that apply to each 
stage of the transformation from one set of map coordinates to another. For 
co-registering maps to the same coordinate system, the answer is relatively 
straightforward to determine. There are three options: 

1. 	Use knowledge of the source and target systems to develop the 
appropriate transformation matrix, an example being a transfer 
from known latitude and longitude coordinates into some projec
tion-based system such as the Universal Transverse Mercator. The 
affine transformation between known coordinate systems is 
defined mathematically for many common map projections. 

2. 	Another feasible approach is to record at least three known points 
on one of the maps: for example, the southwest, southeast, and 
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northeast corners and their oquivlllont. Vllhwl'! in L\w t.m'f.{d eOOl'di- . 
nates. These points are often referred to IlH tick point.'!, Ilnd Holvinf.{ 
the matrix equation P' MP is all that iH required to find the 
required values in M (clearly, M = p'p I). 

3. 	An approach commonly used in operational GIS uses ordinary 
least-squares regression (see Section 9.2). Recall that the overall 
transformation can be reduced to two equations: 

rnX + r12Y + tx 
(10.20) 

y' = r21x r22Y + ty 

These are identical to the standard equations for multiple linear 
regression in that they express the transformed coordinates x' and 
Y' as linear functions of the original coordinates x and y. We can 
rewrite these using the standard statistical notation as 

x' = ao +alx +a2Y 
(10.21) 

y' = bo + b1x + b2y 

Clearly', the regression constants ao and bo are estimates of the 
composite translation, and the regression parameters ab a2, bb 
and b2 are estimates of the combined rotation and scaling elements 
of M. Therefore, all we need do is identify a set of known ground 
control points (GCPs) on both the source coordinate system and the 
target system and use multiple regression to estimate the best-fit
ting transformation constants. This approach is used in almost 
every GIS and allows the use of many more points than does a 
simple tick point approach. Mather (1995), Morad et al. (1996), 
and Unwin and Mather (1998), all demonstrate that the quality 
of the estimated transformation depends on the number of ground 
control points used (the more the better, almost without limit) and 
on their spatial distribution (an even coverage is preferred). The 
locational accuracy and precision of the GCPs is also important, so 
well-defined locations, such as large-angle road intersections or the 
corners of fields, should be favored, and coordinates should be 
recorded as precisely as possible. An advantage of this method is 
that it can be extended to cover transformations that warp one set 
of coordinates into another by a nonlinear transformation, as may 

required when source maps are based on unknown projections. 
Nonlinear transformations may be estimated by including higher
order terms in X2, i, xy, and so on in the regression. For example, 

'uttlnR Maps Together: Map Overlay 

, 
x /10 I (IIX +a2Y -t (laX 

~ 
I (l4Y 

~ 
I Ur;~Y 

(10.~~) 

Y' bo t b1x + b2 y + b:Jx
2 + b4 y 

2 + b5xy 

•
'Should this give an inadequate transformation, even higher-order 
terms can be added, and this is the procedure implemented in most 
proprietary GIS software. Note that inclusion ofhigher-order terms 
means that the resulting transformation is no longer affine. 

Step 4: Overlaying the Maps 

Once we have the input maps correctly co-registe;e~t is finally possible to 
overlay them. In a raster GIS environment, this is extremely easy. The 
system wdrks across the map, pixel by pixel, testing whether or not the 
various criteria are met. For the moment, note that when sieve mapping 
in a raster environment simple arithmetic multiplication of the 0-1, unsui
table-suitable values suffices to produce values in the output map. Table 
10.2 shows how this works by examining every possible combination of 
conditions for the overlay of Figure 10.1 and coding limestone = 1, 
granite = 0 on map A, and woodland 1, arable = 0 on map B. It can be 
seen that only the unique condition coded 1 on both input maps, ends up 
coded 1 on the output map. 

This operation can also be performed in a vector GIS environment, 
although it is a much trickier business. The software must: 

• 	 Create a new map of polygon objects by finding all the intersection 
areas of the original sets of polygons 

• 	 Create attributes for each new polygon by concatenating attributes of 
polygons in the original maps whose intersection formed it 

Table 10.2 Boolean Overlay as Multiplication8 

Unique condition Map A MapB MapA&B 

Granite/arable 0 0 0 
Granite/woodland 0 1 0 
Limestone/arable 1 0 0 
Limestone/woodland 1 1 1 

8This is the logical AND operation on the layers in Figure 10.1, 
where limestone/woodland is the suitable combination of inter
est. 
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• 	ReestabIish the topological relutiollHhipH hotwmln the IWW polygollH 
and ensure that the map remains planllr enforced 

• Identify which new polygons have the desired set of Ilttributes 

You will appreciate that the geometry involved in potentially thousands 
of polygon intersection operations is far from trivial, so that a fast, efficient, 
and accurate polygon overlay algorithm is a sine qua non for any vector 
GIS. 

," ',':' :',i , " ",,'" ."", ,:",', t~ 
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$etinte~~~~WI~~~~e~possi~II*~lm~h~i~tH~ ,oth~.r~. Iven'the ~rst step In 
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10.3. PROBLEMS IN SIMPLE BOOLEAN 
POLYGON OVERLAY 

Despite its popularity in GIS analysis, using simple Boolean overlay 
mapping as discussed above presents a number of difficulties and can 
almost always be improved upon, often using the same data. Problems 
arise mainly from simplistic assumptions about the data and the implied 
relationships between the attributes. Consequences of these assumptions 
for error in the final maps deserve more detailed attention. For example: 

Puttl"1 Maps Together: Map Overlay 

1. 	 Il iH (lHHIIII/I'ti Ihal till' relationships really are Booiean. 'rhiH iH 
usuully not only Hcientifically absurd, it frequently also throws 
away a greut deul of metric information. In the two simple case 
studies with which we began this chapter, there is nothing parti '.cularly important about a 30° value to represent slopes above 
which landslides are deemed to be possible or a population density 
of 490 per square kilometer to represent urban areas. It is clearly 
ridiculous to score slopes of 29° as without risk and those at 31 0 as 
at ris~. The two-valued (yes-no) nature of the logic in sieve map
ping produces abrupt spatial discontinuities that do not adequately 
reflect the continuous nature of at least some of the controlling 
factors. 

2. 	It is assumed that any interval- or ratio-scaled attributes are known 
without significant measurement error. This is improbable in 
almost any work with observational data, but in GIS there is a 
particular problem when the data used are derived in some way. 
A good example is slope angles derived by estimation from a digital 
elevation matrix that in turn was estimated from either spot 
heights or contour data. Both the interpolation process used and 
the estimation of slope introduce error, and whether or not this is 
significant when used in an overlay operation is usually an open 
question. 

3. 	It is assumed that any categorical attribute data are known exactly. 
Examples might occur in an overlay using categories of rock or soil 
type that are products of either a classification (e.g., satellite 
derived land use) or an interpretative mapping (as in a geological 
or soil survey). In both these cases it is likely that the category to 
which each land parcel is assigned is a generalization and that 
there are also inclusions of land with different properties. 

4. 	It is assumed that the boundaries of the discrete objects repre
sented in the data are certain, and recorded without any error. 
Yet either as a result of real uncertainties in locating gradual 
transitions in interpreted mapping, or due to errors introduced 
by digitizing a caricature of the boundaries from paper maps, 
this is almost never the case. The boundaries of the mapped 
units may themselves be highly uncertain. The archetypal 
example of a map made up of fuzzy objects with indeterminate 
boundaries is a soils map (Burrough, 1993; Burrough and 
Frank, 1996). If you are using a raster data structure, it is 
important to note that this automatically introduces boundary 
errors into the data. 
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Accounts of the problem" of orror nnll ~('1\(1"lIlizlliioll in (liS, and HOnH' ()I' 

the strategies that can be taken to minimizo ih(Hll or lIi lellHi undersiand 
the impact on derived results, are found in Veregin (1989), Heuvelink and 
Burrough (1993), and Unwin (1995). 

10.4. TOWARD A GENERAL MODEL: 
ALTERNATIVES TO BOOLEAN OVERLAY 

In this section we develop a more general model for map overlay by intro
ducing the concept of a {avorability (unction. Although the formal detail is 
our own, this idea is based on work by the geologist Graeme Bonham-Carter 
(1995). From this perspective, a Boolean overlay evaluates the favorability 
ofparcels ofland for some activity or process, such as landsliding or nuclear 
waste dumping. Table 10.2 demonstrates that an overlay operation in map
ping terms can also be regarded as the evaluation of a simple mathematical 
function at every location on the input maps. This function can be written 

m 

F(s) 	 IT XM(s) (10.23) 
M=l 

where F(s) is the (avorability evaluated as a 0-1 binary value at location s 
in the study area, and XM(s) is the value at s in input map M, coded 1 to 
indicate that the cell is favorable on the factor recorded in map M, and 0 if 
not. The Gre~ capital letter pi (n) indicates that all these input values 
should be multiplied together-pi indicating that the product is required in 
the same way that capital sigma (X;) indicates the sum of a series of terms. 
It may be easiest to think of the set oflocations s as pixels in a grid, but this 
is not necessary, although practical implementation is more involved for 
areal unit maps. In its use of the single symbols F and X to indicate whole 
maps, this is an example of map algebra (Tomlin, 1990). In short, the yes
no favorability is the result of a multiplication of all the 0-1 values at the 
same location on the input criterion maps. This is a very limited approach to 
the problem, and we can improve it in several ways: 

• By evaluating the favorability F on a more graduated scale of mea
surement such as an ordinal Oow-medium-high risk) or even ratio 
scale. An appropriate continuous scale might be a spatial probability, 
where each pixel is given a value in the range 0 (absolutely unfavor
able) to 1 (totally favorable). 

• By coding each of the criteria used (the maps X) on some ordinal or 
ratio scale. 

Mini Maps Together: Map Overlay 

• 	By woij.(htil1j.( tll(' (',·it.m·in used to refleci knowledge or 
their relntiv(l illlportllnce. In a Boolean overlay all the inputs have 
the same wei~ht, hut we often have theoretical ideas about the rela
tive importance of criteria. In our favorability function this is equiva-.
lent to inserting into the equation a weight WM for each input map. 

• By using some other mathematical function than multiplication, for 
example by adding the scores. 

All of the~e extensions to basic overlay have been tried at some time or 
other, and sometimes, as in collaborative spatial decision support systems, 
they have been developed into sophisticated tools for making locational 
decisions based on the favorability of sites under various assumed criteria 
and weights. Some of the approaches have been used frequently enough to 
have acquired their own names, but we can generalize all this by arguing 
that Booleim overlay is a special case of a general favorability function 

F 	= {(WlX1, .. ,wmXm) (10.24) 

In this F is the output favorability, {represents "some function of," and each 
ofthe input maps, Xl to Xm , is weighted by an appropriate weight, Wl to Wm' 

Note that we have dropped the (s) notation here, but it is understood that 
evaluation of the function occurs at each location in the output map using 
values at the same location in the input maps. In the following sections we 
consider a number of alternatives to simple Boolean overlay that may be 
considered specific examples of this generalized function. 

Indexed Overlay 

Perhaps the simplest alternative is to reduce each map layer thought to be 
important to a single metric and then add up the scores to produce an 
overall index. This approach has been called an indexed overlay. In this 
we add values together to obtain a favorability score for each location: 

F XM 	 (10.25) 

We have changed the functional form from multiplication to addition, 
XM remain as binary maps. The overall effect of this change is to make F an 
ordinally scaled variable, with M + 1 degrees offavorability from 0 (no risk/ 
unfavorable) to M (high risk/very favorable), In an example related to the 
favorability of slopes for landsliding, Gupta and Joshi (1990) used a variant 
of this indexed overlay method in a study of the Ramganga catchment of the 
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Lower Himalaya, but also U!ouo!ignm\ ordinlll Hcni('H to each input map X. 
Based on an analysis of data about past land!dideH, the individual crit()riu 
used were assigned to classes on an ordinal scale of risk (low 0, 
medium = 1, high 2) and these summed to give an overall risk measure. 
Three input criterion maps were used (lithology, land use, and distance 
from major tectonic features), so that their final favorability F was an ordi
nal scale with a range from 0 to 6. 

An advantage of this approach is that it is possible to attach a weight WM 

to each of the input criteria, so that the favorability becomes 

F= L WMXM (10.26) 
M 

It is conventional to normalize this summation by dividing by the sum ofthe 
individual weights to a final favorability 

F = LM WM)(V (10.27) 
LMwM 

This is the classic approach known in the literature as weighted linear 
combination (Malczewski, 2000). Numerous methods have been used to 
determine the weights. In ecological gap analysis they are often computed 
by comparing the observed incidence of the species on the particular habitat 
criterion to the numbers expected if that species had no special habitat 
preference. In multicriteria evaluation they are often derived from expert 
opinions by a formal procedure (see Carver, 1991). 

Weights of Evidence 

An alternative is to use available data to compute a weight ofevidence and 
use this to estimate F as a probability in the range 0 to 1. The key concept in 
this approach is Bayes' theorem, named after its originator, the Reverend 
Thomas Bayes. Suppose we have two events that are independent of each 
other-the classic example is flipping two unbiased coins. What is the prob
ability of each possible pair of outcomes? Such probabilities are called joint 
probabilities, denoted 

P(AnB) (10.28) 

The symbol n denotes "AND". If the events are truly independent, it is 
obvious that 

lIuttl"1I Maps Together: Map Overlay 

I'(A fllJ) c--= P(A) ·1'(11) ( IO.:l9) 

So for two headH aH ou ,. events, we have 

• P(R n R) = peR) .peR) = 0.5 x 0.5 = 0.25 (10.30) 

To understand the weights of evidence approach, we must introduce a dif
ferent pFobability relationship between two events. This is the conditional 
probability of an event A given that the other event B is known to have 
occurred. It is denoted 

P(A: B) (10.31) 

and referred to as the probability ofA given B. This will usually not be the 
same as the joint probability of A and B because the fact that B has already 
occurred provides additional evidence either to increase or reduce the 
chance of A occurring. In statistics, the theorem is often used in time-series 
work. For example, consider the question of the probability of it raining 
tomorrow (A) given that we know that it has already rained today (B). 

The fact of its raining today is evidence we can use in our assessment of 
the hypothesis that it will rain tomorrow, and in most climates, meteorolo
gical persistence means that if it rains today, it is more, rather than less, 
likely to rain tomorrow. 

Bayes' theorem allows us to find P(A: B). The basic building block 
required to prove the theorem is the obvious proposition 

PeA n B) = peA : B)P(B) (10.32) 

This may be obvious, but it is by no means self-evident: Study it carefully. 
In words, this states that the joint probability of two events is-indeed, it 
must be-the conditional probability of the first given that the second has 
already occurred, peA : B), multiplied by the simple probability of the sec
ond event P(B). Note that the multiplication on the right-hand side of this 
equation is justified only if we can assume that (A : B) and B are indepen
dent of each other. Exactly the same reasoning allows us to form the sym
metrically similar expression 

P(B n A) = P(B . A)P(A) (10.33) 

Now it must be the case that 

P(AnB) P(BnA) 
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so that 

peA : B)P(B) PW: A)P(A) 	 ( 10.35) 

which leads to the theorem in its usual form: 

P(A: B) PeA) P(B : A) (10.36)
P(B) 

The term peA) is the probability of the event A occurring, and the ratio 
P(B : A)/P(B) is the weight ofevidence. If this ratio is more than 1, it shows 
that the occurrence ofB increases the probability ofA, and if less than 1, it 
will reduce it. 

In spatial work, it is usual to estimate the probabilities required using 
the proportions of the areas involved. Thus for P(B) we take the area over 
which criterion B occurs as a proportion of the total area, and for P(B : A) 
we take the proportion of the area of A that is also B. The conditional 
probability peA : B) required can then be calculated. For example, consider 
a 10,000-km2 region where 100 landslide events have been recorded over 
some time period. The probability of a landslide event per square kilo
meter is then 1 in 100, or O.OI-this is the baseline probability 
POandslide}. Now, say that of those 100 events, 75 occurred in regions 
whose slope was greater than 30°, but that only 1000km2 of the region 
have such slopes. The probability of a landslide per square kilometer given 
that the slope is greater than 30° is then 0.075. This is consistent with the 
equation above, because we have 

0 

P(landslide: slope 30U ) = P(landslide) P(slope > 30 : landslide) 

P(slope > 30°) 


(10.37) 
0.075 =0.01 x 0.75 

It is easy to see that the weight of evidence associated with land slopes over 
30° is 7.5, considerably greater than 1. Ifwe assume independence between 
the slope factor and other factors for which we also have maps and can do 
similar calculations, overlay can be based on the weights of evidence values, 
to produce maps of posterior probability of occurrence of landslides given 
the presence or absence ofthose factors at each location in the study region. 
This approach to map overlay has been much used in exploration geology 
and is illustrated and described in more detail by Bonham-Carter (1991) 
and Aspinall (1992). Combination of the weights of evidence values is rela

ftuttl"R Maps Together: Map Overlay 	 lot 

tively involvod hut. ('1111 llgllin be cOIlHidered a Hpeciul CUHIJ of the general 
tuvorability I'll nctio/l COIlC(lPt. 

• 
Model-Driven Overlay Using Regression 

Another alternative to simple Boolean overlay is to use regression techni
ques to calibrate a model linking favorability to each of the criteria thought 
to be involvep. To do this, we use the weighted linear combination version of 
the favorability function 

F LWMXM 	 (10.38) 
M 

and implement it as a standard multiple regression by adding an intercept 
constant Wo and error term 8 

F = Wo + L WMXM+ e (10.39) 
M 

This model can be calibrated using real data to estimate values of Wo 

through WM that best fit the observed data according to the least-squares 
goodness-of-fit criterion. In the map overlay context this requires that we 
have a sample of outcomes where we can associate some measure of favor
ability with combinations of values of the criterion variables, Xl through 
Xm • Jibson and Keefer (1989) provide an example of this approach, again in 
the context of predicting where landslides might occur. 

However, the regression approach cannot easily be used in most map 
overlay exercises for three reasons: 

1. 	The favorability F is measured only rarely as a continuous ratio
scaled variable, as the model demands. Instead, it is usually the 
binary (0-1) presence or absence of the phenomenon under study 
(landslides, for example). 

2. 	In many map overlay studies the environmental factors involved 
are best considered as categorical assignments such as the geology 
or soil type, rather than continuous, ratio-scaled numbers. 

3. 	Any regression analysis makes assumptions about the error term 
that are very unlikely to be upheld in practical applications-in 
particular, our old friend spatial autocorrelation ensures that the 
regression residuals are unlikely to be independent. 
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Technically, some of these problmuH clln 1)(1 circumv(!l1ted uHing mlegori· 
cal data analysis, where these problemH are handled by restating the 
dependent variable as the odds (equivalent to the probability) of an occur
rence, and regressing this on a set of probabilities of membership of each of 
the criteria (see Wrigley, 1985, for an accessible introduction to the 
method). It follows from the multiplication law of probability that these 
terms must be multiplied together, and this is achieved by formulating 
the model interms of the logarithms of the odds. The result is a log-linear 
model. To date two methods have been adopted, although both are involved 
mathematically and specialized software is required. The first, implemen
ted by the software package GLIM (Baker and Nelder, 1978), uses maxi
mum likelihood generated by an algorithm based on iterative least squares. 
The second, used by the ECTA program, involves an iterative proportional 
fitting algorithm (Fay and Goodman, 1975). Wang and Unwin (1992), for 
example, used a categorical model to estimate the probability of a landslide 
in each of the unique conditions given by their overlay, calibrating a model 
of the form 

P(landslide) f(slope aspect, rock type, slope angle) 

where all the criterion variables on the right-hand side of the equation 
consist of coded categories. 

A closely related alternative is the use of logistic regression, when input 
layers may cohsist of both categorical and numeric data. Modeling variation 
across a region of the likelihood of deforestation, given the proximity of 
roads and other human land-use activity, is a recent application of this 
method (see Apan and Peterson, 1998; Mertens and Lambin, 2000; 
Serneels and Lambin, 2001). 

Finally, it is worth noting that many researchers using some of 
techniques we have mentioned, especially model-driven approaches, 
might not characterize their work as overlay analysis. They are more 
likely to think of such work as spatial regression modeling of one sort 
or another, with sample data sets consisting of pixels across the study 
region. Nevertheless, eventually, a new map is produced from a set of 
input maps, and a favorability function is implicitly calculated, so that 
in the broad framework of this chapter, overlay analysis is a reasonable 
description of what they are doing. This perspective draws attention to the 
issue of spatial accuracy, which is easily overlooked in such work and can 
dramatically affect the reliability of results. We would also expect you to 
be wondering by now where the autocorrelation problem has disappeared 
to in adopting such approaches: Surely, the input data are not indepen
dent random samples? The answer is that autocorrelation has not gone 
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IIWIlY hut thut it. iN igllOl'('(1 routinely. More complex techniques that 
IIIIc1reRH the prohlolll 111'(, available-spatial autoregression (Anselin 1988) 
Hlld geographimlly weighted regression (Fotheringham et al., 2000, 
~O(2)-but are neither well known nor implemented at present by widely 
IIvail'able statistical software or GISs. 

10.5. CONCLUSION 

I n this chapter we have moved some way from the relatively well defined 
strategies used when analysis is confined to a single map or its 

equivalent, and where the objective is to show that visually apparent 
lIlap patterns really are worthy of further attention. Typically, in overlay 
analysis the objectives are less clear and the preferred analytical strategy is 
Iml8 clearly defined. Very often, the quality of the data used may also be 
HlIspect. It follows that when examining the results of an overlay analysis, it 
iH sensible to pay close attention to the compatibility of the data used, their 
('o-registration to the same coordinate system, and the way in which the 
lilvorability function in the output map was computed. 

The issue here is not some absolute standard of accuracy and precision, 
hut whether or not the ends justify the means. The ends in question are 
olten policy related: What should be done to abate identified risks or to 
prepare for change in areas where it is estimated to be likely? Indeed, 
I'Htimating the probability of change-whatever its nature-across space, 
as we do with a GIS, means that the output from overlay analysis is often 
extremely important in determining the likely scale and scope of a problem. 
'I'his means that overlay analysis can have a very significant impact on 
decision-making processes, even defining the terms of the debate, by iden
tifYing who will be most affected. 

It is tempting to conclude from consideration of all the issues we have 
mentioned that a sufficiently smart analyst could produce whatever output 
map suits the circumstances (and the requirements ofwhoever is paying for 
the analysis). The uncertainties we have mentioned, and the range of 
options available to the analyst in approaching overlay, certainly provide 
the flexibility required to arrive at almost any desired conclusion. 
Technically, the only way to address the uncertainty that this raises is to 
perform sensitivity analyses, where the overall variability in the possible 
output maps is examined. This is very similar to the Monte Carlo approach 
for generating sampling distributions that has been mentioned elsewhere. 
Very often, it turns out that even the results obtained with poor data and 
basic Boolean methods provide the guidance required for appropriate 
responses. This, of course, assumes that all the attendant uncertainties 
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are borne in mind when the time COm(\H to make deeiHiollH bUH(ld on overlay 
analysis results. 

CHAPTER REVIEW 

• 	Map overlay is a popular analytical strategy in GIS work. Although 
we can think of at least 10 basic overlay forms, polygon-on-polygon 
overlay is by far the most common. 

• 	 Any overlay analysis involves four steps, all of which can be proble
matic: Determining the inputs, getting compatible data, co-register
ing them onto the same coordinate system, and finally performing the 
overlay itself. 

• Co-registration 	is achieved by means of a translation of the origin, 
and rotation and scaling of the axes in an affine transformation. 

• 	 Typically in a GIS, this process will be by the use of regression using 
tick points on both sources. 

• 	 Usually, polygon overlay is used in a Boolean yes-no analysis that 
emulates a well-known technique from landscape planning called 
sieve mapping. 

• Boolean overlay makes many, frequently unjustified assumptions 
about the data and the relationship being modeled. 

• Alternatives to Boolean overlay that are more satisfactory include 
indexed overlays, weighted linear combinations, weights ofevidence, 
and model-based methods using regression. 

• These can all be seen as different ways of calculating an underlying 
favorability function. 

• 	 Finally, despite all the reservations outlined in the chapter, overlay 
analysis works in the sense that its results are often good enough, 
provided that the uncertainties we have discussed are kept in mind. 
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Chapter 11
'. 

Multivariate Data, Multidimensional Space, 
and Spatialization 

CHAPTER OBJECTIVES 

At first sight, in this chapter we move away from our central concern with 
methods applicable to data whose primary characteristic is that they are 
spatial, into the world ofconventional, aspatial multivariate statistical ana
lysis. In fact, this is a studied and deliberate deviation into methods such as 
cluster analysis, multidimensional scaling, principal components analysis, 
and factor analysis, which used sensibly can be very helpful in spatial 
analysis. Our approach to each technique is actually almost as geographic 
as that taken in earlier chapters, and for two reasons. First, we show how 
they all make use of the basic concept of distance, interpreted in its widest 
sense to involve distances between objects projected into some data space. 
Second, our examples all involve direct geographical applications in which 
there is some form of mapping onto the real, geographical space of a con
ventional map. 

After reading this chapter, you should be able to: 

• Assemble a geographical data matrix of attributes and use it to pro
duce plots in several data dimensions 

• 	Relate this to geography by equating similarity in a data space with 
proximity in geographical distance 

• 	 Conduct a simple hierarchical cluster analysis to classify area objects 
into statistically similar regions 

• 	 Perform multidimensional scaling and principal components analy
sis to reduce the number of coordinates, or dimensionality, of a 
problem 

315 
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11.1. INTRODUCTION 

The chapter title is an awful mouthful, it-m'L it? It may Hound to you like 
something from a bad science fiction script, or (more probably) like mean
ingless jargon. Well, we own up: The words arc certainly jargon, and 
they certainly require some explanation-which is what we provide in 
this chapter. 

Multivariate data are data where there is more than one value recorded 
for each object in the sample. As a casual glance at the shelves in the 
statistics section of your college library or a search for multivariate statis
tics at any online bookshop will reveal, such data sets have been around a 
lot longer than have GISs. In this chapter we hope to convince you that a 
spatial approach to them is helpful and that it can even give you the begin
nings of an intuitive sense of what is going on behind the mathematics. 
Developing this understanding is important because multivariate analysis 
is commonplace in GISs, where it is embodied in map layers, each recording 
an attribute for the same set oflocations. Nevertheless, attempts to link the 
two topics remain rare, and implementations of GISs that include tools for 
multivariate analysis are even rarer. 

We believe that there are two advantages to be gained from examining 
multivariate statistics from a spatial perspective: 

1. 	You will get a lot further with multivariate statistics if you absorb 
the fundamental idea that observations in multivariate data sets 
are points in a multidimensional data space. 

2. 	 Some multivariate statistical techniques are useful in their own 
right and without modification in geography. Some ofthe emphases 
in geographical applications are a little different, and we comment 
on these in this chapter. 

The first of these points is the reason for our second jargon term, multi
dimensional space, and we explain fully what we mean by it in the pre
liminaries of Section 11.2. We then revisit an old friend. Distance, now 
interpreted as the statistical distance between observations, is crucial to 
exploiting the idea of multidimensional space for multivariate analysis, and 
in Section 11.3 we expand on our earlier brief discussion of the concept (see 
Section 2.3). 

In the remainder of the chapter we use these ideas to explain three multi 
variate analysis techniques frequently encountered in geography. In 
Section 11.4 we introduce cluster analysis, a multivariate technique that 
has application to regionalization, when we are interested in identifying 
collections of similar places in our study area and determining whether 
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or noL tlH'Y hllv(' n j.{,·oj.{,·uphy. AH YOll will H(,(!, although Lhis is diflerent 
from Uw l'iu.'l/C'1' cI/'/I'I'liOIl or point patLern analysis, if you have absorbed the 
idea thaL multivariaLe data are points in multidimensional space, the con
nections between the two become obvious and enhance your understanding

•of both fields. Our final piece of jargon, spatialization, has its most direct 
expression in multidimensional scaling discussed in Section 11.5 and is a 
very natural way for geographers to approach complex data. A more tradi
tional but closely related tool is principal components analysis, which 
concludes tJ1e chapter in Section 11.6. 

This chapter is not the place to start if you really want to get to the 
bottom of multivariate statistics. The introductory discussion in Chapter 
10 of Rogerson's book (2001) is a useful starting point, and Kachigan (1995) 
and Hair et al. (1998) provide good introductions. Our discussion of the 
technicalities of these methods draws heavily on Johnson and Wichern 
(1998). Ohe multivariate technique that we do not discuss in this chapter 
deserves mention. Multivariate regression is a natural extension of simple 
least-squares regression to the problem of describing variation in one vari
able in terms of the variation in many independent variables. You will 
recall that we have already considered multiple regression in the shape of 
trend surface analysis in Chapter 9. Although this is probably the single 
most widely applied technique in all of statistical analysis, its extension Lo 
spatially autocorrelated data is a technically complex business (sec Anselin, 
1992). 

11.2. MULTIVARIATE DATA AND 
MULTIDIMENSIONAL SPACE 

We have already said that multivariate data are data where there is more 
than one item recorded for each observation. Such data are commonly 
represented in tabular form, as in Table 11.1. This is a typical example of 
a geographical data matrix. Each row records the observations for a single 
geographical object, in this case counties in Pennsylvania, and each column 
records a particular variable in the data set, from FIPS numbers (unique 
identifiers for each V.S. county) and county names, to percent population 
change (labeled "pcPopChng") through to percent of population over 18 in 
the 2000 census (labeled "pc18upOO"). The general rule is that rows repre
sent observations, and columns represent variables, but notice also that: 

• 	Variables may be either numerical or categorical. The first two 
columns of this table are nominal, categorical variables. In fact, 
because the FIPS numbers uniquely identify counties, the county 
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nHIlWH 111'(1 "Odlllldlllll. and given tlw duplication of county numCH 
IlCrOHH till! lJnitud HtllUlH, might evcn bc confusing. This kind ofredun
dancy iH commoll in multivariate data. It is not always undesirable 

.Mince it can assist in detecting errors, and readable names are often 

useful for human users of data. 


• Compressed variable 	or column names ("pcWhtNhOO" for "percent 
white non-Hispanic in the 2000 census") are common in computer 
files. Often, software requires short names for variables, and indeed, 
some of the names in this table are one character longer than the 
eight-character limit imposed by many programs. This is frustrating, 
but you will get used to it. 

• Variables 	are often interrelated statistically and logically. Here 
"pcHispOO," "pcWhtNhOO," and "pcBlkNhOO" are, respectively, the 
"percent Hispanic," "percent white non-Hispanic," and "percent 
black non-Hispanic in the 2000 census," which we would expect to 
be correlated with one another. Understanding and exploring the 
correlations within multivariate data is an important aim of multi
variate analysis. 

We can compress this table of data into a matrix form for analysis: 

16.63 3.64 93.72 1.15 75.06 

-4.10 0.87 83.81 12.33 78.06 


1.48 0.43 98.04 0.80 77.11 (11.1)x= -2.52 0.72 92.07 5.91 77.37 
4.31 0.53 98.21 0.33 76.44 

11.03 9.73 84.85 3.34 

Dropping both the column headings and row labels from the matrix 
makes these data almost meaningless to a human being, but the computer 
will keep track of this for us, even if subsequent analysis leads us to swap 
rows and columns around. Many multivariate analysis techniques work 
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Figure 11.1 Plots of one and two variables from the Pennsylvania counties 
demographiC data. 

primarily on numerical data, so the matrix form is very convenient and this 
raw form of multivariate data allows us to examine them from two perspec
tives: by row, concentrating on each observation as distinct, and by column, 
concentrating on each variable. Both of these perspectives are spatial, and 
these interpretations emerge quite naturally if we try to think of ways of 
visualizing the table of numbers above. First, consider looking at the data 
row by row. With just one or two variables this is simple to illustrate, and 
several types of plot are possible. A one-dimensional dot plot, or strip plot, 
and a two-dimensional scatter plot are shown in Figure 11.1. 

Thus to visualize the data, we use as many spatial dimensions as we have 
variables and plot observations as points. It is a little harder to extend this 
approach to three variables, because we need to represent a three-dimen
sional space in just the two dimensions of the page. This is shown in Figure 
11.2, where a third variable, and a third dimension, have been added to our 
plot. We are starting to encounter problems, and it is already difficult to tell 
what value any particular observation has on each variable. This problem is 
reduced by the interactive three-dimensional plots provided by some com
puter software, which allow the viewer to rotate the image so that the 
relationships between points in the scatter plot are clearer. 

This is all very well for two and perhaps even three variables if we have 
appropriate software, but what can we do to see the relationships when 
we have four or more variables? Various devices have been developed and we 
look at a couple of these in Section 11.5. For now, the important point is that 
multivariate data exist in a multidimensional data space with as many 
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Figure 11.2 Representing three variables in a single plot. 

dimensions as there are variables in the data set. As we add more variables to 
a data set, we are effectively increasing the dimensionality of its data space. 

This is the row-wise perspective on a multivariate data set. However, 
when we look at it column-wise from the perspective of the variables, 
there is another multidimensional space lurking in these same data. 
Returning to our matrix of six observations and five variables, each column 
records all the values of a particular variable. A single column in the matrix 
may be regarded as a vector in a multidimensional space, this time with as 
many dimensions as there are observations in the data set. 

Generally, we are less interested in the column-wise perspective on 
multivariate data than in the view of observations as points, but it has 
one useful aspect. If we consider a general multivariate data set X: 

[
X~l 

x= . (11.2) 

Xnl .J 
with n observations and p variables, a particular variable in the data set 
may be regarded as an n-dimensional vector Xi: 

. [X~i] (11.3)XI . 

Xni 

It is convenient to center this vector, by subtracting the mean value of the 
variable from each value. This gives us the vector xi: 
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x; x, ,I, 

Xli ~,] 	 (11.4) 

[ 
Xni -Xi 

We can use this vector to calculate the variance of variable Xi using the 
vector dot product: 

all  ~ (x· 
U - n l 

11·)T(x
l l 

- 11)
l 

(11.5) 
~= (x;)Tx; 
n 

Furthermore, the covariance between any pair of variables is calculated in a 
similar way 

a2. - ~ (x. _ 1I.)T(x. _ 11.)
lJ - n l t"'l 	 J t"'J 

(11.6) 
= ~ (x;)Txj 

n 

We can use the same relationships to calculate the correlation coefficient 
between two variables: 

( ')T ,Xi Xj 
Pij= ~ 	~ (11.7) 

(x')Tx~
J J 

From this result we can see that the correlation coefficient between two 
variables is equal to the cosine of the angle between their multidimensional 
vectors (see Appendix B if this is unclear). 

This is a deep connection between statistics and geometry. One conse
quence is that perfectly correlated variables are parallel vecrors in multi
dimensional space, and that uncorrelated, independent variables are 
perpendicular or orthogonal. This can be helpful in understanding the tech
nical problems associated with non-independence in regression analysis, 
and even terminology such as multicollinearity. 

Finally, an important matrix in all multivariate analysis, the variance
covariance matrix, is calculated by applying a dot product to the entire data 
matrix: 
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1: I(X I1)T(X 11)
It 

2 2 2 
all al2 alp 

'. 2 2 (11.8) 
I a21 a22 

2 2 
anI app 

This matrix is important in principal components analysis, which is 
described in Section 11.6. 

In conclusion, for a multivariate data set with n observations on p vari
ables, we can think of the data set as either: 

• 	 n po4?-ts each representing an observation in a p-dimensional space, 
or as 

• p 	 n-dimensional vectors each representing a variable, where the 
angles between vectors are related to the correlations between the 
variables 

In most of what follows we are more interested in the n points each 
representing an observation, although it is important to keep the other 
perspective in mind. 

11.3. DISTANCE, DIFFERENCE, AND 
SIMILARITY 

Multivariate observations may thus be thought of as existing in a multi
dimensional space, so a multivariate data set is a point pattern in that same 
space. It follows that many of the point pattern measures presented in 
Chapter 4 that make use of measurements of the distances between points 
to describe and analyze pattern could be used with multivariate data. Just 
as we use distances in real geographic space, so we can make use of the 
distances between observations in a multidimensional space to analyze and 
explore multivariate data. 

Statistical distances are essentially the same as geographical distances. 
Each observation in multidimensional space has a set of coordinates given 
by its value on each of the recorded variables. We use these to construct a 
distance matrix recording all the distances between all the observations. 
Many statistical software packages will do the hard work of constructing a 
distance matrix, but as always, it is useful to have some idea of what is 
going on. 
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The simplmlt measul'e or Hj,lItiHliCIII dil-!tllll(~" hl'tWl'l'1l two OhH(,I'Vlltiolls is 
obtained by extending Pythagorm!'s lIWOI'(l(ll to Illany dillwmliolls, so that 
the distance between two observations a and b is 

I ? 2 (d(a,b)=y(a1-blt+(a2-b2) + ... + a p -

P J1 /2 	 (11.9) 
L" (a; b;)2[
!-1 

Note that each location is a row in the data matrix we've been talking 
about and has p components or variable values. 

There are alternatives to conventional Pythagorean or Euclidean dis
tance, because we are now unconcerned about geometric or geographical 
distances, but with describing how different observations are from one 
another. For example, the Minkowski distance metric 

l l m 

dCa, b) -bill/! 	 (1[t J 
is a generalized form of the Euclidean distance. Different values of m alter 
the weight given to larger and smaller differences between variables. In the 
expression above to get Euclidean distances, we set m = 2. Setting m 1 
gives us the Manhattan distance, also called the city-block or taxicab dis
tance. There are various other distance metrics, among them the Canberra 
and Czekanowski distances, which you may also see as options in statistical 
software. \ 

Whichever distance metric is used, there should be short distances 
between similar observations and longer distances between very different 
observations. In fact, there are four requirements that a measure of differ
ence must satisfy to qualify as a distance metric. These are 

dCa, a) = 0 

dCa, b) > 0 
(11.11)dCa, b) d(b, a) 

dCa, c) (a, b) + d(b, c) 

In order, these conditions state that the distance from a point to itself is 0, 
the distance from a point to a different point is greater than 0, the distance 
is the same in whichever direction you measure it, and the direct distance 
from one point to another is shorter than any route via a third point. Most of 
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Uwse l'oquir"'llll'lIl,,. 111'1' ohviolls enough, and all upply to simple I<;uclideun 
distanceI-!. 'l'lwy lilt.... IIpply to Minkowski distances, but it is not always 
possible to gum·lIllt(·(· tl1ese relationships for more complex distance mea
sures. 

Ifr. practice, a more important issue than satisfying the mathematical 
requirements is the scale of the variables involved. If one variable is 
expressed in much larger numbers than others, it tends to dominate the 
results. This problem doesn't arise with geographical distance, since both 
directions are expressed in the same units-meters, kilometers, miles, or 
whatever. With statistical distances, some variables may be measured in 
units such that values are in thousands or millions, whereas other variables 
may be expressed using small fractions. For example, a data set might have 
atmospheric pressure expressed in pascal, with numbers in the 100,000 
range, and have daily rainfall measured in millimeters, with numbers in 
the 0 to 100. Any simple distance measure based on these raw values 
will be strongly biased toward large differences in atmospheric pressure 
rather than rainfall. This problem can be fixed by standardizing to z scores 
using each variable's mean and standard deviation, in the usual way. In 
multidimensional space, you can imagine this as stretching some axes and 
compressing others, so that the overall width of the space occupied by the 
data set is similar in every dimension. 

A more subtle bias can be introduced by the presence of many correlated 
variables in a data set. For example, in census data there might be six 
variables related to the age structure ofthe population, but only two related 
to income. If we are not careful, this may lead to' a distance matrix that 
emphasizes differences in age structure relative to differences in income. 
More complex distance metrics, such as Mahalanobis distances, are some
times available in software and can compensate for these effects, although 
the interpretation of results can be difficult. 

Another practical issue is how nonnumeric variables should be treated. 
Since statistical distance is not really distance at all, but a measure of the 
difference between observations, we usually proceed by determining how 
similar each pair of observations is. One approach is to build a contingency 
table recording the matches and mismatches on different variables, for each 
pair of locations. In Table 11.2 the numbers of matches and mismatches 
between two locations for binary variables are recorded. A more complex 
table is required for variables with more categories. 

With numbers various similarity measures are possible. Ifp is the 
total number of binary variables, then: 

• 	 [(a + d)/p] is the proportion of variables that are exactly matched 
between A and B. 
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Table 11.2 Tilblr. U..(!d In 
Constructing a Similarity 
Measure 

Item A 

ItemB 1 o 

1 a b 
o c d 

• 	 (alp) ignores 0-0 matches, so that only 1-1 matches count. 
• 	 [(a +d)/(b + c)] is the ratio of matches to mismatches. 

For example, ifwe had two observations based on three binary variables, we 
might construct Table 11.3. This gives us one 1-1 match and two 0-1 mis
matches so that a 1, b 2, and c d O. For the measures listed we 
would then get similarities of 0.33, 0.33, and 0.5, respectively, between 
these two observations. 

Note that distance or difference is the inverse of similarity, so this would 
have to be taken into account before building a distance matrix, usually by 
inverting similarity values, somehow or other. The obvious way is by setting 
distance I/similarity. This can cause problems where similarities of 0 
have been recorded, and an alternative formula is 

dij /2(1 sij) 	 (11.12) 

Where similarities Sij have been scaled so that the maximum 1:5111111(:1.1 

this will produce well-behaved distance values, usable in 

Table 11.3 Two Observations on Three Binary 
Variables 

Location Temperature Rainfall Sunshine 

A High (1) Low (0) Dull (0) 

B High (1) High (1) Bright (1) 
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11.4. 	CLUSTER ANALYSIS: IDENTIFYING 
GROUPS OF SIMILAR OBSERVATIONS 

Since we are thinking of each observation as a point in a multidimensional 
space defined by the variables, an obvious step is to look for clusters of 
observations. These are sets of observations that are similar to each other 
and relatively different from other sets of observations. Clusters may be 
regarded as classes of observation such as types of neighborhood, forest, or 
whatever that represent potentially useful categories in further research. 
Classification is fundamental to any branch of knowledge. Think of the 
periodic table of elements in chemistry, or the elaborate zoological classifi
cations of species. Cluster analysis can help us to identify potential classi
fications in statistical data. and this may be an important first step in the 
development of theory. 



328 GEOGRAPHIC INFORMATION ANALVSIS 

(box continued) 

(/ 
~c10 

h 
9 

c 
~a8 

d 
7 e 

N 6 fCl) 

1i 

~ 4 b 

3 ~b ~f d 

2 ~d e 

f 
a 

o I 
0 2 3 4 5 6 7 6 9 10 

c 

~e5ctJ 
'1:: 

Hierarchical Cluster Analysis 

Even ifit is a little like solving a particularly irritating puzzle, the permu
tation technique discussed in the box is workable for small data sets but 
becomes unwieldy rapidly for larger distance matrices. Nevertheless, it is a 
good basic idea to bear in mind, because more complex methods are simply 
extensions of this basic idea, organized so that they can be automated. 

Hierarchical clustering techniques work by building a nested hierarchy of 
clusters. Small tight-knit clusters consist ofobservations that are very simi
lar to one another. Such small clusters are grouped in larger, looser associa
tions higher up the hierarchy. In principle, clusters may be built either 
bottom-up or top-down. Agglomerative clustering from the bottom up is 
easier to explain. We start with the distance matrix D, constructed as appro
priate in the research context. Initially, we consider each observation as 
belonging to its own cluster with just one member. We then regard the dis
tance matrix as an intercluster distance matrix. The method is simple: 

Multlvlrllte Data, Multidimensional Space, and Spatlalizatlon 329 

1. 	 l<'ind tlw Hlllllllw-It cI.n botwoen any pair of clusters X and Y, that is, 
the HlllnlloHt vulut~ unywhere in D. 

2. 	Merge cluHters X and Y into a new cluster, XY. This involves re
'. placing the rows and columns corresponding to X and Y with a 

new row and column that contains the distances from the merged 
cluster XY to all the remaining clusters. 

3. 	Repeat steps 1 and 2 (n 1) times, until there is only one cluster 
that contains all the observations. 

The crucial step here is step 2, because how we determine the distance 
between two clusters with more than one member will affect which clusters 
are merged at subsequent steps. Various methods are commonly used: 

• Single linkage uses the minimum distance between any pair ofobser
vations, where one is drawn from each cluster. In step 2, the row and 
column entries for the new cluster XY are determined from d(xy)z 
min(dxz, dyz ). 

• Complete linkage 	uses the maximum distance between any pair 
of observations, where one is drawn from each cluster. In step 2, 
the row and column for cluster XY is determined so that d(xYlz = 
max(dxz, d yz ). 

• Average linkage uses the average distance between all pairs of obser
vations, where one observation is in the first cluster and the other in 
the second. In step 2, the row and column for new cluster XY is 
determined according to 

L L d(a, b) 
aEXYbEZd (XY)Z 	 (11.14) 

nxynz 

Less obvious ways of amalgamating clusters also exist. For example, each 
cluster can have an associated spread based on the sum of squared dis
tances of each if its members from its mean center (this is the square of 
the cluster's standard distance; see Figure 4.2 and the accompanying dis
cussion). The entire data set then has a total sum-of-squares value. 
Initially, this is 0, since all clusters have only one member, whose spread 
is 0. The choice of pairs of clusters to amalgamate at each step is then based 
on which amalgamation leads to the smallest overall increase in this quan
tity, that is, the change that least increases the total spread of the clusters. 
This is Ward's hierarchical clustering method, and it produces clusters that 
are as near spherical (in many dimensions, hyperspherical) as possible. 
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Whatever method is used, hierarchicul dUHlorillg r()HullH uro uHuully pn!
sented as a dendrogram, which records in 11 lrllolike dingram the minimum 
distance at which observations were merged into clusters. Interpretation of 
clusters can then be related back to the observations that gave rise to the 
merges made. This can be useful in diagnosing problems with the output. 
The dendrogram is best understood by relating its structure to pictures of 
the clusters it represents. This is shown in Figure 11.4. This diagram also 
shows that the differences between different methods of amalgamation are 
often minor, although this depends on the exact structure of the data. 
Remember, too, that although it is convenient for illustrative purposes to 
show clustering as a spatial process, it actually operates in a multidimen
sional data space that is impossible to draw. Determination of a particular 
clustering solution is made by cutting the dendrogram at some distance, so 
that the resulting clusters appear interesting or plausible. 

As an example, a data set was gathered by asking geography students at 

Penn State to score each ofthe 50 V.S. states on a scale of 0 to 100 according 

to how much they would like to live there, with 0 indicating a strong desire 

not to live in a state, and 100 indicating a strong preference for living in a 

state. This gave us a data set with 50 observations (the states), and 38 

variables, corresponding to the different scores given by the 38 students 

who responded. 


To give you a feeling for the overall preferences of the students, the map 
in Figure 11.5 is colored according to the mean score attained by each state, 
from lighter for low-scoring, unpopular states, to darker for high-scoring, 
popular states. There appear to be distinct regional patterns in this map, 
with a preference for the coasts, and a strong home-region (i.e., near 
Pennsylvania) bias. Against these trends, Colorado, inland and far from 
Pennsylvania, scores highest overall. Comparison of these results with 
those from similar surveys carried out in the 1960s reveals striking consis
tency in the stated residential preferences of Penn State undergraduates 
(see Abler et al., 1971), although Colorado has increased in popularity while 
California has declined. 

The results of a complete linkage clustering analysis of this data set are 
presented as a dendrogram in Figure 11.6 and as a map in Figure 11.7, 
based on the cut indicated on the dendrogram. In this analysis, a simple 
Euclidean distance metric was used. The clusters in Figure 11.7 appear to 
confirm the impression of strong regional effects seen in Figure 11.5. Closer 
examination of Figure 11.6 reveals that the regional effect extends down 
the dendrogram to subregions, such as Idaho-Montana-Wyoming, Alaska, 
and Maine-Vermont-New Hampshire, so that while these states are asso
ciated in a single geographically dispersed cluster, further breakdown sug
gested by the analysis identifies distinct geographical associations. The 
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Figure 11.4 Patterns of clusters and the corresponding dendrograms. On the left, 
clusters are drawn as ellipses, nested within each other. On the right, the 
corresponding dendrograms are shown. 
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Itit~~,I[tI 
Figure 11.7 Map of the clusters produced by the cut indicated in Figure 11.6. 

same is true to a lesser degree of the large cluster of states in the middle of 
the country, although there are anomalies, such as West Virginia being 
most closely associated with states much farther west. Despite inconsisten
cies, this suggests that student residential preferences are related to per
ceptions of regional variation across the United States. 

Nonhierarchical Methods 

Nonhierarchical clustering methods do not require a distance matrix. They 
are usually based on an initial random assignment of observations to the 
desired number of clusters, or on seed-points in the dataspace. Seed points 
may be determined entirely randomly or based on observations selected at 
random. Hierarchical clustering methods have seen considerably more 
application in the geography literature, but it is worth knowing of the 
existence of the nonhierarchical approach. 

An example is K-means clustering. This is based on a random initial 
assignment of observations to the number of desired clusters. Then: 

1. 	Taking each observation in turn, determine which cluster's mean 
center is closest, and reassign the observation to that cluster. 
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HOClllculll\.(' t1w IIl1'llll conterH of'the clW-lterH Ilflected, that iH, the 
cluHtor l!HoIing 11 nwmber and the cluster gaining a member. 

2. 	Repeat until no more reassignments are required. 

'.
It is advisable to run this procedure several times with different initial 

assignments to check on the stability of the resulting clusters. Unless there 
are strong theoretical reasons for preferring the initial choice, it is also 
advisable to check what difference looking for different numbers of clusters 
makes. Dramatic differences in the resulting clusters may point to pro
blems, which require careful interpretation. An example of k-means 
clustering analysis is provided by Dorling et al.'s (1998) analysis of the 
1997 UK general election. 

Clusters as Regions 

Whichever clustering approach is adopted, the obvious step in geography is 
to map the clusters produced, as in Figure 11.7. The clusters identified by 
analysis on the basis of similarity in data values mayor may not be geo
graphically structured. The geographically interesting question is whether 
or not the groups identified are spatially related. If so, we may be able to 
think of the clusters as regions. Obviously, we expect certain types of 
cluster to be spatial-climate zones, for example. In human geography we 
might expect clusters based on demographic variables to relate closely to 
the urban-rural divide, but not necessarily to form regions. Interest might 
also focus on atypical urban or rural locations. For example, rural locations 
not grouped with neighboring locations in income-related clusters could be 
indicative of pockets of urbanites' country homes rather than agricultural 
land. 

With hierarchical clustering techniques a number of maps may be pro
duced, depending on where you choose to cut the dendrogram. A cut near 
the leaves results in lots of small clusters, and near the root results in a 
small number of large clusters. Which is more illuminating will depend 
entirely on the problem at hand. Obviously, k means clustering only pro
duces only one pattern with exactly the requested number of clusters. 

A recent geographical variation on clustering is provided by Martin's 
work (1998) on determining urban neighborhoods using a geographically 
local clustering approach. In this method, only geographical neighbors are 
considered for amalgamation into clusters. The output clusters may be 
regarded directly as regions or, on a smaller scale, neighborhoods. 

For more on cluster analysis, see Aldenderfer and Blashfield (1984). 
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11.5. 	SPATIALlZATION: MAPPING 
MUL TIVARIATE DATA 

The idea of multidimensional data SPllCO can make your head hurt, for the 
very simple reason that it is impossible to viHualizo more than three 
dimensions. Even three dimensions can be difficult to visualize in a static, 
two-dimensional view. This is unfortunate, because so much statistical 
analysis starts by examining data visually using histograms, box plots, 
scatter plots, and so on, and this option is at first sight unavailable for 
multivariate data. 

From a spatial analyst's perspective, this is a familiar problem, similar to 
map projections on which a three-dimensional globe must be represented on 
two-dimensional paper maps. Arguably the multivariate analyst situation 
is worse, since data may be 5-, 10-, or 20-dimensional, or more. Statisticians 
have developed various ways of tackling this problem. We examine two 
visualization techniques before going on to consider multidimensional 
scaling, a method that allows us to approximately map or spatialize 
higher-dimensional data in a smaller number of dimensions, preferably 
the two or three that can readily be visualized. 

Displays for Multivariate Data 

One display for multivariate data is a scatter plot matrix where every 
possible pair of variables in the data set is plotted in a two-dimensional 
scatter plot, and all the plots are arranged in a matrix. This is shown in 
Figure 11.8 for the five variables in the Pennsylvania county data set from 
Section 11.2. We have included all 67 counties in this figure, so that the 
potential usefulness of this display can be seen. Some software that pro
duces scatter plot matrices also includes the lower triangle of scatter plots, 
so that each pairwis,,! scatter plot is printed twice, usually as a mirror 
image. Here, the lower triangle contains the correlation coefficients 
between each pair of variables, which is helpful additional information. 
The usefulness of the scatter plot matrix is enhanced considerably by 
user interaction, particularly brushing effects, where selection of points 
in one scatter plot highlights the same points in all other plots. Where 
each point corresponds to a geographical area as here, linking highlighted 
points in scatter plots to highlighting on a map view is an obvious idea, 
although it has not been implemented as standard in any GIS (see 
Monmonier, 1989). 

It is clear that the scatter plot matrix will become unwieldy very rapidly 
as further variables are added, but other graphical displays for displaying 
many variables are available. For example, a parallel coordinates plot pre-

Multlvarla. Dlta, Multidimensional S~lCe, and Spatlallzatlon 117 

11 f.O In un () ~() ~() 14 III It~ 

pcPopChng DD, ~.. :o 	 0 Q Q 

00 0° 0 0'. B '" 
00t. Do ro8;",H;"oo 0. 00 0 ...0 

00 • ··• L-----~O 0 I~ I 0 

o at. !j!
·0 0 0 	 0 ...B I~06m I ",WhlNhoo 

liIEJ 
.0 	 I<lI'.a M76 1B B ",BIkNMo 
~o 0D

~ 

pc18upOOBBBB 
Figure 11.8 Scatter plot matrix for the five variables of the Pennsylvania counties 
demographic data set. Correlation coefficients between variables are shown in the 
lower triangle of the matrix. 

sents each variable as a vertical axis (see Inselberg, 1988, and Wegman, 
1990, for details). Each observation in the data set is drawn as a line or 
string joining points that correspond to that observation's value on each 
variable. A simple parallel coordinate plot may be obtained using spread
sheet graphing functions as shown in Figure 11.9. This example actually 
displays no fewer than 14 variables. In the diagram all variables have been 
plotted in terms of their z scores. More sophisticated approaches allow 
variation of the scale for each variable. The idea is that strings with similar 
profIles highlight observations that are similar, and correlated variables 
that' are displayed on adjacent axes will be visible as many strings rising 
or falling together. Outliers are also visible. In this example, the very low 
pcWhtNhOO and very high pcBlkNhOO z scores are associated with the inner 
urban Philadelphia county, which is very different from many of the other 
predominantly rural Pennsylvania counties. In static form, this display is 
hard to interpret, but it can form the basis of a powerful interactive and 
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Figure 11.9 Parallel coordinates plot of 14 demographic variables for the 67 
Pennsylvania counties. 

exploratory tool. Again, there are few standard implementations of the 
parallel coordinate plot in current GIS, although examples have been 
described in the research literature e.g., Andrienko and Andrienko, 
2001, and Edsall et aI., 2001). 

Multidimensional Scaling: Ordination 

Although a variety of ingenious methods are available for exploring com
plex multivariate data sets visually (see Fotheringham et aL, 2000, Chap. 4, 
for more examples), none of them really solve the problem that a multi
variate data set exists in a multidimensional data space with as many 
dimensions as there are variables. Furthermore, many of the techniques 
work best in an interactive mode, which may not always be practical and 
which is currently not widely implemented for spatial applications, where it 
would be preferable to have data views linked to a map view of the observa
tion locations. 
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r9ad distances are not a bad approximation to crow's 
rate there Is a fairly constant scaling factor 

the towns that Is a reasonable repre
Note that no directional infor

decisions have been 
of two possible 

is incorrect 
produ~a 

Multidimensional scaling (MDS) is a technique that may be useful in 
addressing this issue. MDS attempts to reduce the dimensionality of a 
data set, while preserving important characteristics of the relationships 
between observations. Again, the method is based on the entirely spatial 
idea of the distance matrix. 

The starting point for multidimensional scaling (MDS) is the statistical 
distance matrix. From this we attempt to create a map that visually repre
sents the relationships between observations, in a manageable number of 
dimensions. MDS thus spatializes the data so that we can look for non
obvious patterns and relationships between the observations. The idea is 
to remap the p-dimensional data space into just a few (usually two, occa
sionally three) dimensions, while preserving statistical distances between 
observations as far as is possible. In the resulting low-dimensional map or 
display, called an ordination, closely associated observations appear as 
groups of closely spaced points. In a sense, multidimensional scaling is a 
projection technique through which the many dimensions of the original 
data are reduced to just two or three. As with any map projection of the 
three dimensions of the globe into the two of a flat paper map, distortions 
are inevitable. In the context of MDS, this distortion is referred to as stress 
and the method proceeds iteratively by redrawing the observations as 
points in a space of the specified dimensionality, subject to a requirement 
to minimize a stress function. The stress function is usually based on a 
comparison of the ranking of the interobservation distances in the lower
dimensional space relative to their ranking in the multidimensional space 
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where q is the desired number of dimensions, p is the number ofdinwnHiom; 
or variables in the original data, and the r values are mnkillJ.(s of the 
interobservation distances in the full data set or in th(l low dilllollHiun 
representation. As you might imagine, this is complex pf()(~(lHH 11111\ it. iH 
best just to leave it to the computer (see Kruskal, 197H, IInd (lut.I'"II. 
1983, for more details). 

Typically, we start with a rough estimate of the solution Hnd itm'lIL1vt1ly 
attempt to reduce the stress by making small adjustment" to thll IlIUP, 

Practically speaking, the important thing is to try different numhtll'" of' 
dimensions. For a good ordination the final stress should be below IIholl\. 
10%, Ideally, it will be reasonably low in just two dimensions, and th(1 duLn 
can then be plotted as a map, over which you can look for structUrtl lint! 
patterns. 

To illustrate the approach, we have applied the MDS technique to 
state residential preference data presented earlier. Although the mean 
score for each state provides a useful summary picture of this data set 

Figure 11.5), it may also hide a considerable amount of variation. We 
could map other data statistics, but we can also ordinate the states accord
ing to their differences and similarities in student preference scores and 
inspect the outcome visually. This has been done in Figure 11.11 using two 
dimensions and a simple Euclidean distance metric. For now we won't 
worry too much about the dimensions of this map which should become 
clearer after we discuss principal components analysis in the next section. 
The main purpose of the ordination is to point to relationships in the datn 
set that are not obvious from a simple summary statistic. 

For example, in Figure 11.11, the generally popular states in the north
east seem to lie in two distinct parts of the display. Maine, Vermont, and 
New Hampshire are grouped close to Pennsylvania, Hawaii, and Oregon, 
New York, Massachusetts, Connecticut, Rhode Island, Delaware, 
Maryland, and New Jersey are in a different area toward the top of the 
display. This is an interesting pattern, because the former group ofstates is 
different in character from the latter, being more rural and perhaps more 
outdoors in character. It is also interesting that there is a generalleft-to
right increase in popularity. This trend is very consistent, suggesting that 
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Figure 11.11 Two-dimensional ordination of the student state residential preference 
data. Clusters from Figure 11.7 are indicated. Stress in this ordination is 23.1 %. 

the east-west axis ofthis ordination relates to a basic popularity factor. It is 
harder to say if variation in other directions corresponds to anything in 
particular, although it may reflect rural-to-urban variation. Another inter
esting feature of this ordination is the existence of a group of outliers to the 
south (South Dakota, North Dakota, Idaho, Alaska, Wyoming, and 
Montana), along with a singular outlier (Utah). Interpretation of this obser
vation would require a closer examination of the data. 

Comparison of Figure 11.11 with Figures 11.6 and 11.7 is also of interest, 
since clustering and MDS are both attempts to unpick the relationships in a 
complex data set. In Figure 11.11 we have indicated the five clusters 
mapped in Figure 11.7. It is clear that the two dimensions of this ordination 
are insufficient to sE:!parate the groups identified in clustering analysis 
clearly. 

Of course, interpretation of an ordination is a subjective business. It 
should also be noted that with a stress of 23.1% in this two-dimensional 
ordination, considerable distortion remains in this display, a fact confirmed 
by the convoluted shape of the five clusters. It turns out that a third dimen
sion reduces the stress to 14.9%, although as Figure 11.12 shows, it is 
difficult to interpret a static display. It is interesting that some of the 
most popular states, Hawaii, Colorado, and Pennsylvania, appear widely 
separated in this view, suggesting that the reasons for their popularity are 
different in each case. Note also how Texas and Illinois, almost coincident in 
two dimensions and an area of considerable tension in the cluster bound
aries, can now be seen to be widely separated. 
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Figure 11.12 Three-dimensional ordination of the residential preference data. Stress 
in this ordination is reduced to 14.9%. Compare Figure 11.11. 

The underlying idea of MDS, to spatialize a multivariate data set so that 
its structure can be examined visually, is becoming increasingly widely 
used. For example, concept maps, where ideas or topics are positioned on 
a display so that the relationships between them can be understood as a 
whole, are increasingly common. This idea is itself closely related to the 
graph drawing techniques that we mentioned briefly in Chapter 7. 

11.6. 	REDUCING THE NUMBER OF VARIABLES: 
PRINCIPAL COMPONENTS ANALYSIS 

It turns out that five dimensions are required in the MDS example above 
before the stress value falls below 10%, and even then it is still 9.1%. 
Although we can tentatively interpret a two-dimensional ordination, this 
becomes difficult in three dimensions, and we cannot even draw higher
dimensional ordinations. We really need a method that provides more infor
mation about the ways in which observations differ from one another while 
reducing the complexity of the raw data. Principal components analysis 
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(PCA) is a very dired appl'Oach to thiH pl'Ohlt'llI. It i.itmlifieH n Hd orilld(~
pendent, uncorrelated variutes, called the prim'ipal cO/npom'//ls, thnt can 
replace the original observed variables. 'l'he vnlues of the principal compo
nents for each observation are readily calculated from the original vari
ables. There are as many principal components as there are original 
variables, but a subset of them that captures most of the variability in 
the original data can be used. 

PCA is based on the eigenvectors and eigenvalues of the variance-covar
iance or correlation matrix (see Appendix B for a brief introduction to 
eigenvectors and eigenvalues). There are as many eigenvectors as there 
are variables in the original data, and each eigenvector, ei, reil ... 

defines a transformation of the original data matrix X according to 

PC i eilxl + ... + eijxj + ... + eipxp (11.16) 

where Ix;} are the columns of the data matrix, that is, the original variables, 
and IPC;} are the principal components of the data. The principal compo
nents are such that they are statistically independent, which is often desir
able, since it means that there are no multicollinearity effects in regression 
model building. Hopefully, it also means that they can be treated as separ
able and meaningful explanatory variables. In practice, it is often rather 
difficult to interpret the meaning of the principal components. 

The easiest way to get a feel for this method is to look at a very simple 
example and then at a more complex case where the advantages of the 
technique may become clearer. The scatterplot in Figure 11.13 shows the 
percentage male unemployment and percentage of households owning no 
car for 432 census enumeration districts in Hackney in East London using 
data derived from the 1991 UK Census of Population. If we regard male 
unemployment as Xl I1nd no-car households as X2, the variance-covariance 
matrix for these data\s 

I:: [47.738 48.221 J (1
48.221 128.015 

We can determine the eigenvalue-eigenvector pairs for this matrix, which 
turn out to be 

el) = (150.62. [0.4244J)
0.9055 

(11.18) 

U'2. e2) = (25.137. [-0.9055J)
0.4244 
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Figure 11.13 Simple two-variable example of principal components. 

Now, if we draw another set of coordinate axes on the original graph with 
their origin at the mean center of the scatter plot [Le., at (Xb X2)], we can 
begin to get a clearer picture of what the eigenvectors tell us. The axes 
shown are oriented parallel to the eigenvectors we have identified, and 
they define a transformation of the original data, into two different princi
pal components: 

PCl = 0.4244xl + 0.9055x2 (11.19) 

and 

PC2 = -0.9055xl + 0.4244x2 (11.20) 

such that the first has maximum possible variance and the second is ortho
gonal to the first. If we were to calculate the values for each observation in 
terms of the principal components, by applying the formulas above, which is 
straightforward, and then find the covariance between the two, it would be 
equal to zero. Furthermore, the variance of each principal component is 
given by the corresponding eigenvalue. This allows us to order the compo
nents in a meaningful way, from the largest eigenvalue to the smallest. The 
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first principal component accountM fill' t111l II\I'gl~Mt pllrt of thll vnrilihility in 
the data, the second for the next greatest variubility, and so on, You can sce 
this in the diagram: The first principal component is parallel to the longest 
axis of the scatter of points, and the second is perpendicular to it. Notice, 
too, that in the terms introduced in Section 10.2, determination of the 
principal components involves a transformation of the data coordinate 
axes exactly like that required when co-registering two sets of mapped data. 

The proportion of overall data variance in the data accounted for by a 
particular principal component is given by the value of its eigenvalue rela
tive to the sum of all the others: 

Ai 
(11.21)fraction of variance Al + ... + Ap 

In the example above the first principal component accounts for 

150.62 
(11.22)150.62 + 25.137 = 85.7% 

of the total data variance. The eigenvalues may also be used to draw the 
standard deviational ellipses shown on Figure 11.13 that can assist in 
detecting outliers. The lengths of the axes of the ellipses are equal to the 
square root of the corresponding eigenvalues. In this case, with 432 points, 
we should not be too surprised to see a few points lying beyond the three 
standard deviations ellipse. 

All this is easy enough to picture in only two dimensions. In fact, in two 
dimensions it is not really very usefuL The real point ofPCA is to apply it to 
complex multivariate data in the hope of reducing the number of varial cS 

required to give a reasonable description of the variation in the data. In 
three dimensions the data ellipse becomes football-shaped (in the United 
States; in the rest of the world, rugby ball-shaped) and the principal com
ponents can still be visualized. In four or more dimensions it gets a little 
harder to picture what's going on, but the same meaning can be ascribed to 
the principal components: they are a set of orthogonal axes in the data 
hyperellipse. 

In a multidimensional data set we use the eigenvalues to rank the prin
cipal components in order of their ability to pick out variation in the data. 
Then we can examine the cumulative total variance explained by the first 
few eigenvalues to determine how many principal components are required 
to account for, say, 90% of the total. This might typically reduce a large set 
of 20 or 50 variables to a more manageable number of components, perhaps 

Multlv...... o.ta, Multldlmenllonif'SpICI, Ind Spltllllzltlon 14' 

Ii 01' 10, whkh !'lUll 1'11111111'1' IllOMt ol'tlw impOI'\.llll" dllll'lIdnriMtieH 01'1.11(1 dnt.n 
that aro mOI'I' 1'1'lIciily visualized and anulyzed. 

You should hllv" Iwl.kot/ a problem here, Variance iA Acule depondnnt. It 
is larger for a numerical scale that happens to include large numherM, IInd-. 

smaller for one with low numbers. Principal components analysis using u 
variance/covariance matrix therefore tends to identify components that uro 
Iwavily biased toward variables expressed in large numbers. The wily 
around this problem is to use standardized variables, calculated wiing the 
:-,score transformation. The variance-covariance matrix then beconlOs 11 

('orrelation matrix and the same process as before is used to d(ltllrmim~ 
pjgenvalues and eigenvectors. Generally, the two-dimensional CIIIW with 
standardized data is not very interesting, because it often prOdUl~I\H tl1I' 
eigenvectors [1 1JT and 1 IJT, at 45° to the variable aXOH. Th" m111'11 

complex data structure that comes with the addition of mom vurillhltlK 
invariably alters this picture. 

As an example of a more complex data set we again UAe thu Miucit'llt. 
residential preference data. The first few rows of the first five eigllllvlldlll'K 
are shown in Table 11,5. 

Of course, the full table of component loadings has 38 rows (ono fhr (lIwh 
variable) and 38 columns (one for each principal component). Excopi in Uw 
most general terms, visual inspection of these numbers is rather difficult. 

Rather than examine the raw numbers, various plots are usually morn 
helpful. First, we inspect the scree plot, shown in Figure 11.14. This showH 
the fraction of the total data variance accounted for by each componont, 
arranged in order of decreasing contribution to the total. We can see here 

Table 11.5 First Few Rows of the First Five Eigenvectors (Principal 
Components) for the Student State Preference Oataa 

Camp. 1 Camp. 2 Camp. 3 Camp. 4 Camp. 5 

Xl 0.2002 -0.1236 -0.1417 -0.1561 -0.0399 
X2 -0.1472 0.0953 0.0091 -0.0175 -0.2210 
X3 0.2279 -0.0062 0.1333 0.1537 0.0201 
X4 0.2134 0.0494 -0.1549 0.1179 0.1109 
X5 0.1685 0.0607 0.1644 0.0231 -0.3435 
X6 0.0745 -0.2465 0.0443 0.1832 -0.2439 
X7 0.1675 0.1351 -0.0518 -0.2765 -0.2649 
X8 0.1324 -0.2131 -0.1072 -0.1193 0.2704 
X9 0.1015 0.1885 0.2294 0.0509 0.2229 
X10 0.1661 -0.0305 0.0716 0.1167 -0.2174 

aValues are the loadings of each original variable on each component. 
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Figure 11.14 Scree plot from principal components analysis of the student residential 
preference data. 

that about 33% of the variance is accounted for by the first principal com
ponent, a total of about 66% by the first five, and no more than 5% of the 
total by any of the remaining components. Various rules of thumb for deter
mining how many components are adequate for representing the data are 
used. In practice, there are no hard-and-fast rules. 

It may also be useful to produce scatter plots of the first few principal 
components. The first two principal components for this data set are plotted 
in Figure 11.15. You should compare this plot with Figure 11.11. The two 
plots are very similar, but there are )Some minor differences. For example, in 
the PCA plot, California and Hawaii are closer together, and the Carolinas 
have migrated toward the northeastern states in the upper half of the plot. 
The overall similarity should not be a surprise, since both plots are different 
attempts to represent visually the greater part of the variation in the entire 
data set. The difference is that this is the sole aim of the MDS plot, whereas 
the PCA plot is a scatter plot of two weighted sums ofthe original variables. 
This is why the PCA plot has scales indicated. The meaning of each axis of 
the PCA plot can be inferred by inspection of the entire list of component 
loadings of which Table 11.5 is a fragment. For example, the positive load
ing of all the original variables except for one (student X2) on component 1 
means that we can read this component as an overall popularity index. 
Unfortunately, with this data set, interpretation of component meanings, 
other than the first, is difficult. 
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Figure 11.15 Scatter plot of the first two principal components of the state 
preference data. Compare Figure 11.11, 

Another useful plot is the principal component biplot. An example IS 
shown in Figure 11.16. Here both the transformed observations and the 
original variables are plotted on the same display. Observations are plotted 
as a scatter plot on the principal components, and variables are plotted as 
vectors from the mean center of the data, with their direction given by the 
loadings of that variable on each principal component. There is a great deal 
of information in this plot: 

• Obviously, all the information contained in a standard principal com
ponents scatter plot is included. 

• A line from a particular observation projected perpendicularly onto a 
variable arrow gives a rough indication of how high or low the value 
of that variable is for that observation-remember that the variables 
are presented here as z-score transformed values. 

• Angles 	between the variable arrows give a very rough idea of the 
correlation between variables. 

You have to be careful about these last two points, since only two compo
nents are plotted and the relationships between variables, and between 
variables and observations, might look very different in a plot based on 
other pairs of components. In a case like this, where perhaps five compo
nents are required to give a reasonably complete picture of the data, there 
are 10 different biplots that we could examine. Properly speaking, only the 
plot of the first two components is a true biplot, but combinations of other 
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Figure 11.18 Maps of five factors extracted from the residential preference data. In 
a" maps darker grays are higher values. 

cussion of the other techniques in this chapter that given the complexities 
involved, a degree of subjective judgment is almost inevitable in any ana
lysis of multivariate data. 

Overall, factor analysis hovers slightly uncomfortably on the edges of 
statistics and seems to be a matter of individual taste. The factors remain 
intangible-they are a product of the analysis, not observables. For many, 
factor analysis remains a little mysterious, almost as much an art as a 
science. Whether or not the technique works is really dependent on whether 
it enhances your understanding of the data, or at any rate, whether you 
think it helps you to understand the data. 

11.7. CONCLUSION 

The techniques introduced in this chapter are not directly spatial, and they 
certainly take little account of space and spatial autocorrelation in their 
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developlm~1I1.. N(lvt.,·tlwII'HH, all theKe IIwthodK ure frequently applied in 
geography. HO that it is important to be aware of their existence, to have 
Home underHtunding of their interpretation, to know their limitations, and 
to know when they might be useful. Unlike many of the techniques we have 
looked- at in this book, the methods we have discussed are exploratory in 
nature and likely to be most useful at the hypothesis-generation stage of 
research. All are likely to involve a degree of subjective decision making on 
your part: how many components to use? what measure of (dis)similarity to 
use? what clustering method-single linkage, complete, average, Ward's? or 
maybe k means? how many dimensions in an ordination? This can make the 
process seem a little arbitrary and not especially scientific. Well, it may just 
be that this is inevitable in applying tools that attempt to deal routinely 
with 3S-dimensional space! 

The difficulty of analyzing multivariate data is one reason why a lot of 
recent work., in statistics has emphasized the development of exploratory 
techniques, where the aim is hypothesis generation, not formal testing. 
Such work is often pursued in software environments where it is possible 
to switch back and forth between different views of the same data using a 
variety of techniques. As you have seen in this chapter, in geography, an 
additional view of the data that it is natural to examine is the geographi
cal map. The inclusion of the tools we have discussed here in GIS would 
be a significant step toward making the interactive examination of com
plex geographic data routine and straightforward. Unfortunately, at the 
time of writing, few GIS incorporate these analysis techniques as stan
dard. Examples of individual implementations are common in the litera
ture, but it remains to be seen whether any progress is made in 
direction. 

CHAPTER REVIEW 

• 	Multivariate analysis techniques work on the multivariate data 
matrix-with observations in rows and variables in columns; often, 
they may also work on the variance-covariance matrix or the corre
lation matrix. 

• 	 Data matrices are often standardized so that entries represent the z 
scores of the original data. This is important in clustering and prin
cipal components analysis if bias is to be avoided. 

• Observations may be considered to be points in a multidimensional 
space, while variables are vectors. 

• Since observations are points in a space, it is possible to construct a 
distance matrix recording distances between observations. In this 
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context, distance is u meU!~ure ofUw dim'n'l/c(' h(~tul('l'l/ pairs o/'o/>iwr
vations. 

• 	 Numerous distance measures are available, including Eudidean, 
Minkowski, and Manhattan distances. Distances may also be derived 
from similarity measures based on the numbers of matching non
numerical variables between pairs of observations. 

• 	 Cluster analysis has direct and obvious uses in geography, where we 
are often concerned to classify and group observations into sets of 
similar types as a preliminary to theory and model building. 

• Hierarchical 	 clustering techniques rely on the distance matrix 
between the items to be clustered. Various techniques are used and 
may be distinguished on the. basis of the rule which is applied for 
joining clusters at each stage of the process. Examples are single 
linkage, complete linkage, average distance, and minimal spread 
(Ward's method). 

• 	 Hierarchical clustering results are presented as dendrograms or 
trees which may be inspected for meaningful clusters. 

• 	 k-means clustering forces you to choose how many clusters you want 
before starting. 

• 	 In either case it is likely to be interesting to map the resulting clus
ters. 

• 	Multidimensional scaling (MDS) is a technique for spatializing a 
data set, so that interrelationships may be understood in terms of 
the relative locations of observations on a two- or three-dimensional 
display. This process produces inevitable distortions, referred to as 
stress. 

• 	Principal components and factor analysis are concerned with data 
reduction and with the description of the complex interrelationships 
that often exist in multivariate data sets. 

• 	Principal components analysis (PCA) identifies the eigenvectors and 
eigenvalues of the variance-covariance or correlation matrix; these 
correspond to a set of principal components which are independent of 
one another (Le., uncorrelated) and which may be ranked in terms of 
the total variance they account for. 

• A scree plot is often used to identify how many components should be 
retained for further analysis. 

• 	 Direct interpretation of the principal components themselves is often 
difficult. 

• Factor analysis attempts to get around this problem by relaxing the 
requirement ofPCA to produce orthogonal variates that explain max
imum variance. In skilled hands this may result in genuine improve
ments in understanding, although the method is somewhat 
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subjocliVl', 1111(1 diITt·rt~l1t analysts may end up producing different 

results. 

.. 
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Chapter 12 

New Approaches to Spatial Analysis 

CHAPTER OBJECTIVES 

In this final chapter we deal with methods for the analysis of geographic 
information that rely heavily on the existence of computer power, an 
approach that has been called geocomputation. The chapter differs from 
those that precede it in two respects. First, because we cover a lot of new 
ground at a relatively low level of detail, you will find its style somewhat 
different, with many more pointers to further reading. If you really want to 
be up to date with the latest on the methods we discuss, we advise you to 
follow up these references to the research literature. Second, most of the 
methods we discuss have been developed recently. At the time ofwriting we 
simply do not know if any of these approaches will become part of the 
mainstream GI analyst's tool kit. It follows that our treatment is provi
sional and, also, partial. However, because these methods originate in 
changes in the wider scientific ent'erprise rather than in the latest GIS 
technological fads, we feel reasonably confident presenting them as repre
sentative of new approaches to geographic information analysis. A develop
ment we have not considered as fully as perhaps we should is in techniques 
for visualizing geographic information. This would have required another 
look of at least the same length! 

Bearing these comments in mind, our aims in this chapter are to: 

• Discuss recent changes in the GIS environment, both technical and 
theoretical 

• Describe the developing field ofgeocomputation 
• Describe recent developments in spatial modeling and the linking of 

such models to existing GIS 
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After rondin/o{ thiH dlllpter, you should be able to: 

• Describe 	the impact on the GIS environment of increases in both 
,,!uantities of gata and computer processing power 

• 	Outline briefly the implications of complexity for the application of 
statistical ideas in geography 

• Describe emerging geographical analysis techniques in geocomputa
tion derived from artificial intelligence, expert systems, artificial 
neural networks, genetic algorithms and software agents 

• Describe cellular automaton and agent-based models and how they 
may be applied to geographical problems 

• Outline the various possible ways of coupling spatial models to a GIS 

12.1. INTRODUCTION 

Imagine a world where computers are few and far between, expensive, 
enormous, and accessible only to a small number of experts. This was the 
world in which many of the techniques we have introduced in this book 
were developed. If you have been paying attention to the reading lists at 
the end of each chapter, you will have unearthed research articles from at 
least as far back as 1911, with a fair number from the 1950s, 1960s and 
1970s. Even some of the more advanced techniques we have discussed are 
well beyond their teenage years. Kriging is a child of the 1960s (Matheron, 
1963), with venerable parents (Youden and Mehlich, 1937, cited in Webster 
and Oliver, 2001). Ripley's K function first saw the light of day in 1976 
(Ripley, 1976), and even fractal geometry predates the birth of many of 
the likely readers of this book (Mandelbrot, 1977). In contrast, the 
International Journal Geographical Information Systems appeared in 
1987. Spatial analysis was going strong well before GISs were even a 
gleam in the collective geographic eye. In short, contemporary GISs are 
used in a world that is very different from the one in which classical spatial 
analysis was invented. 

Of course, all three of the methods mentioned above would be all but 
impossible without computers, and most of the methods we have discussed 
have seen continuous development before, during, and since the advent of 
cheap, powerful computing on the desktop. Computers themselves are well 
over half a century old, but it is hard to exaggerate just how rapidly the 
computational environment has changed. In the early 1970s in the United 
States, the first scientific calculator cost $350, equivalent to about $1500 at 
today's prices. So, 30 years ago the price of a powerful personal computer 
(PC) got you a machine that could do basic arithmetic, a bit of trigonometry, 
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and not much else. Meanwhile, luptup PCIoI Urt~ nlol capable alol the <lllrge) 
room-sized mainframe computers of 30 yourH ngo, at a rraction of the COHt. 

This history and anecdote are all very interesting, but what have they got 
to do with spatial analysis? One of the arguments of this chapter is that 
changes in computing have completely altered how spatial analysis is and 
should be conducted. This is not t~ "rubbish" all the classical stuff that you 
have ploughed through to get this far, but it is to suggest that the develop
ment of the computing environment in which we work affects the questions 
that are and can be asked, as well as the approaches that are and can be 
taken to answer them. This claim is debatable, but the debate is important 
and is likely to have far-reaching effects for anyone engaged in working 
with GISs and spatial analysis. 

Two interrelated changes are often asserted to have occurred. First, com
puter power is more plentiful and cheaper, and second, data are more plen
tiful and easier and cheaper to acquire. These changes are interrelated to 
the degree that most of the more numerous data are produced with the aid 
of the more plentiful computing resources, and conversely, much of the 
great increase in computing power is dedicated to analyzing the growing 
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amount of dnln. Alt.hough in broad outline these claims are self-evidently 
true, we Hhould pUll/oie to consider them a little more closely. 

Cheap and powerful computing is more widely available than ever. This 
is o~iously true, but it is worth pointing out that an enormous proportion 
of current computing power spends most of its time either unused (if you're 
concerned about the inefficient use of your own PC, visit www.seti.org for 
one possible answer) or used for tasks that make low demands on the 
resources available (word processing, buying books online, and so on). 

At first sight, the claim that data are cheaper and more plentiful than 
ever is also hard to refute. Certainly, large generic data sets (government
gathered census data and detailed remote-sensed imagery) are more readily 
available to researchers in more convenient forms than previously could 
have been imagined. We use the term generic advisedly: such data are 
often not gathered with any specific questions in mind. They are not gath
ered to assist researchers in answering any specific question or to test any 
specific hypothesis. High quality data, properly controlled for confounding 
variables, and so on, are as expensive as ever to obtain in the natural 
sciences, and in the social sciences perhaps as unattainable as ever (see 
Sayer, 1992). 

So, although we would agree that the computational environment ofGISs 
has changed considerably, it is important to be clear about exactly what has 
happened. None of the changes that have occurred have fundamentally 
altered the basic concepts that we have been discussing in previous chap
ters. This can occasionally be a difficult truth to hold on to amid all the hype 
that surrounds contemporary technological developments. It also warns 
against the simplistic idea that there is now so much data and computing 
power that we are in a position to answer all geographical questions. First, 
many of the questions are difficult and likely to remain resistant to even the 
most computationally sophisticated methods. Harel's (2000) little book on 
computational complexity, Computers Ltd: What They Really Can't Do, lists 
a large number ofinteresting, essentially spatial problems that simply can
not and will never be solved exactly using any digital computer. Second, 
perhaps even because the data are cheap, many readily available data sets 
simply do not allow us to answer many very interesting questions. It may be 
more realistic to suggest that the data merely allow us to ask more ques
tions! Answering these questions may actually require us to gather yet 
more data designed to answer yet more new questions. 

Something else has changed. Until relatively recently the scientific 
world view was linear. Ifthe world really was linear, equations such as Y = 
a +bX would always describe the relationships between things very well. 
More important, in a linear world, the effect of X on Y would always be 
independent of all the other factors that might affect Y. In fact, we know 
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very well that this view of thingH iH 1'IlI'IIly t.!'lluhh Simple Y d I bX 
expressions rarely describe the relationHhipH lll!Lwmm fheLm's very well, 
Most relationships are nonlinear in that a small inc)'{~aHo in X could cause 
a small increase in Y, or a big increase in Y, or even a decrease in Y 
dependent on everything else-in other words, all the other factors that 
affect Y. In practice, even commonplace day-to-day observable events are 
highly interdependent and interrelated. Today's air temperature is depen
dent on numerous factors: yesterday's air, ground, and sea temperatures, 
wind directions and speeds, precipitation, humidity, air pressure, and so on. 
And all of these factors are in turn related to one another in complex ways. 
The complexity we are describing should be familiar to you. For example, 
when the U.s. Federal Reserve lowers interest rates by 0.25%,25 different 
experts can offer 25 different opinions on how the markets will react-only 
for the markets to react in a twenty-sixth way that none of the experts 
anticipated. Despite the ubiquity of complex realms such as these, where 
SCIence, for all its sophistication, has relatively little useful to say, the linear 
view has persisted. This is partly because the engineering and technology 
products made possible by that view of how the world works have been so 
effective. 

Complexity is the technical term for an emerging scientific, nonlinear 
view of the world (see Waldrop, 1992). The study of complex systems has 
its origins in thermodynamics (Prigogine and Stengers, 1984) and biology 
(Kauffman, 1993), two areas where large systems of many interacting ele
ments are common. Some of these ideas have begun to make their way into 
physical and biogeography (Harrison, 1999; Malanson, 1999; Phillips, 
1999), and also into human geography and the social sciences (AlIen, 
1997; Byrne, 1998; Portugali, 2000). Perhaps the key insight ofthe complex
ity perspective is that when we work with nonlinear systems, there is a 
limit to our powers of prediction, even if we completely understand the 
mechanisms involved, This is why the weather forecast is still wrong so 
often and why economic forecasts are almost always wrong, 

the mathematics required for this nonlinear world view is 
beyond the reach ofanalytic techniques, and computers are therefore essen
tial to the development of theories about complex systems and complexity. 
This is similar to the problem that statistical distributions can be impossi
ble to derive analytically but may readily be simulated by Monte Carlo 
methods. It may even be that the reason that until recently science 
remained blind to the evident complexity of the real world was not solely 
the technological and explanatory success of the conventional view, but the 
unavailability of any conceptual or practical tools with which to pursue 
alternatives. In the same way that Galileo's telescope enabled the explora
tion of a new astronomy, the modern computer is enabling the new world of 
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complex HYHt!lIllH. 'I'lu'I"(' iH nothing unique or revolutionary about this devel
opment: 'J'Iw toolH and concepts of any research program have always been 
interrelated in this way. 

Tij.e major topics in this chapter may all be seen as manifestations in 
geographic information analysis of these broader changes in the tools (com
puters) and ideas (the world is complex and not amenable to simple math
ematical descriptions) of science more generally: 

1. 	Increases in computing resources have seen attempts to develop 
automated intelligent tools for exploration of the greatly increased 
arrays of data that may contain interesting patterns indicative of 
previously undiscovered relationships and processes. We have 
already discussed the Geographical Analysis Machine (GAM), an 
early e{'ample of this trend, in Chapter 5. In Section 12.2 we place 
GAM in its wider context ofgeocomputation. Many of the methods 
we discuss force no particular mathematical assumptions about the 
underlying causes of patterns, so that nonlinear phenomena may 
be investigated using them. 

2. 	Computer modeling and simulation are increasingly important 
throughout geography. Such models are distinct from the statisti 
cal process models discussed in Chapter 3, in that they seek to 
represent the world as it is, in terms of the actual causal mechan
isms that give rise to the world we observe. These models usually 
represent explicitly the elements that constitute the complex sys
tems being studied. We also discuss the links between GISs and 
such models in Section 12.3. 

12.2. GEOCOMPUTATION 

The most direct response within the GIS and spatial analysis communities 
to the vast quantities of geospatial data now available has been a set ofnew 
techniques loosely gathered under the heading of geocomputation. 
recently coined term has already given rise to an annual conference 
special journal issues, and at least two collections of articles (Longley et al., 
1998; Abrahart and Openshaw, 2000). Nevertheless, it remains a little dif
ficult to pin down exactly what it is, and a number of definitions are offered 
in the edited collections cited. At its simplest it might be defined as some
thing like "the use of computers to tackle geographical problems that are 
too complex for manual techniques." This is a little vague, leaving open, for 
example, the question of whether or not day-to-day use of a GIS qualifies as 
geocomputation. It is also unclear how this distinguishes geocomputation 
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from earlier work in quantitative geography, since even if thoy wor(~ big, 
sluggish, room-sized beasts programmed by cards full of punched holes, 
computers were almost invariably used. We suspect that the most sensible 
definition of the term will be found in the notion of computational complex
ity (Harel, 2000). 

Consistently the most ambitious of the variety of perspectives available 
has been that adopted by Stan Openshaw and his colleagues in the Centre 
for Computational Geography at the University of Leeds. Their perspective 
focuses on the question: Can we use (cheap) computer power in place of 
(expensive) brain power to help us discover patterns in geospatial data? 
Most methods that start from this question are derived from artificial intel
ligence techniques, and this is probably what most clearly differentiates 
contemporary geocomputational approaches from earlier work. Artificial 
intelligence (AI) is itself a big field, with almost as many definitions as 
there are researchers. For our purposes a definition from the geography 
literature will serve as well as any other: "[AI] is an attempt to endow a 
computer with some of the intellectual capabilities of intelligent life forms 
without necessarily having to imitate exactly the information processing 
steps that are used by human beings and other biological systems" 
(Openshaw and Openshaw, 1997, p. 5). 

Unsurprisingly, there are numerous approaches to the knotty problem of 
endowing a computer with intelligence. We will not concern ourselves with 
the question ofwhether such a thing is even possible, instead noting that in 
certain fields (chess, for example) Cbmputers have certainly been designed 
that can out-perform any human expert. In any case, a number of AI tech
niques have been applied to geographical problems, and we discuss these in 
the sections 

First, it is instructive to consider the example of the original 
Geographical Analysis Machine (GAM) (see Chapter 5 and Openshaw et 
al., 1987) and to identify why it is not intelligent, so that the techniques we 
consider in this section are a little better defined. You will recall that the 
GAM searches a study area exhaustively for incidences of unusually large 
numbers of occurrences of some phenomenon relative to an at-risk popula
tion. This is not a particularly intelligent approach, because the tool simply 
scans the entire study area, making no use of anything it finds to modify its 
subsequent behavior. Equally, it does not change its definition of the pro
blem to arrive at an answer: for example, by searching in regions other than 
circles. Both of these behaviors are characteristic of how a human expert 
might approach the problem. For example, as an investigation proceeds, a 
human researcher is likely to pay particular attention to areas similar to 
others where suspect clusters have already been identified. Alternatively, if 
a number of linear clusters associated with (say) overhead power transmis-
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sion limll'! WOr(l I)otl,d IHtr-ly in the research process, a human-led investiga
tion might rodir(lct rmmurces to searching for this new and different phe
nomenon. Such adaptability and an ability to make effective use of 
infOl"!lation previously acquired, in other words to learn, seem to be com
ponents of many definitions of intelligence. It is worth considering these 
aspects in relation to the methods outlined below. 

Expert Systems 

One of the earliest AI approaches is the expert system (see Naylor, 1983). 
The idea is to construct a formal representation ofthe human-expert knowl
edge in some field that is of interest. This knowledge base is usually stored 
in the form of a set ofproduction rules, with the form 

\ 

IF (condition) THEN (action) 

A driving expert system might have a production rule 

IF (red light) THEN (stop) 

In practice, production rules are much more complicated than this and may 
involve the assignment of weights or probabilities to various intermediate 
actions before a final action is determined. A better example than a driving 
system is one of the numerous medical diagnosis expert systems that uses 
information about a patient's symptoms to arrive at a disease diagnosis. 
Some of the actions recommended may require tests for further symptoms, 
and a complex series of rules is followed to arrive at a final answer. 

An expert system is guided through its knowledge base by an inference 
engine to determine what rules to apply and in what order. The other 
components of an expert system are a knowledge acquisition system and 
some sort of output device. Output from an expert system can usually 
explain why a particular conclusion has been reached, simply by storing 

sequence of rules that were used to arrive at a particular conclusion. 
This capability is important in many applications. Expert systems have 
been used with varying degrees of success in a number of areas, notably 
playing chess and medical diagnosis. In fact, the basic idea is employed in 
numerous embedded processor applications, where the system is not 
obvious. Almost without exception, modern cars make use of expert systems 
to control functions such as fuel injection (dependent on driving conditions, 
air temperature, engine temperature), and braking (antilock braking sys
tems are expert systems). Some "fly-by-wire" airplanes also use expert 
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systems to interpret a pilot'H uctionH, tH1HlII'ing t.hllt only ehllngml t.o tlw 
control surfaces that will not crash the plane are acted upon. 

The major hurdle to overcome in constructing an expert Hystem iH often 
construction of the knowledge base, since it may involve codifying complex 
human knowledge that hasn't previously been written down. The technique 
has seen only limited application in geography. Applications in cartography 
have attracted a lot of interest, since it seems that a cartographer's knowl
edge might easily be codified, but no artificial cartographer has yet been 
built. Instead, piecemeal contributions have been made that attempt to 
solve various aspects of the map design problem (Joao, 1993; Wadge et 
al., 1993). An example of an ambitious attempt at an expert GIS is dis
cussed by Smith et al., (1987). It is not clear that an expert system could 
be developed successfully for the open-ended and ill-defined task of spatial 
analysis since, in general, expert systems are best suited to narrowly 
defined, well-understood fields of application. 

Artificial Neural Networks 

While expert systems are loosely based on the idea that 
-_/ 

knowledge + reasoning = intelligence 

artificial neural networks (ANNs) are based on the less immediately 
obvious idea that 

brainlike structure = intelligence 

An ANN is a very simple model of a brain. It consists of an interconnected 
set of neurons. A neuron is a simple element with a number of inputs and 
outputs (McCulloch and Pitts, 1943). The value of the signal at each output 
is a function of the weighted sum of all the signals at its inputs. Usually, 
signal values are limited to either 0 or 1 or must lie in the range 0 to 1. 
Various interconnection patterns are possible. A typical example is shown 
schematically in Figure 12.1. Note that each layer is connected to subse
quent layers. For clarity, many interconnections are omitted from the dia
gram, and it is typical for each neuron to be connected to all the neurons in 
the next layer. One set of neuron functions acts as the system input and 
another as the outputs. Usually, there are one or more hidden layers, to 
which the inputs and outputs are connected. 

Networks can operate in either supervised or unsupervised mode. A 
supervised network is trained on a set of known data. During the training 
process, the input stage is fed with data for which the desired outputs are 
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Figure 12.1 Neural network. 

known. The network then adjusts its internal weights iteratively until a 
good match between the network's actual outputs and the desired outputs is 
obtained. This process may be thought of as learning. In very general terms, 
learning proceeds by adjusting the connection weights in the network in 
proportion to how active they are during the training process. An unsuper
vised network operates more like a traditional classification procedure, in 
that it eventually settles to a state such that different combinations of input 
data produce different output combinations that are similar to a clustering 
analysis solution. 

A common application of supervised neural networks is to classify input 
data by learning the possibly very subtle patterns in a data set. In a typical 
geographical example, ANN inputs might be the signal levels on different 
frequency bands for a remote sensed image. The outputs required might be 
a code indicating what type of land cover is prevalent in each image pixel. 
Training data would consist of "ground truth" at known locations for part of 
the study area. Training stops when a sufficiently close match between the 
network outputs and the real data has been achieved. At this point the 
network is fed new data of the same sort and will produce outputs according 
to the predetermined coding scheme. This network can now be used to 
rapidly classify land-cover types from the raw frequency-band signal levels. 
Gahegan et al. (1999) provide a recent example of this type of application. 

The final, settled state of any neural network may be thought of as a 
function that maps any combination of input data X onto some output 
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combination ofvalllcH Y, and thiH iH Himilnr to I.lw uim nf'IllIlIlY Illultivuriule 
statistical methods. Multivariate techni(llleH that do eHstmtiully thc Hllme 
thing are discriminant analysis and logistic regression. However, these are 
generally restricted to combinations of a small set of well-defined mathe
matical functions. The functional relation found by an ANN is not subject to 
this constraint and may take any form, restricted only by the complexity of 
input and output coding schemes. If we imagine the variables used by the 
network as a multidimensional space, as in Chapter 11, we can illustrate 
the problem schematically as in Figure 12.2. 

Here, for simplicity the variable space is shown as only two-dimensional. 
In real problems, there are many more dimensions to the data space, and 
the geometry becomes correspondingly more complex. Cases of two different 
classes of observation are indicated by filled and unfilled circles. As shown 
on the left-hand side of the diagram, the limitation of a linear classifier is 
that it can only draw straight lines through the cases as boundaries 
between the two classes. Except for unusually well-defined cases, numerous 
wrong classifications are likely to occur. Depending on the exact structure 
of the ANN used, it has the potential to draw a line of almost any shape 
through the cloud of observations, and thus to produce a much more accu
rate classification. However, there nQ way ofknowing beforehand that an 
ANN is likely to perform better than any other approach, except, perhaps, 
the fact that more traditional methods are not doing very well. ANN solu
tions also tend to scale up better than traditional methods and so handle 
larger, more complex problems. 

Neural networks can suffer from a problem of overtraining when they are 
matched too well to the training data set. This means that the network has 
learned the particular idiosyncrasies of the training data set a little too 
closely, so that when it comes to classifYing other data, it is unable to per-

Linear classifier Neural network 
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Figure 12.2 Linear classifier systems versus neural networks. 
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f()rm accllrlltoiy. 'l'hiH iH illuHtrutmi Hchemlltically in Figure 12.2. You can 
think of thiH IlH IInlliogqllH to the problems that can arise when a human 
expertbecomm! too familiar with a particular problem and tends strongly to 
favol a particular diagnosis, so that it becomes hard to see other possible 
answers. The problem of overtraining of a neural network means that 
setting one up well for a particular task is a definite skill, which it can 
take a while to acquire. It also makes the selection of good training data 
important. In geographic applications, this can be especially problematic 
and is related to the longstanding problem of generalizing what we can 
learn about one place to our understanding of other places. 

Perhaps the most unnerving thing about ANN s is just how good their 
answers can be, even though it is hard to see exactly how they work. In 
the jargon, they are black-box solutions, so called because we can't see 
what is going on inside. With expert systems it is clear where the machi
ne's knowledge resides and how the system arrives at its answers. On the 
other hand, with neural networks it is difficult to identify which part of 
the system is doing what. After applying a neural network to a problem, 
we may be well placed to solve similar problems in the future, but we may 
not have made much progress in understanding the issues involved. 
Whether or not this is a problem really depends on what you are inter
ested in.. If it is your job to produce land cover maps based on several 
hundred satellite images, and a neural network solution works, you prob
ably won't be too worried that you don't quite understand why it does. If, 
on the other hand, you used a neural network to assess fire risk in poten
tial suburban development sites, you will need a better answer than 
"because my neural network says so" when faced with questions from 
developers, landowners, and insurance companies! A good overview of 
both expert systems and artificial neural networks is to be found in 
Fischer (1994). 

Genetic Algorithms 

Genetic algorithms (GAs) are another AI technique that can generate 
answers without necessarily providing much information about how or 
why. These also adopt a simplified model of a natural process, this time 
evolution (see Holland, 1975). Evolution of animal and plant life is essen
tially a process of trial and error. Over many generations, genetic adapta
tions and mutations that prove successful become predominant in a 
population. To approach a problem using genetic algorithms, we first 
devise a coding scheme to represent candidate solutions. At the simplest 
level each solution might be represented by a string of binary digits, 
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10010000110011110101100, or whatnvl'/'. 'I'I\(' gI'Iwt.i(~ algorithm WOI'kHhy 
assembling a large population of rnndmuly g(llwrnted HtringH of thiH type. 
Each potential solution is tried on the prohlnll1 Ht hand and Hcorcd on how 
successful it is against some fitness criteria. Many solutions early in a 
process will be woefully bad (they are generated randomly after 
some will be better. Each generation, the more successful solutions are 
allowed to "breed" to produce a new generation of solutions by various 
mechanisms. Two breeding mechanisms often used are: 

1. 	Crossover randomly exchanges partial sequences between pairs of 
strings to produce two new strings. The strings 101011001101 and 
010111100111 might each be broken at the points indicated, and 
the strings crossed over to give 101011100101 and 010111001111. 

2. 	Mutation creates new solutions by randomly flipping bits in a cur
rent member ofthe population. Thus, the string 1010100101 might 
mutate to 1010000101 when its fifth bit changes state. 

These methods are loosely mode led on genetic mechanisms that occur in 
nature, but in principle any mechaniSm that shakes things up a little with
out simply rerandomizing everything is likely to be useful. The idea is that 
some part of what the relatively successful solutions are doing must be 
right, but if there is room for improvement, it is worth tinkering. 
Overdramatic mutations are likely to lead to dysfunctional results, much 
as exposure to large doses of radiation can be fatal. On the other hand, 
many smaller mutations are likely to have no discernible effect on the 
quality of a solution, but a few will lead to improvements, much as the 
sun's radiation may contribute to the genetic mutations that are the key 
to evolution. 

new generation of solutions produced by breeding is then tested and 
scored in the same way and the breeding process repeated until good solu
tions to the problem evolve. The net effect is an accelerated breeding pro
gram for the solution to the problem at hand. GA-generated problem 
solutions share with ANN the property that it is often difficult to figure 
out how they work. In spatial analysis the problem is how to devise a way of 
applying the abstract general framework of GA to the types of problems 
that are of interest, and a major difficulty is devising fitness criteria for the 
problem at hand. After all, if we knew how to describe a good solution, we 
might be able to find it ourselves, without recourse to genetic algorithms! 
This is similar to the expert system problem of building the knowledge base. 
At the time of writing, examples ofGA are rare in the spatial analysis and 
GIS literature. An exception is Brookes (1997). 
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Agent-Based Systems 

Onc final AI-derived approach that is currently attracting a great deal of 
inter~t is agent technology. An agent is a computer program with various 
properties, the most important being: 

• Autonomy, meaning that it has the capacity for independent action 
• Reactivity, meaning that it can react in various ways to its current 

environment 
• Goal direction, meaning that it makes use of its capabilities to pursue 

current tasks at hand 

In addition, many agents are intelligent to the extent that this is possible 
given the limits of current AI technologies. Many are also capable of com
municating with other agents that they may encounter. Probably the cur
rent best example of agent technology is the software used by Internet 
search engine providers to build their extensive databases of URLs and 
topics. These agents search for Web pages, compiling details of topics and 
keywords as they go and reporting details back to the search engine data
bases. Each search engine company may have many thousands of these 
agents, or bots, rummaging around the Internet at any particular time, 
and this turns out to be a relatively efficient way to search the vast reaches 
of cyberspace. The application of this type of agent technology to searching 
large geospatial databases has been discussed by Rodrigues and Raper 
(1999). 

Although we have not emphasized it above, the ability to communicate 
with other agents is a key attribute for agents employed in large numbers to 
solve problems in multiagent systems. Communication capabilities allow 
agents to exchange information about what they have already discovered, 
so that they do not end up duplicating each other's activities. An innovative 
system making use of this idea and coupled with genetic algorithms was 
proposed by Openshaw (1993) in the form of the space-time-attribute crea
ture, which would live and breed in a geospatial database and spend its 
time looking for repeated patterns of attributes arranged in particular con
figurations in space and time. Successful creatures that thrive in the data
base would be those that identified interesting patterns, and their breeding 
would enable more similar cases to be found. MacGill and Openshaw (1998) 

an implementation of this idea that is an adaptation of the basic 
GAM technique. Instead of searching the entire study region systemati
cally, a flock of agents explore the space, communicating continually with 
one another about where interesting potential clusters are to be found. 
approach seems to be more efficient than the original GAM and has 
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advantage of being more easily gonornli~(ld 1.0 "IIow HourciwH in IIny HPIlCli of' 
interest. 

12.3. SPATIAL MODELS 

In this book we have talked a lot about spatial process models. In the main, 
the models we have discussed have been statistical and make no claim to 
represent the world as it is. The simplest spatial process model we have 
discussed, the independent random process, generates spatial patterns 
without claiming to represent any actual spatial process. Almost immedi
ately when we start to tinker with the independent random process, we 
describe models that are derived at least in part from a process that is 
hypothesized to be responsible for observed spatial patterns. For example, 
in the Poisson cluster process a set of parents is distributed according to a 
standard independent random process. Offspring for each parent are then 
distributed randomly around each parent, and the final distribution con
sists of the offspring only. It is difficult to separate this description from a 
relatively plausible account of thft diffusion of plants by seeding (see 
Thomas, 1949). 

This leads us very naturally to the idea of developing process models that 
explicitly represent the real processes and mechanisms that operate to 
produce the observable geographical world. Such models might then be 
used in three different ways: 

L As a basis for pattern measurement and hypothesis testing in the 
classical spatial analytic mode, as discussed in Chapter 4 

2. 	For prediction, in an attempt to anticipate what might happen next 
in the real world 

3. To enable exploration and understanding of the way the process 
operates in the real world 

Using statistical models does not raise any very serious questions about 
their nature or the way that they represent external reality, provided that 
we are properly cautious about our conclusions, and in particular note that 
statistical methods do not allow us to prove hypotheses, only to fail to dis
prove them. This means that in answering the spatial analysis question 
"Could this pattern have been produced by this process?" our answer should 
be either "highly unlikely" or "We can't say that it wasn't." However, if we 
are serious about the process model as a representation of reality, our 
judgment about its plausibility becomes at least as important as the results 
of any statistical analysis. 

N.w Approach.s to Spatl.h~nalysls 

(:111'0 iH ulHo "(I(juil'Od il'wo intond to lIHH modelH lilr prediction or explora
tion. In llith{lr of theso types of application, it is crucial that we are con
fident about the model's representation of reality. This leaves us with a 
seriQli.s problem. In the real world, everything is connected to everything 
else-the system is open. Yet if we want to model the dynamics of (say) a 
small stand of trees, it is impractical also to have to model global climate 
change, and before we know it to have to include a model of all human 
activity so that greenhouse effects and logging operations are included. In 
short, we are forced to build a closed model of an open world. We can do this 
to an extent using, for example, probabilistic simulations of climate. We 
might also decide to allow model users to control the climate and other 
parameters so as to examine the impact of different possible futures. In 
fact, this is often an important reason for building models: to explore dif
ferent future scenarios. However, when assessing the predictive ability of 
models it is important to keep the distinction between an open external 
world and necessarily closed models in mind. For example, 1950s models 
of urban housing markets in Western Europe and North America would 
have had a very hard time anticipating the impact of higher divorce rates 
and female labor market participation rates, the resultant smaller house
holds, and the impact of these effects on the demand for apartments and 
small housing units. The complexity of the real world always has the capa
city to surprise us! These issues are discussed by AlIen (1997) when he 
considers the appropriate use of models of human settlement systems. 

In this section we examine two contemporary technologies commonly 
applied to predictive spatial modeling. We also discuss some general issues 
concerned with linking such models to GISs. More traditional spatial inter
action models are discussed by Bailey and Gatrell (1995, pp. 348-366), 
Fotheringham et al. (2000, Chap. 9), and Wilson (2000). 

Cellular Automata 

A very simple style of spatial model that is very well suited to raster GIS is 
the cellular automaton (CA). This consists of a regular lattice of similar 
cells, typically a grid. Each cell is permitted to be in one of a finite number 
of discrete states at any particular moment, so that, in effect, the cell state 
is a nominal variable. Cell states change simultaneously every model time 
step according to a set of rules that define what cell state changes will occur 
given the current state of a cell and its neighbors in the lattice. 

To get an idea of how rich this apparently very simple framework is, 
examine Figure 12.3. In the figure a very simple example, almost the sim
plest possible, is shown. Here the lattice is a one-dimensional row of 20 
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12.3 Complexity of a simple cellular automata. The lattice state at a single 
moment is represented by a row of cells. Evolution of the lattice state progresses over 
time down the page. 

cells, and each row of the diagram down the page represents a single time 
step ofthe automaton's evolution. Each cell's evolution is affected by its own 
state and the state of its immediate neighbors to the left and right. Cells at 
either end of the row are considered to have the cell at the opposite end as a 
neighbor, so that the row loops around on itself. This presentation of a one
dimensional automaton is convenient in the static printed page format. The 
rule for this automaton is that cells with an odd number of black neighbors 
(counting themselves) will be black at the next time step; otherwise, they 
are white. Starting from a random arrangement at the top of the diagram, 
the automaton rapidly develops unexpectedly rich patterns, with alternat
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ing longiHh HmlumW('H of (,XdUHivllly black 01' whiLe cellH, visible as triangles 
in this view, IlH t1wy Ilppenr nnd then collapse. 

The all-time CIUHSic CA, John Conway's Game of Life, is slightly more 
complex. This runs on a grid with two cell states, usually called alive •(black) and dead (white). Each cell is affected by the state of its eight 
neighbors in the grid. The rules are simple. A dead cell comes alive if it 
has three live neighbors, and a live cells stays alive ifit has two or three live 
neighbors. In print it is hard to convey the complex behavior of this simple 
system, but numerous patterns of live cells have been identified that fre
quently occur when the CA runs. Some of these patterns, called gliders or 
spaceships, do complex things such as move around the lattice. Others are 
stable configurations that don't change but which may spring dramatically 
to life when hit by a glider. Other small starting configurations are surpris
ingly durable. One five-live-cell configuration, called the "R-pentomino", 
leads to a sequimce of steps that lasts well over 1000 time steps before 
settling down to a stable pattern. Still other patterns "blink" as they 
cycle through a sequence ofconfigurations before returning to their original 
pattern. The simplest blinkers alternate between just two patterns, but 
others have been discovered that have repeat times of any length up to 
over 100 time steps. All this rich behavior is best appreciated by watching 
the Life CA run on a computer. More details on the Game of Life CA can be 
found in Poundstone (1985). 

Again, this is all very interesting, but what has it got to do with geogra
phy?! The point is that it is possible to build simple CA-style models where 
the states and rules represent a geographical process. The important 
insight from the abstract examples above is that CA models don't have to 
be very complicated for things to be interesting. Simple local rules can give 
rise to larger, dynamic, global structures. This suggests that despite the 
complexity ofobservable geographical phenomena, it may still be possible to 
devise relatively simple models that replicate these phenomena and so 
arrive at a better sense of what is going on (Couclelis, 1985). Of course, in 
a geographical CA model, we replace the simple on-off, live-dead cell states 
with more complex states that might represent (say) different types of 
vegetation or land use. The rules are then based on theory about how 
those states change over time, depending on the particular context. 

In practice, we have to add a lot to the basic CA framework before we 
arrive at geographically useful models. In different applications, variations 
on strict CA have been introduced. Numeric cell states, complex cell states 
consisting of more than one variable, rules with probabilistic effects, non
local neighborhoods extending to several cells in every direction, and 
distance-decay effects are among the more common adaptations. 
Numerous models have been developed and discussed in the research litera
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ture. Recent examples of urban growlh nnd IIlUd-uSll modols llre prmwntlld 
by Clarke et a1. (1997), Batty et a1. (999), Li Ilnd Yeh (2000), Ward et a1. 
(2000), and White and Engelen (2000). It is also relatively easy to model 
phenomena such as forest fire (Takeyama, 1997) and vegetation or animal 
population dynamics (Itami, 1994) using CA. A generalized tool for building 
similar models of various geomorphological processes is PCRaster (see 
Burrough, 1998), which we describe in more detail in the section below on 
GIS and model coupling. 

Agent Models 

An alternative to cellular automaton modeling that is becoming increas
ingly popular is agent-based models. These are simply another application 
of the autonomous intelligent agents described in Section 12.2. Instead of 
deploying agents in the real world of a spatial database or searching for 
materials on the Internet, in an agent-based model the agents represent 
human or other actors in a simulat~d real environment. For example, the 
environment might be GIS data representing an urban center, and agents 
might represent pedestrians. The model's purpose is to explore and predict 
likely patterns of pedestrian movement in the urban center (see Haklay et 
al., 2001). Other examples are provided by Westervelt and Hopkins's (1999) 
model of individual animal movements, models by Portugali (2000) and 
various co-workers examining ethnic residential segregation, Lake's 
(2000) model of a prehistoric community in Scotland, and Batty's (2001) 
work on the evolution of settlement systems. On an altogether more ambi
tious scale is the TRANSIMS model of urban traffic developed at Los 
Alamos (Beckman, 1997). This attempts to simulate urban traffic in large 
cities, such as Dallas-Fort Worth, at the scale of individual vehicles, using 
extremely detailed data sets about households and their places of work. 

A good introduction to the basic ideas behind agent modeling can be 
found in Resnick's book Turtles, Termites, and Traffic Jams (1994). This 
book also introduces the StarLogo language, which is especially suited to 
building simple agent models. A more advanced text is Epstein and Axtell's 
Growing Artificial Societies (1996), and a book that also discusses cellular 
automata and other methods we have reviewed in this chapter is Gilbert 
and Troitzsch's Simulation for the Social Scientist (1999). Agent modeling 
seems to have struck a chord with many researchers in various disciplines, 
from economics to social anthropology, and a number of systems for build
ing models are now available. Generally speaking, users must write their 
own program code, so this is not a task to be undertaken lightly. Among the 
available systems are StarLogo from the MIT Media Lab, Ascape from the 
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Brookings Instituul, Rf'PaRt from the University of Chicago, and Swarm 
from the Santa }t~c Institute. As we discuss in the next section, the links 
of each of these to GIS are limited at present (but see Gimblett, 2002). 
An~ther note of caution should be sounded. The analysis of models like 

these 1md cellular automata that produce detailed and dynamic map out
puts is difficult. Statistics to compare two maps (the model and the actual) 
are of limited value when we don't expect the model predictions to be exact, 
but rather to be "something like" the way things might turn out. The reason 
we don't expect precise prediction is that models of these types acknowledge 
the complexity and inherent unpredictability of the world. It is also difficult 
to know how to analyze a model whose only predictions relate to the ephem
eral movement of people or animals across a landscape or other environ
ment. Cellular models are a little easier to handle because the predictions 
they make generally relate to more permanent landscape features, but they 
still present formidable difficulties. At present there are few well-developed 
methods for addressing this problem, and it remains an important issue for 

future research. 
Even with better-developed map comparison techniques, the fundamen

tal problem of any model remains that there is no way of determining 
statistically whether or not it is valid by examining how well it predicted 
past history. There are two problems here, one serious, and the other even 
more serious! First, a model doing well at predicting the historical record 
tells us nothing about how it will perform ifwe then run it forward into the 
future. Thus, ifwe set a model running at some known point in history (say, 
1980), run it forward to a more recent known time (say, 2000), and find that 
the model prediction is good, we can still have only limited confidence in 
what the model predicts next. This is the problem of an open world and a 
closed model. Second, and more fundamentally, there is no guarantee that a 
totally different model could not have produced exactly the same result yet 
would go on to make completely different future predictions. This is called 
the equifinality problem and there is no escaping it, except by acknowled
ging that no matter what the statistics say, the theoretical plausibility of a 
model remains an important criterion for judging its usefulness for predic

tion. 

Coupling Models and GIS 

An important point to consider from a GIS perspective is how the different 
available spatial models can be connected to the vast range of available 
geospatial data. The issues here are very similar to the general question 
of how a GIS may be linked to spatial analytical and other statistical 
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packages. The fundamental problem iH th(l HnlHll. 'l'lw modelH used in a GIS 
for geographical data types are very diflbrnnt from those uHed in spatial 
modeling. Most significantly, data in a GIS arc static, whereas in spatial 
models they are usually dynamic. The raster or vector point, line, and 
polygon layers are not expected to change in a GIS. If they do, an entirely 
new layer is often created. If a spatial model were implemented directly in a 
standard GIS, a new layer (or layers) would be created every time anything 
happened in the model. For a climate model operating season by season, 
over a 50-year (time horizon (not an unusual time span for long-range 
climate-change studies), we end up with 200 GIS data layers and all the 
attendant difficulties of storing, manipulating, querying, and displaying 
these data. Of course, we can approach the problem this way, but the real 
solution is the difficult problem ofredesigning the data structures in the GIS 
to accommodate the idea that objects may change over time. 

For example, how do we handle the changes that OCcur in the subdivision 
of land parcels over time? A plot may start out as a single unit, as shown at 
time 0 in Figure 12.4. It may then grow by acquisition at time t 25, only 
subsequently to shrink again at time t = 73, when a small part of the plot is 
sold to a neighbor. These simple changes are only the beginning. A plot 
might be subdivided into several smaller parcels, some of which are 
retained by the same owner. Matters become even more complex when 
we consider the database queries that might be required in such a system. 

.---

.----

~ 

Figure 12.4 Problems of dynamic data. 

New Approaches to Spatial AnalYSis 

When we arc only concer~ed with spatial relations, the fundamental rela
tionships are "intersection," "contained within," and "within distance x of." 
Add to these "before," "after," "during," and for states that persist over time •
"startIng before," "ending after," and so on, and the complications for data
base design become obvious. This is without even considering the software 
design problem of how to make spatiotemporal data rapidly accessible so 
that animations may easily be viewed. Suffice it to say that the complexities 
of introducing time into GISs have yet to be widely or adequately addressed, 
although the issue has been on the research agenda for a long time (see 
Langran, 1992, and for more recent developments, Peuquet, 2002). 

In the absence of an integrated solution to the use of models in a GIS 
environment, three approaches can be identified: 

1. 	Loose coupling, where files are transferred between a GIS and the 
model, and all the dynamics are calculated in the model, with somo 
display and output of results in the GIS. File formats and incom
patibility can be a problem here. Usually, sinco the modtll if! PI'O

grammed more or less from scratch, it should no writtcm HO thnt. it 
can read GIS file formats directly. Alternativo\y, 11 f.\'o()d tClXt (l(litm', 
a spreadsheet, and a facility for writing Mcript prUf.\'rlllllH t.o do 1.1111 
data conversions are necessary. These Urtl likClly to hCl illlportnnt 
GIS skills for some years to come. 

2. 	Tight coupling is not very different. Data transfer iH also by files, 
but each system can write files readable by the other. 
Developments in contemporary computer architectures can make 
this look seamless, with both programs running and exchanging 
data continuously. However, it is still difficult to view moving 
images in a GIS, and because each image requires a new file, this 
is still a relatively slow process. 

3. Integrated model 	and GIS systems do exist. This is happening 
slowly in three different ways: (a) by putting the required GIS 
functions into the model. This is not as difficult as it sounds, 
because a spatial model usually must support spatial coordinates, 
measurement of distances, and so on anyway; (b) typically, putting 
model functions into a GIS is harder, because it can be difficult and 
inefficient to program additional functions for a GIS; and Cc) by 
developing a generic language for building models in a GIS en
vironment. 

The latter two integrated model/GIS approaches are both being pursued 
actively by various re!~oarcherl'1. Two of the agent models mentioned, 
MAGICAL (Luke 2(00) nnd thu modol by WOHturvolt and Hopkins (1999), 
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were implemented as prObTI'ams in thtl GRASS opon-sourCtl GIS. Opl:m
source GIB gives a developer full access to all the GIS functionality at the 
programming level and so from a research perspective is ideal. This is a less 
appetizing prospect for busy GIS professionals. 

The generic modeling language approach is best exemplified by PCRaster 
(Wesseling et aI., 1996). Developed at Utrecht, this system may be obtained 
online at www.frw.ruu.nllpcraster. PCRaster is best understood as an 
extended, cellular automaton-style modeling environment that also pro
vides a GIB database, which copes with stacks of raster layers over time 
and time series. It can also produce animated maps and time-series plots. 
The embedded dynamic modeling language (DML) makes it relatively easy 
to build complex geomorphological models using built-in raster analysis 
functions such as aspect and slope (see Chapter 8). The system can also 
build surfaces from point data using kriging (see Chapter 9). 

Raster GIB and the cellular automaton modeling style are well suited to 
this integration. More recently, tIJre have been efforts to extend the basic 
CA idea of local rule-based change to irregular non-grid-based representa
tions of spatial data (Takeyama, 1997; O'Sullivan, 2001), and there is a 
possibility here that generalized spatial mode ling within GIB may become 
possible. It is important to realize that the problems involved extend 
beyond the technicalities that we have been describing. For example, 
defining a set of dynamic spatial functions that would be required in a 
general system is a formidable task. A more pragmatic approach to this 
problem is an attempt by researchers at the University of California at 
Santa Barbara to develop a catalog of the models already built by 
researchers across a wide range of disciplines, so that less duplication of 
research effort occurs than at present. Rather than draw on the work of 
others, modelers often feel compelled to develop their own models from 
scratch, simply because it is difficult to find out what is already available 
and what it is capable of. It seems implicit in this cataloging effort that 
GIB will be the repository for the data used and produced by sets of 
models, with loose or tight coupling as appropriate. 

12.4. CONCLUSION 

This chapter has been a whistle-stop tour of numerous developments in 
fields allied to both spatial analysis and GIS. We have tried to emphasize 
the idea that these developments are embedded in much broader changes 
affecting many scientific disciplines, both in the way that computers are 
used and in our understanding of the nature of the systems that we are 
studying. 

NIW Approaches to Spltl~A"lfYIII 	 I" 

Many of lht! l,t!ehnitlutlH thut wo havo diHcustled remain experimental. 
Most of the examplllH Wll hUVl~ mentioned were written from scratch in 
high-level programming languages (Fortran, C/C++, Java, and so on) by 
their developers. Although workers at the leading edge of research are 
alway~ likely to have to write their own systems in this way, at least 
some of the techniques we have mentioned may eventually make it into 
either or both of GIS and the large statistical software packages. This is 
an exciting prospect for two reasons. First, many of these methods are 
powerful and interesting techniques in themselves. Second, and more 
important, many of them seem better suited to the open-ended and unpre
dictable behavior of the complex world we live in than the more traditional 
statistical techniques discussed in earlier chapters. Nevertheless, whatever 
the fate of artificially intelligent analysis techniques and their kindred 
models, there will always be a place for the sensitive application of 
human intelligence to spatial analysis within the GIS and wider commu
nities. This seems a good sentiment on which to end this book. 

CHAPTER REVIEW 

• There have been profound changes in both the computational envir
onment and the scientific environment in which we analyze geogra
phical information that have led to the development of methods of 
analysis and modeling that rely on what has been called geocompu
tation. 

• Computers are now very 	much more powerful than they were when 
most of the techniques discussed in this book were developed. 

• Complexity theory, and a recognition of the need to model nonlinear 
effects, mean that explicit spatial prediction is rarely possible. 

• 	In developing models, biological analogies have often been used, 
mimicking how humans reason in expert systems, how brains work 
in artificial neural networks, how species evolve by trial and error in 
genetic algorithms, and how individuals respond to their environ
ment and communicate with each other in agent-based systems. All 
of these have been experimented with in recent geographical 
research. 

• True spatial models are dynamic: 	for example, in cellular automata 
and agent models. 

• Coupling these types of models to existing GIS is not easy and has 
been effected loosely by file transfer, tightly by wrapping model soft
ware and GIB together, and only rarely in fully integrated systems. 

www.frw.ruu.nllpcraster
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Appendix A 


The Elements of Statistics 


) 
A.1. INTRODUCTION 

This appendix is intended to remind you of some of the basic ideas, con
cepts, and results of classical statistics, which you may have forgotten. If 
you have never encountered any of these ideas before, this is not the place 
to start-you really need to read one of the hundreds of introductory 
statistics texts or take a class in introductory statistics. If you have 
taken any introductory statistics class, what follows should be reasonably 
familiar. Most of the information in this appendix is useful background for 
the main text, although you can probably survive without a detailed, in
depth knowledge of it all. A good geographical introduction to many of 
these ideas, which also introduces some of the more spatial issues that we 
focus on in this book, is Peter Rogerson's Statistical Methods for 
Geography (2001). 

We may introduce different terminology and symbols from those you 
have encountered elsewhere, so you should get used to those used here, 
as they appear in the main text. Indeed, the presentation of this book may 
be more mathematical in places than you are used to, so we start with 
some notes on mathematical notation. This is not intended to put you off, 
and it really shouldn't. Many of the concepts of spatial analysis are diffi
cult to express concisely without mathematical notation. Therefore, you 
will get much further if you put a little effort into coming to grips with the 
notation. The effort will also make it easier to understand the spatial 
analysis literature, since journal articles and most textbooks simply 
assume that you know these things. They also·tend to use slightly differ
ent symbols each time, so it's better if you have an idea of the principles 
behind the notation. 
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The Elements of Stattstlcs .1' 
Preliminary Notes on Notation 

A single instanco of somo variable or quantity is usually denoted by a 
lowe,case italicized letter symbol. Sometimes the symbol might be the initial 
letterof the quantity we're talking about, say h for height or d for distance. 
More often, in introducing a statistical measure, we don't really care what 
the numbers represent, because they could be anything, so wejust use one of 
the commonly used mathematical symbols, say x or y. Commonly used let
ters are x, y, z, n, m, and k. In the main text, these occur frequently and 
generally have the meanings described in Table A.l. In addition to these six, 
you will note that d, w, and s also occur frequently in spatial analysis. The 
reason for the use of boldface type for s is made clear in Appendix B, where 
vectors and matrices are discussed. 

A familiar aspect of mathematical notation is that letters from the Greek 
alphabet are used alongside the Roman alphabet letters that you are used 
to. You may already be familiar with mu (PJ for a population mean, sigma 
(a) for population standard deviation, chi (x) for a particular statistical 
distribution, and pi (n) for ... well, just for pi. In general, we try to avoid 
using any more Greek symbols than these. The reason for introducing 
symbols is so that we can use mathematical notation to talk about related 
values or to indicate mathematical operations that we want to perform on 
sets of values. So if h (or z) represents our height values, h 2 (or Z2) indicates 
height value squared. The symbols are a very concise way of saying the 
same thing, and that's very important when we describe more complex 
operations on data sets. 

Two symbols that you will see a lot are i and}. However, i and} normally 
appear in a particular way. To describe complex operations on sets of 

Table A.1 Commonly Used Symbols and Their Meaning in This Book 

Symbol Meaning 

x The "easting" geographical coordinate or a general data value 
y The "northing" geographical coordinate or a general data value 
Z, a, b The numerical value of some measurement recorded at the 

geographical coordinates (x, y) 

n,m The number of observations in a data set 
k Either an arbitrary constant or, sometimes, the number of entities 

in a spatial neighborhood 
d Distance 
w The strength or weight of interaction between locations 
s An arbitrary (x, v) location 
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values, we need another notational dovico: Hui)H('riptS. SubscriptH are small 
italic letters or numbers below and to the right of normal mathematical 
symbols: The i in Zi is a subscript. A subscript is used to signify that 
there may be more than one item of the type denoted by the symbol, so Zi 

stands in for a series or set ofZ values: Zl, Z2, Za, and so on. This has various 
uses: 

• A set ofvahies is written between braces, so that /Zl, Z2, ..• , Zn-b Zn ) 

tells us that there are n elements in this set of Z values. If required, 
the set as a whole may be denoted by a capital letter: Z. A typical 
value from the set Z is denoted Zi and we can abbreviate the previous 
partial listing of z's to simply Z = {Zi), where it is understood that the 
set has n elements. 

• 	In spatial analysis, it is common for the subscripts to refer to loca
tions at which observations have been made and for the same sub
scripts to be used across a rl.umber of different data sets. Thus, h7 and 
t7 refer to the values of two different observations-say, height and 
temperature-at the same location (i.e., location number 7). 

• Subscripts may also be used to distinguish different calculations of 
(say) the same statistic on different populations or samples. Thus, f..iA 

and f..iB would denote the means of two different data sets, A and B. 

The symbols i and} usually appear as subscripts in one or other of these 
ways. A particularly common usage is to denote summation operations, 
which are indicated by use of the L symbol (another Greek letter, this 
time capital sigma). This is where subscripts come into their own, because 
we can specifY a range of values that are summed to produce a result. Thus, 
the sum 

al + a2 +as + a4 + a5 +a6 	 (A1) 

is denoted 

i=6

Lai 	 (A2) 
;=1 

indicating that summation of a set of a values should be carried out on all 
the elements from al to a6. For a set of n "a" values this becomes 

i=n

La; 	 (A3) 
i",1 

The Elementl of Statlltlcs 	 la, 

which ill usuul\y Ilhhrtlviutod to oithor 

n

La; 	 (A.4) 

• 	 i=1 

or to 

La; 	 (A5) 

where the number of values in the set of 'a's is understood to be n. Ifinstead 
ofthe simple sum we wanted the sum of the squares of the a values we have 

n 
(A6)Lat 

i=1 

instead. Or perhaps we have two data sets, A and B, and we want the sum 
of the products of the a and b values at each location. This would be denoted 

n 
(A7)"ab

~ " 
;=1 

In spatial analysis, more complex operations might be carried out between 
two sets of values, and we may then need two summation operators. For 

example, 

n n 

C 	 Zj)2= k L L (Z; (AB) 

i=1 )=1 

indicates that c is to be calculated in two stages. First, we take each Z value 
in turn (the outer i subscript) and sum the square of its value minus every Z 

value in turn (the) subscript). You can figure this out by imagining first 
setting i to 1 and calculating the inner sum, which would be Lj (ZI - Zji. 
We then set i to 2 and do the summation (Z2 - Zj)2 , and so on, all the way 
to Lj (zn - z)2. The final double summation is the sum of all of these indi
vidual sums, and c is equal to this sum multiplied by k. This will seem 
complex at first, but you will get used to it. 

In the next section you will see immediately how these notational tools 
make it easy to write down operations like finding the mean value of a data 
set. Other elements of notation will be introduced as they are required and 
explained in the appendices and main text. 
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A.2. DESCRIBING DATA 

The most fundamental operation in statistics is describing duta. 'rho mea
sures described below are commonly used to describe the overall character
istics of a set of data. 

Population Parameters 

These are presented without comment. A population mean J.l is given by 

J.l = 
1 Ln 

ai (A9) 
n i=1 

population variance a2 is given{y 

2 1 ~ 2 
a = L (ai - 11) (A10) 

n ;=1 

and population standard deviation a is given by 

1 n 

a== - L - J.l)2 (All) 
/ n i=1 

These statistics are referred to as population parameters. 

Sample Statistics 

The statistics above are based on the entire population of interest, which 
may not be known. Most descriptive statistics are calculated for a sample of 
the entire population. They therefore have two purposes: First, they are 
summary descriptions of the sample data, and second, they serve as esti
mates of the corresponding population parameters. The sample mean is 

1 ~_ A (A12)a == J.l = L ai 
n ;=1 

the sample variance s2 is 

2 A2 1 ~ ( -)2saL ai- a (Al3) 
;=1 

The Elements of StatfStlcs !89 

and the samplt· sIam/ttI'd t/l'lIiatio/l s iH given by 

_ /1 Il -2 
s = a = {n _ 1 ~ (ai - a) (Al4)'. 

In all these expressions the A ("hat") symbol indicates that the expression is 
an estimate of the corresponding population parameter. Note the different 
symbols for these sample statistics relative to the corresponding population 
statistics. 

Sample statistics may be used as unbiased estimators of the correspond
ing population parameters, and a major part of inferential statistics is con
cerned with determining how good an estimate a sample statistic is of the 
corresponding population parameter. Note particularly the denominator 
(n 1) in the sample variance and standard deviation statistics. This 
reflects the loss of one degree of freedom (df) in the samp1e statistic case 
because we know that I: (ai a) = 0, so that given the va1ues of a and 
al' .. an-I> the value of an is known. The expressions shown, using the 
(n 1) denominator, are known to produce better estimates of the corre
sponding population parameters than those obtained using n. 

Together, the mean and variance or standard deviation provide a conve
nient summary description of a data set. The mean is a measure of central 
tendency and is a typical value somewhere in the midd1e of all the values in 
the data set. The variance and standard deviation are measures of spread, 
indicative of how dispersed are the values in the data set. 

Z-Scores 

The z-score of a value ai relative to its population is given by 

Zi = (A.15) 

and relative to a sample by 

z. ai a 
t - (A16)

S 

The z-score indicates the place of a particular value in a data set relative to 
the mean, standardized with respect to the standard deviation. z 0 is 
equivalent to the 8umple mean, z > 0 is a value greater than the mean 
and z < 0 is less than tho mean. The z-score is used extensively in determin
ing confidence intervalH IInd in assessing statistical significance. 
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Median, Percentiles, Quartiles, and Box Plots 

Other descriptive statistics are based on sorting the values in a data set into 
numerical order and describing them according to their position in the 
ordered list. The first percentile in a data set is the value below which 
1%, and above which 99% of the data values are found. Other percentiles 
are defined simi~arly, and certain percentiles are frequently used as sum
mary statistics. The 50th percentile is the median, sometimes denoted M. 
Half the values in a data set are below the median and half are above. Like 
the mean, the median is a measure of central tendency. Comparison of the 
mean and median may indicate whether or not a data set is skewed. If 
ii > MA, this indicates that high values in the data set are pulling the 
mean above the median; such data are right skewed. Conversely, if 
ii < MA, a few low values may be 'pulling' the mean below the median 
and the data are left skewed. 

Skewed data sets are common in human geography. A good example is 
often provided by ethnicity data in administrative districts. For example, 
Figure A.1 is a histogram for the African-American percentage of popula
tion in the 67 Florida counties as estimated for 1999. The strong right skew 
in these data is illustrated by the histogram, with almost half of all the 
counties having African-American populations of 10% or less. The right 
skew is confirmed by the mean and median of these data. The median 
percent Mrican-American is 11.65%, whereas the mean value is higher at 
14.17% and the small numbers of counties with higher percentages of 
Mrican-Americans pull the mean value up relative to the median. The 

Florida by county 

Percent African-American 


n = 67 


25 -l I 


20 


30 

'E 
::::! 15
8 

10 


5 


o 
o 10 20 30 40 50 60 

Percent African-American 

Figure A.1 Example of right skewed data in human geography. 
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median olwn giV(lH It hottor indicution of' what constitutes a typical value in 
a data set. 

Two other percentiles are frequently reported. These are the lower and 
upper quartiles of a data set, which are the 25th and 75th percentiles, •respectively. If we denote these values by Q25 and Q75 respectively, the 
interquartile range (IQR) of a data set is given by 

IQR Q75 - Q25 (A.17) 

The interquartile range contains half the data values in a data set and is 
indicative of the range of values. The interquartile range, as a measure of 
data spread, is less affected by extreme values than are simpler measures 
such as the range (the maximum value minus the minimum value) or even 
the variance and standard deviation. 

A useful graphic that gives a good summary picture of a data set is a box 
plot. A number of variations on the theme exist (so that it is important to 
state the way in which any plot that you present is defined), but the 
diagram on the left-hand side of Figure A.2 is typical. This plot summarizes 
the same Florida percent Mrican-American data as in Figure A. 1. The box 
itself is drawn to extend from the lower to the upper quartile value. The 
horizontal line near the center of the box indicates the median value. The 
whiskers on the plot extend to the lowest and highest data values within 
one-and-a-half IQRs below Q25 and above Q75. Any values beyond these 
limits, that is, less than Q25 - 1.5(IQR) or greater than Q75 + 1.5(IQR), 
are regarded as outliers and marked individually with point symbols. If 
either the minimum or maximum data value lies inside the 1.5 IQR limits, 
the fences at the ends of the whiskers are drawn at the minimum or max
imum value as appropriate. This presentation gives a good general picture 
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Figure A.2 Box plots of Florida ethnicity data. 
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of the data distribution. In tho oXllmplo iIIuHtl"lltocl on thll loft, till! millimum 
value is greater than Q25 - 1.5(lQH), at around 2lhl , llnd is marked by the 
lower fence. There are four outlier values above QUi + 1.5(lQR), three at 
around 40%, and one at around 55%. 

Several data sets may be compared using parallel box plots. This has been 
done on the right-hand side of Figure A2, where Florida county data for 
percent Hispanic and percent white have been added to the plot. Note that 
box plots may also be drawn horizontally, as here. This example shows that 
the African-American and Hispanic population distributions are both right 
skewed, although the typical variability among African-American popula
tions is greater. The white population distribution is left skewed, on the 
other hand, and has higher typical values. 

) 

A.3. PROBABILITY THEORY 

A great deal of statistics depends on the ideas of probability theory. 
Probability theory is a mathematical way of dealing with unpredictable 
events. It enables us to assign probabilities to events on a scale from 0 '~ 

never happen) to 1 (will definitely happen). The most powerful aspect 
of probability theory is that it provides standard ways of calculating the 
probability of complex composite events-for example, A and B happening 
when C does not happen-given estimates for the probability of each of the 
individual events A, B, and C happening on its own. 

In probability theory, an event is a defined as a collection of observations 
in which we are interested. To calculate the probability of an event, we first 
enumerate all the possible observations and count them. Then we determine 
how many of the possible observations satisfy the conditions for the event 
we are interested in to have occurred. The probability of the event is the 
number of outcomes that satisfy the event definition, divided by the total 
number of possible outcomes. For example, the probability of you winning 
the big prize in a lottery is given by 

. ) _ number of ways you win 
P(l (AI8)ottery wm - ber 0f b' . h Idnum corn matlOns t at cou come up 

Note that the notation peA) is read as "the probability of event A occurring." 
Since the number of possible ways that you can win (with one ticket) is 1, 
and the number of possible combinations of numbers that could be drawn 
is usually very large (in the UK national lottery, it is 13,983,816), the 
probability of winning the lottery is usually very small. In the UK national 
lottery it is 

The Elem,nts of Statlltles I .. 

p( lottory win) (). 0000000711i 1.1 (A. I
1:J,9H:3,H16 

~ich is practically 0, meaning that it probably won't be you. 
'Here are some basic probability results with which you should be famil

iar. For an event A and its complement NOT A, the total probability iH 
always 1: 

peA) + P(NOT A) = 1 (A.20) 

You can think of this as the something must happen rule, bocnuHo it. fhlluwH 
from the fact that a well-defined event A will either happen or not huppcm. 
since it can't "sort of" happen. This rule is probably obvious, but it I.. ululf\,1 
to remember, because it is often easier to enumerate obsorvationM thnt do 
not constitute the event of interest occurring than those which do, thllt hI, 1,0 
calculate P(NOT A), from which it is easy to determine peA). An oxumpltl CIf' 
this is: What is the probability of any two students in a class of 21) Hhllrlnll " 
birthday? This is a hard question until you realize that it is easior to (~nl(~tI· 
late the opposite probability-that no two students in the class HhnrCl UlI1 
same birthday. Each student after the first can have a birthday on OIUI 

only 365, then 364, then 363, and so on, of the remaining "unused" dllYH in 
the year if they are not to share a birthday with a student conHidm'od 
previously. This gives the probability that no two students share a birthduy 
as (365/366) x (364/366) x ... x (342/366) ~ 0.432, so that the probability 
that any two students will share a birthday is 1 - 0.432 = 0.568. 

For two events A and B, the probability ofeither event occurring, denoted 
peA u B) is given by 

peA u B) = peA) +P(B) - peA n B) (A.21) 

where PeA n B) denotes the probability of both A and B occurring. In tho 
special case where two events are mutually exclusive and cannot occur 
together, peA n B) 0, so that 

peA u B) peA) +P(B) (A22) 

For example, if A is the event "drawing a face card from a deck of cards", 
and B is the event "drawing an ace from a deck of cards," the events are 
mutually exclusive, since a card cannot be an ace and a face card simulta
neously. We have peA) fa, P(B) so that peA U B) = = 30.8%. On the 
other hand, ifA is the event "drawing a red card from a deck of cards" and 
B is as before, A and B are no longer mutually exclusive, since there are 
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two red aces in the pack. The vnriouH probnbilitieH are now P(A) 
~ = ! ' P(B) = A, and peA nB) = ~ = ~, so that P(A uB), the probability of 
drawing a card that is either red or an ace is ~ + t\ ds =b= 53.8%. 

Conditional probability refers to the probability of events given certain 
preconditions. The probability ofA given B, written P(A : B) is given by 

P(A: B) = peA nB) (A. 23)
P(B) 

This is obvious if you think about it. If B must happen, P(B) is proportional 
to the number of all possible outcomes. Similarly, peA n B) is proportional to 
the number of events that count, that is, those where A has occurred given 
that B has also occurred. EquAtion (A.23) then follows as a direct conse
quence of our definition of probability. 

A particularly important concept is event independence. Two events are 
independent if the occurrence of one has no effect at all on the likelihood of 
the other. In this case, 

peA : B) = peA) 
(A.24) 

P(B : A) = P(B) 

Inserting the first of these into equation (A.23), gives us 

peA) = peA n B) (A.25)
P(B) 

which we can rearrange to get the important result for independent events 
A and B that 

peA n B) = P(A)P(B) (A.26) 

This result is the basis for the analytic calculation of many results for 
complex probabilities and one reason why the assumption of event 
independence is often important in statistics. As an example of independent 
events, think of two dice being rolled simultaneously. If event A is "die 1 
comes up a six" and event B is "die 2 comes up a six," the events are 
independent, since the outcome on one die can have no possible effect on 
the outcome of the other. Thus the probability that both dice come up six is 
P(A)P(B) =! x != is 2.78%. 

The Elements of Statistics 

Calculation of Permutations and Combinations 

A very common requirement in probability calculations is to determine the 
nUMper of possible permutations or combinations of n elements in various 
situations. Permutations are sets of elements where the order in which they 
are arranged is regarded as significant, so thatABC is regarded as different 
from CBA. When we are counting combinations, ABC and CBA are equiva
lent outcomes. There are actually six permutations of these three elements: 
ABC, ACB, BAC, BCA, CAB, and CBA, but they all count as only one 
combination. The number of permutations of k elements taken from a set 
of n elements, without replacement, is given by 

n! 
(A.27)PI. =cn-k)! 

where xl denotes the factorial of x and is given by x x (x - 1) x 
(x - 2) x ... x 3 x 2 x 1, and 01 is defined equal to 1. The equivalent expres
sion for the number of combinations of k elements, which may be chosen 
from a set of n elements is 

n) n! (A.28)Cl. = ( k = k)! 

These two expressions turn out to be important in many situations, and we 
will use the combinations expression to derive the expected frequency dis
tribution associated with complete spatial randomness (see Chapter 3). 

Word of Warning about Probability Theory 

The power of probability theory comes at a price: We have to learn to think 
of events in a very particular way, a way that may not always be applicable. 
The problem lies in the fact that probability theory works best in a world of 
repeatable observations, the classic examples being the rolling of dice and 
the flipping of coins. In this world we assign definite probabilities to out
comes based on simple calculations (the probability of rolling a six is ~, the 
probability of heads is !) and over repeated trials (many rolls of the die, or 
many flips of a coin) we expect outcomes to match these calculations. If they 
don't match, we suspect a loaded die or unfair coin. In fact, this is a very 
particular concept of probability. There are at least three distinct uses of 
the term: 
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1. A priori or theoretical, where we can precisely calculatt~ probnllil
ities ahead, based on the "physics." This is the probability asso
ciated with dice, coins, and cards. 

2. 	A posteriori probability is often used in geography. The assumption 
is that historical data may be projected forward in time in a pre
dictive way. When we go on a trip and consult charts of average 
July temperatures in California, we are using this type ofprobabil 
ity in an informal way. 

3. Subjective probability is more about hunches and guesswork. "The 
Braves have a 10% chance of winning the World Series this year," 
"Middlesbrough has a 1% chance of winning the FA Cup this 
season," or whatever. 

There are, however, no hard-and-fast rules for distinguishing these dif
ferent "flavors" of probability. 

In the real world, especially in social science, data are once-off and obser
vational, with no opportunity to conduct repeated trials. In treating sample 
observations as typical of an entire population, we make some important 
assumptions about the nature of the world and of our observations, in 
particular that the world is stable between observations and that our obser
vations are a representative (random) sample. There are many cases where 
this cannot be true. The assumptions are especially dubious where data are 
collected for a localized area, because then the sample is only representative 
locally, and we must be careful about claims we make based on statistical 
analysis. 

A.4. PROCESSES AND RANDOM VARIABLES 

Probability theory forms a basis for calculation of the likely outcomes of 
processes. A process may be summarized by a random variable. Note that 
this does not imply that a process is random, just that its outcomes may be 
modeled as if it were. A random variable is defined by a set of possible 
outcomes (al,"" ai • ... , an} and an associated set of probabilities 
(P(al), ...• P(ai), ... ,P(an )}. The random variable is usually denoted by a 
capital letter, say A, and particular outcomes by lowercase letters ai. We 
then write peA = ai) 0.25 to denote the probability that the outcome ofA 
is ai' 
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Whon A t!1l1l 11/4"111111 1 0111' of a countable number of outconWH, the random 

variabll! iH dhwf'/·'/·. An example is the number of times we throw a six in 
10 rolls of a dit!: the only possibilities are none, one time, two times, three 
tiWes, and so on, up to 10 times. This is 11 possible outcomes in total. 
Where A can assume any value over some range, the random variable is 
continuous. A set of measurements of the height of students in a class can 
be regarded as a continuous random variable, since potentially any spe
cific height in a range from, say, 1.2 to 2.4 m might be recorded. Thus, one 
student might be 1.723 m tall, while another could be 1.7231 m tall, and 
there are an infinite number of exact measurements that could be made. 
Many observational data sets are approximated well by a small number of 
mathematically defined random variables, or probability distributions, 
which are frequently used as a result. Some of these are discussed in 
the sections that follow. 

The Binomial Distribution 

The binomial distribution is a discrete random variable that applies when a 
series of trials are conducted where the probability of some event occurring 
in each individual trial is known, and the overall probability of some num
ber of occurrences of the event is of interest. A typical example is the prob
ability distribution associated with throwing x "sixes" when throwing a die 
n times. Here the set of possible outcomes is 

A = {O sixes, 1 six, 2 sixes, ... ,n sixes} (A.29) 

and the binomial probability distribution will tell us what the probability is 
of getting a specified number of sixes. 

The binomial probability distribution is given by 

xP(X x) = (: )PX(l - pt·	 (A.30) 

where p is the probability ofthe outcome of interest in each trial, there are n 
trials, and the outcome of interest occurs x times. x may take any value 
between 0 and n. For example, for the probability ofgetting two sixes in five 
rolls of a die, we have n 5, x = 2, and p ~,so that 
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P(two sixes) = (:) (~y (1- ~r 2 

= (~) (!)2 (~)32!3! X 6 x 6 

( 
5 x 4 x 3 x 2 x 1)
(2 x 1)(3 x 2 x 1) x 

(1 1)
(3 x (3 x 

(5 5 5)
(3 x (3 x (3 (A.31) 

= (120) x (2-)
12 36 x 

(125)
216 

15,000 
= 93,312 

0.16075 

Figure A.3 shows the probabilities of the different numbers of sixes for five 
rolls of a die. You can see that it is more likely that we will roll no sixes or 
only one six than that we will roll two. 

For statistical purposes it is useful to know the mean, variance, and 
standard deviation of a random variable. For a binomial random variable 
these are given by 

J..L=np 

0'2 =np(1-p) (A.32) 

a jnp(1-p) 

Binomial distribution 
n =5, P =0.16666705h 
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Figure A3 Histogram showing the probabilities of rolling different numbers of sixes 
for five rolls of a die. 
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Applying thmw ft'HUII.H wo find that the mean or expected value when 
throwing a dill !) timtlH and counting 'sixes' is 

1 
J..L = np 5 x (3 0.8333 (A.33)• 

with a standard deviation of 

J 1 5 ~5 5O'=jnp(l-p)= 5x-x-= -=-=08333 (A.34)
6 6 36 6 . 

Note that we would never actually observe 0.833 six. Rather, this is the 
long-run average that we would expect if we conducted the experiment 
many times. 

The Po~sson Distribution 

The Poisson distribution is useful when we observe the number of occur
rences of an event in some fixed unit of area, length, or volume or over a 
fixed time period. The Poisson distribution has only one parameter A, which 
is the average intensity of events (i.e., the mean number of events expected 
in each unit). This is usually estimated from the sample. The probability of 
observing x events in one unit is given by 

x 
P(x) =e-AA (A.35)

xl 

which has parameters 

It = A 

0'2 A (A.36) 

0'= .J).. 

Figure AA shows the probabilities for a Poisson distribution with A= 2. 
This distribution is important in the analysis of point patterns (see 
Chapters 3 and 4). 

Continuous Random Variables 

Both the binomial and Poisson distributions are discrete variables, in which 
the meaning of the probability assigned to any particular outcome is 
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Figure A.4 Histogram of the Poisson distribution for ), = 2. 

obvious. In the continuous case it is less so. For example, the chance that 
any student in a class will have a height ofprecisely 175.2 cm is very small, 
almost zero, in fact. We can only speak of a probability that a measurement 
will lie in some range ofvalues. Continuous random variables are therefore 
defined in terms of a probability density function, which enables the calcu
lation of the probability that a value between given limits will be observed. 

The Uniform Distribution 

In the uniform distribution, every outcome is equally likely over the range 
of possible outcomes. If we knew that the shortest student in a class was 
160 cm tall, and the tallest .200 cm, and we thought that heights were 
uniformly distributed, we would have the continuous uniform distribution 
shown in Figure A5. As shown in the diagram, the probability that a stu
dent's height is between any particular pair ofvalues a and b is given by the 
area under the line between these values. Mathematically, this is expressed 
as 

(A37)Pea s x S b) = I:f(X)dx 
where fix) is the probability density function. The units for the probability 
density therefore depend on the measurement units for the variable, and 
the area under the line must always total to 1 since something must occur 
with certainty. This is the only time you will even see an integration 
symbol in this book. The calculus to determine the area under standard 
continuous probability functions has already been done by others, and is 
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Figure A.5 Uniform distribution. The probability of a measurement between a and b 
is given by the area of the shaded rectangle. 

recorded in statistical tables. In the next sections, two of the most fre
quently encountered and therefore most completely defined continuous ran
dom variables are described. 

The Normal Distribution 

It is unlikely that student heights are distributed uniformly. They are much 
more likely to approximate to a normal distribution. This is illustrated in 
Figure A6. A particular normal distribution is defined by two parameters: 
its mean /1 and its standard deviation (T. The probability density function is 
given by 

N(x, /1, (T) = 
1 

exp I (x _/1)2]-
2(T2 

(A.3S) 
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Figure A.6 Normal distribution. 
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where x is a particular value that the variable might take. The standardized 
form of this equation for a normal distribution with mean of 0 and standard 
deviation of 1 is denoted N(O, 1) and is given by 

1 -z2/2
N(z, 0, 1) = J2rr e 	 (A39) 

which shows how the probability of a normally distributed variable falling 
in any particular range can be determined from its z-score alone. Tables of 
the normal distribution are widely available that make this calculation 
simple. This, together with the central limit theorem (see Section A5), is 
the reason for the importance of this distribution in statistical analysis. It is 
useful to know that 68.3% of the area under the normal curve lies within 
one standard deviation, 95.&% within two standard deviations, and 99.7% 
within three standard deviations of the distribution mean. 

The Exponential Distribution 

Many natural phenomena follow an approximately exponential distribu
tion. A good example is the lengths of time between catastrophic events 
(earthquakes, floods of given severity). The formulas for the exponential 
distribution are 

f(x) 
(A40)

f.1. 0 

(1=0 

where 0 is a constant parameter that defines the distribution. The prob
ability that a value higher than any particular value will be observed is 
conveniently calculated for the exponential distribution, according to 

P(x 2: a) 	 (A.41) 

A.5. SAMPLING DISTRIBUTIONS AND 

HYPOTHESIS TESTING 


We now come to one of the key ideas in statistics. A set of observations is 
often a sample of the population from which it is drawn. A voter survey is a 
good example. Often, a sample is the only feasible way to gather data. It 
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would not ho prudiml to UI;k all the voters in the United States which way 
they intendod to vote, on a daily basis, in the runup to a presidential elec
tion. Instead, polling organizations ask a sample of the population which 
wa:, they intend to vote. They then determine statistics (mean, variance, 
etc.) 'from their sample in order to estimate the values of these parameters 
for the entire population. 

If we imagine taking many different samples from a population and 
calculating (say) ii in order to estimate the population mean /-L, we get a 
different estimate of the population parameter from each different sample. 
If we record the parameter estimate fl = ii from many samples, we get 
numerous estimates of the population mean. These estimates constitute a 
sampling distribution of the parameter in question, in this case 
the sampling distribution of the mean. 

The Central Limit Theorem 

The central limit theorem is a key result in statistics and allows us to say 
how good an estimate for a population parameter we can make given a 
sample of a particular size. According to the central limit theorem, given 
a random sample of n observations from a population with mean f.1. and 
standard deviation (1, then for sufficiently large n, the sampling distribution 
of ii is normal with 

f.1.a = /-L 	 (A.42) 

and 

(1 

(1a = .jii 	 (A43) 

A number of points are significant here: 

• 	The distribution of the population does not matter for large enough n. 
For almost any population distribution, n 2: 30 is sufficient to ensure 
that the sampling distribution is close to normal with the mean and 
standard deviation above. 

• 	The sample must be random, so that every sample of size n has an 
equal chance of being selected. 

• Since (1a = (1/.jii, our estimate of the population mean is likely to be 
closer to the actual population parameter with a larger sample size. 
However, because the relationship goes with it may be necessary 
to increase our sample size considerably to get much improvement in 
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the parameter estimate, since wo mUHt tllko 11 Humple of' 411 obHorvll
tions to halve the sampling distribution standard deviation. 

• The central limit theorem applies to a good approximation to other 
measures ofcentral tendency (such as the median). It does not neces
sarily apply to other statistics, so you may have to check statistics 
texts for other cases. 

\ 

For the data below (a sample of n 30 incomes), we get an estimate of the 
population mean income of fi = a= 25,057. 

16511 14750 21703 16496 32311 25186 
32379 17822 17992 22862 39907 39043 
15324 1988~ 32632 24706 38480 25227 
34878 1789 16867 18644 20630 16132 
36463 28714 18346 28398 25613 35908 

We can estimate the population income standard deviation using the stan
dard deviation of the sample (with n - 1 as denominator, remember) as 
a= Sa = 8147.981. From the central limit theorem, we then know that the 
sampling distribution of the mean has a standard deviation given by 

a 8147.981 1487.611 (A.44)rra = ~ 

Using this information, we know that ifwe were to take repeated samples of 
income data for this population, about 95% of our estimates of the mean 
income would fall within about two standard deviations of the estimate. In 
fact, we can say that the mean income of the population is 25,057 ± 1.96 x 
1487.6 25,057 ± 2916 with 95% confidence. In other words, we are 95% 
confident that the mean income of the population we have taken this 
sample from is between 22,141 and 27,973. 

Hypothesis Testing 

The result above is the basis of a good deal of statistics. Given some ques
tion concerning a population, we formulate a null hypothesis that we wish 
to test. We then collect a sample from the population and estimate from the 
sample the population parameters required. The central limit theorem then 
allows us to place confidence intervals on our estimates of the population 
parameters. If our parameter estimates are not in agreement with the null 
hypothesis, we state that the evidence does not support the hypothesis at 
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the 1(,lwl (){.~;#t/;II(·(III1·(· wo have chosen. lfthe parameter estimates do agree 
with the null hypoth(!His, we say that the evidence is insufficient to reject 
the null hypothesis. 

F;.pr example, in the income example above, we might have hypothesized 
that the mean income of the population is over 30,000. The evidence from 
our sample does not support this hypothesis, since we are 95% confident 
that the population mean lies between 22,141 and 27,973. In fact, given the 
sampling distribution of the mean, we can say how likely it is that the 
population mean is over 30,000; 30,000 has a z score of (30,000 25,057)/ 
1487.6 = 3.323 relative to the sample mean. The probability of a z score of 
3.323 or greater may be determined from tables of the normal distribution 
and is extremely low, at just 0.045%, or roughly 1 chance in 2000. We can 
say that the null hypothesis is rejected at the p 0.00045 level. It is impor
tant to note that what we are really saying is that if we repeatedly take 
samples of n = 30 incomes from this population, only one in 2000 of the 
samples would give us an estimate of mean income greater than 30000. 
From this we deduce that it is extremely unlikely that the population 
mean really is 30000 or greater. 

Note what would happen if our original sample were larger, with (say) 
120 observations. If the sample mean and standard deviation were the 
same, a fourfold increase in sample size halves the standard deviation of 
the sampling distribution of the population mean, allowing us to halve the 
width of our 95% confidence interval on the population mean. This makes 
our estimate of the population mean more precise. 

The procedure outlined here is the basis of most statistics. We have a 
question that we want to answer using whatever appropriate data we can 
obtain. Generally, it is impractical to collect complete data on the entire 
popUlation, so we set up a hypothesis and gather a sample data set. The key 
statistical step is to determine the probabilities associated with the 
observed descriptive statistics derived from the sample. This is where the 
various probability distributions we have discussed come in, because many 
sampling distributions conform to one of the standard distributions dis
cussed in Section A.4. In other cases it may be necessary to perform com
puter simulations to produce an empirical estimate of the sampling 
distribution. This is common in spatial analysis, where the mathematical 
analysis of sampling distributions is often very difficult, if not impossible. 
Having determined a sampling distribution for the descriptive statistics we 
are interested in, we can determine how likely the actual observed sample 
statistics are, given our hypothesis about the population. If the observed 
statistic is unlikely (usually, meaning less than 5% probability), we reject 
the hypothesis. Otherwise, we conclude that we cannot reject the hypoth
esis. 
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A.6. EXAMPLE 


The ideas of data summary, postulating a null hypothesis, computation ofa 
test statistic, location of this on an assumed sampling distribution assum
ing the null hypothesis to be true, and then making a decision as to how 
unusual the observed data are relative to this null hypothesis are best 
appreciated using a simple worked example. The chi-square (i) test for 
association b~tween two categorical variables illustrates the concepts well 
and can be developed from basic axioms of probability. It puts the null 
hypothesis up front and also leads easily to the distribution of the test 
statistic. This test is used in some approaches to point pattern analysis 
and hot-spot detection (see Chapters 4 and 5). Almost all other standard 
tests follow a similar approach, and details can be found in any statistical 
text. Chi-square just hapP9ns to be easy to follow and useful in many prac
tical situations. 

Step 1: Organize the Sample Data and 

Visualization 


Suppose that as a result of a sample survey, you have a list of 110 cases, 
each having two nominal attributes describing it. A simple example might 
be the results of a point sampling spatial survey where at each point we 
recorded the geology and the maximum valley side angle of slope. The 
attribute "geology" is recorded simply as "soft rock" and "hard rock," and 
the slope angle, although originally measured in the field using a surveying 
level to the nearest whole degree, is coded as gentle (angles from flat to 5°), 
moderate (5° to 10°), and steep (>10°). Hence, a typical observation consists 
of codes for each of these attributes; for example, observation 1 had attri
butes H and M, indicating that it was hard rock with a moderate slope. The 
complete survey records the combined geology and slope for 110 sample 
locations, each determined by the spatial equivalent of simple random sam
pling. Our interest is to determine if slope varies with geology. The obvious 
research idea we might have is that harder rock is associated with the 
steeper slope angles, and vice versa. All 110 observations can be organized 
and visualized by forming a contingency table, in which rows represent one 
of the attributes (slope) and columns the other (geology). Each cell entry in 
the table is the count of cases in the sample that have that particular 
combination of unique conditions: 
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Ob\rrvrd Frequencies 
•. _.___ • - _0_- _,0_+ 

Geology 

• Slope Soft rock Hard rock Totals 

Gentle 21 9 30 
Moderate 18 11 29 
Steep 18 33 51 

Totals 57 53 110 

Note that these entries are whole-number counts, not percentages, 
although most statistical analysis packages allow these to be calculated. 
There are, for example, just 21 cases in the data where the attributes are 
"gentle slope" and "soft rock," 9 cases of "gentle slope" and "hard rock," and 
so on. Of particular importance are the row and column totals, called the 
marginal totals. There were, for example, 30 cases of gentle slopes in the 
sample irrespective of geology and 57 sites on soft rock. By inspecting this 
table, we can see that there is a tendency for steeper slopes to be on hard 
rock, and vice versa. It is this idea that we test using the chi-square test of 
association for two qualitative variables. 

Step 2: Devise a Test Statistic or Model 

The key to the procedure adopted lies in the idea of testing not this rather 
vague hypothesis, which after all, does not say how the two variables are 
associated, but a more specific null hypothesis which says that the two 
variables are not associated. The idea is that we propose a null hypothesis 
and hope that we will disprove it. Ifit is disproved, the alternative research 
hypothesis (that the categories are associated) can be regarded as proven. It 
is conventional to use Ho ("H nought") to refer to the null hypothesis and HI 
("H one") for the alternative. 

The chi-square statistic computes a measure of the difference between the 
cell frequencies in the observed contingency table and those that would be 
expected as long-run averages if the null hypothesis Ho were true. It is here 
that basic probability theory comes into play. Consider the first cell of our 
table showing the number of cases where there was a gentle slope on soft 
rock. If our null hypothesis were true, what would we expect this number to 
be? We know from the laws of probability (see Section A,3) that if the two 
categories are independent, the probabilities involved should be multiplied 
together. In this case we need to know the probability of a case being on soft 
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rock and the probability of it being Il gentlol.\lope. In ihct, W(l know Iwiliwr, 
but we can estimate the probabilities using the marginal totalK. l<'irHt, we 
estimate the probability of a sample being on soft rock as the total obKcrved 
(irrespective of slope) on soft rock, divided by the grand total as 

P(soft rock) = 57/110 = 0.518 (A.45) 

Similar logic l'eads to the probability of a sample having a gentle slope: 

P(gentle slope) = 30/110 = 0.273 (A.46) 

So if the two are really independent, as Ho suggests, their joint probability 
is 

P(soft rock n gentle slope) = P(soft rock) x P( gentle slope) 

= 0.518 x 0.272 (A.47) 

= 0.1414 

We can repeat this operation for all the remaining cells in the table. Given 
the total number of observed cases, this gives us a table of expected counts 
in each table cell, as follows: 

Expected Frequencies 

Geology 

Slope Soft rock Hard rock Totals 

Gentle 15.55 14.45 30 
Moderate 15.03 13.97 29 
Steep 26.43 24.57 51 

Totals 57 53 110 

Because the expected values are long-run expected averages, not actual 
frequencies, they do not have to be whole numbers that could actually be 
observed in practice. Notice that calculation of the expected frequencies is 
easy to remember from the rule that the entry in a particular position is the 
product of the corresponding row and column totals divided by the total 
number of cases. 

Now we have two tables, one the observed frequencies in our sample, the 
other the frequencies we would expect if the null hypothesis were true. The 
first we call the table of observed frequencies, the second the table of 
expected frequencies. Intuitively, if these tables are not much different, 
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we Will lit) UlHIII!t1 1.11 1'I·.I('t~l. the null hypothesis, whereas large discrepancies 
the null hypothesis in favor of HI, concluding that the 

variables are associated. What the formal statistical test does is to quantify 
the~ intuitions. An obvious thing to do ifwe are interested in the difference 
between two sets of numbers is to take their differences. This will give us 
some negative and some positive values, so we actually take the squared 
differences between the observed and expected frequencies (Oij - Eij)2, to 
get: 

Squared Differences 

Geology 

Slope Soft rock Hard rock 

Gentle 29.7205 29.7205 
Moderate 8.8209 8.8209 
Steep 71.0649 71.0649 

These numbers sum to 219.18, but a moment's thought reveals that the this 
total depends as much on the number of cases in the sanIple as it does on 
the cell differences, so that the larger n is, the greater will be this measure 
of the difference between the observed and expected outcomes. The final 
step in constructing the chi-square test statistic is to divide each squared 
difference by its expected frequency, giving (Oij EU)2/Eij, to standardize 
the calculation for any n. 

(Oij - Ei/ /Eij 

Geology 

Slope Soft rock Hard rock 

Gentle 1.910 2.056 
Moderate 0.587 0.675 
Steep 2.689 2.892 

The sum of these cell values, 10.809, is our final chi-square statistic. Given 
a set ofindividual cell observed frequencies Oij and expected frequencies E~j, 
the statistic is defined formally by the equation 
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X:.! =",,_0(1( g.):.!L.,. L.,.-----.---V (A.48)
i j Eij - 

You should be able to see that this is an obvious and logical way of deriving 
a single number (a statistic) to measure the differences between two sets of 
frequencies. There is nothing mysterious about it. 

Step 3: Study the Sampling Distribution of Our 

Test Statistic 


Intuition tells us that big[alues of chi-square will indicate large discrepan
cies between observed and expected, and small numbers the reverse, but in 
terms ofwhether or not we reject the null hypothesis, how big is "big"? Now 
we come to the sampling distribution of chi-square. Note first that this 
cannot be a normal distribution because it must have a lower limit of 
zero, since no negative numbers are possible, and if the two sets offrequen
cies are the same, we sum a series of zeros. If we assume that the distribu
tion of differences between a typical observed frequency and the expected 
value for the same cell is normal and then square these values, provided 
that we standardize for the numbers involved by dividing by the expected 
frequency, we can develop a standard chi-square distribution for a single 
cell. In fact, this is exactly the basis for tabulated values of the chi-squared 
statistic. Since the chi-square statistic is calculated by summing over a set 
of cells, it is parameterized by a related whole-number (integer) value called 
its degrees of freedom. For a contingency table, this is calculated from 

Degrees of freedom = df.= (no. rows - 1) x (no. columns - 1) (A.49) 

As the table below shows, there is a different distribution of chi-square for 
each different value of this parameter. In this table, each value is the chi
square that must be exceeded at the given probability in order for any null 
hypothesis to be rejected. The listed value of i would occur with the listed 
probability, if Ho were true. 
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Probability 

tit' ex = 0.05 a = 0.01 ex = 0.001 

• 1 3.84 6.64 10.83 
2 5.99 9.21 13.82 
3 7.82 11.34 16.27 
4 9.49 13.28 18.46 
5 11.07 15.09 20.52 
6 12.59 16.81 22.46 
7 14.07 18.48 24.32 

10 18.31 23.21 29.59 
20 31.41 37.57 45.32 
30 43.77 50.89 59.70 

Step 4: Locate the Observed Value of the Test 
Statistic in the Assumed Sampling Distribution 

and Draw Conclusions 

So what can we conclude about the association between the hardness of the 
rock and the slope angles? Recall that our data formed a 3 x 2 contingency 
table and generated a chi-square test statistic of 10.809. The table has 
(3 - 1) x (2 - 1) = 2 degrees offreedom. We now relate these numbers to the 
standard chi-square distribution. With df = 2, the critical value at a = 0.05 is 
5.99. This means that if there were no association between the attributes 
(i.e., if the null hypothesis were true) this value would be exceeded only five 
times in every hundred. Our value is higher than this. In fact, it is also 
higher than the a = 0.01 critical value of 9.21. This tells us that if the null 
hypothesis were true, the chance of getting a chi-square value this high is 
low, at less than 1 in 100. Our choice is either to say, despite this, that we 
still think that Ho is true, or more sensibly, to say that we must reject the 
null hypothesis in favor of the alternative (HI), We have pretty good evi
dence that rock hardness and slope angle are associated in some way. 

This may seem a rather formal and tedious way of proving something 
that is obvious right at the outset. Indeed, it is. However, the hypothesis 
test acts as a check on our speculations, providing a factual bedrock on 
which to build further, perhaps more scientifically interesting ideas (such 
as "why do we get steeper slopes on harder rocks?"). 
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Appendix B 

Matrices and Matrix Mathematics 

) 

B.1. INTRODUCTION 

In this appendix we look at some of the mathematics of matrices and closely 
related vectors. This material is worth mastering, because matrices are 
vital to pursuing many topics in spatial analysis (and many other disci
plines besides). In some cases the advantage of matrices is simply that 
they provide a compact way of expressing questions and problems. They 
also provide a useful generic way of representing the extremely important 
concept of adjacency in spatial systems and the closely related notion of a 
network. In more advanced applications, complex matrix manipulations are 
required, which are introduced where appropriate in the text. For example, 
matrix algebra lies at the heart ofleast-squares regression and is important 
in extending simple univariate regression to the multivariate case (see 
Chapter 9). In these notes, the aim is that you acquire familiarity with 
the notation and terminology of matrices, and also that you become used 
to how simple artithmetic operations are performed with them. 

B.2. MATRIX BASICS AND NOTATION 

A matrix is a rectangular array of numbers arranged in rows and columns, 
for example: 

2 4 7 -2]

o 1 -3 3 (B.l)[
5 -1 7 1 

As shown above, a matrix is usually written enclosed in square brackets. 
This matrix has three rows and four columns. The size of a matrix is 
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deHcribml ill t('rIllH ofLlw number ofrOWH by the number of columns, so that 
the example above iH a :3 x 4 matrix. A square matrix has equal numbers of 
rows and columns. For example 

• 12]-3 4 (B.2)[1 -1 0 

is a 3 x 3 square matrix. When we wish to talk about matrices in general 
terms, it is usual to represent them using uppercase boldface characters: 

2 4 7 -2]
A = 0 1 -3 3 (B.3)[5 -1 7 1 

Individual elements in a matrix are generally referred to using lowercase 
italic characters with their row and column numbers written as subscripts. 
The element in the top right corner of the matrix above is all = 2, and 
element a24 is the entry in row 2, column 4 and is equal to 3. In general, 
the subscripts i and} are used to represent rows and columns, and a general 
matrix has n rows and p columns, so we have 

bll blj bIp 

(B.4)B = I bil by bip 

bnl bTU b"p 

Vectors and Matrices 

A vector is a y:.~l:t!~ that has size and direction. It is convenient to represent 
graphically a vector by an arrow of length equal to its size, pointing in the 
vector direction. Typical vectors are shown in Figure B.l. In geography, 
vectors might be us_ed to I...~present winds o~ent flows. In a more 
abstract appUcation, they might represent migration flows. In terms of a 
typology of spatial data (see Chapter 1), we can add vectors to our list of 
value types, so that we have nominal, ordinal, interval, ratio, and vector 
types. In particular, we can imagine a vector field representing, for exam
ple, the wind patterns across a region, as shown in Figure B.2. 
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Figure B.1 Typical vectors. 

How do we represent vectors mathematically, and what have they got to 
do with matrices? In two-dimensional space (as in the diagrams), we can 
use two numbers, representing the vector components in two perpendicular 
directions. This should be)familiar from geographical grid coordinate sys
tems and is shown in Figure B.3. The three vectors shown have components 
a = (-3,4), b (4,3) and c = (6, -5) in the east-west and north-south 
directions, respectively, relfltive to the coordinate system shown on the grid. 

An alternative way to represent vectors is as column matrices, that is as 
2 x 1 matrices: 

a (B.5)[-!J b= [;J [-:Jc 

~~~\\,~~~~~~~ 
---"~~~~~\,~~~~~ 

!/?/'f??/'f---'ll'~?f/'f/'l 
l/fi-7/'?;'I;'I;'I;'I /'/' 
\\'??//';'I;'I;'I /'/' 
\---'lI'~.,.~/t/'~/' ~)'I 
/'f\&~-""--"'/'f/'f/'fifi)'l?f 

t~~~)'Ifi)'l)'l)'l)'l-'Jl'~ 
;tI)'I-'Jl'-'Jl'fi)'lfi;'l-'Jl't /' 71 

l' '" , tt/'f/'f---'ll'/'ffi/'f/'f 

~ \ t l' ;'I /' /'f /'f ---'lI' /'f /'f/'f 
t , , t/'/'f---'ll'---'lI'-7/'f/,/, 

Figure B.2 Vector field. 
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• 

c 

Figure B.3 Vectors in a coordinate space. 

Thus a vector is a particular type of matrix with only one column. As here, 
vectors are usually given a lowercase boldface symbol. In the same way, 
point locations relative to an origin can be represented as vectors. This is 
why we use the notation in the main text, where a point is represented as 

(B.6)s [;] 

Note also that we can represent a location in three dimensions in exactly 
the same way. Instead of a 2 x 1 column matrix, we use a 3 x 1 column 
matrix. More abstractly, in n-dimensional space, a vector will have n 
rows, so that it is an n x 1 matrix. 

B.3. SIMPLE MATHEMATICS 

Now we review the mathematical rules by which matrices are manipulated. 

Addition and Subtraction 

Matrix addition and subtraction are straightforward. Corresponding ele
ments in the matrices in the operation are simply added to produce the 
result. Thus, if 

(B.7)
A [~ !J 
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and 

B = [~ !] 	 (B.8) 

then 

1+5 2+
A+B= (B.9)

+7 	 4+8 

= [1~ 1:] 
Subtraction is defined similarly. It follows from this that A + B B + A. It 
also follows that A and B must have the same numbers of rows and columns 
as each other for addition (or subtraction) to be possible. 

For vectors, subtraction has a specific useful interpretation. If SI and S2 

are two locations, the vector from SI to S2 is given by S2 - SI. This is illu
strated in Figure BA, where the vector x from SI to S2 is given by 

x = S2 - SI 

~[~]-[:] 	 (B.10) 

[-:] 


Multiplication 

Multiplication of matrices and vectors is more involved. The easiest way to 
think of the multiplication operation is that we multiply rows into columns. 
Mathematically, we can define multiplication as follows. If 

C AB (B. 11) 

the element in row i, column} of C is given by 

I>ikbkjCij 	 (B.12) 
k 
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Figure BA Vector subtraction gives the vector between two pOint locations. 

Thus, the element in the ith row and}th column of the product of A and B is 
the sum of products of corresponding elements from the ith row of A and the 
}th column of B. Working through an example will make this clearer. If 

A=[l
-4 

-2 

5 -:J (B.13) 

and 

B [6 -5]4 -3 (B.14) 

2 -1 

then for the element in row 1, column 1 of the product C, we have the sum of 
products of corresponding elements in row 1 of A and column 1 ofB; that is, 

CII 	 Cl.llb ll , a12b21 +a13b31 

(1 x H) I (-2 x 4) + (3 x 2) 
(B.1G)

6 MI6 

4 
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Similarly, we have 

C12 = (1 x -5) + (-2 x + (3 x 

= -5 + 6 + (-3) 

=-2 

C21 = (-4 x 6) + (5 x 4) + x 2) 

= -24+20+(-12) 	 (B.16) 

= -16 

C22 	= (-4 x -5) + (5 x -3) + (-6 x 

= 20 + ( -15) + 6 

= If 

This gives us a final product matrix 

[ 4 -2] (B.17)c = -16 11 

Figure B.5 shows how multiplication works schematically. Corresponding 
elements from a row of the first matrix and a column of the second are 
multiplied together and summed to produce a single element of the product 
matrix. This element's position in the product matrix corresponds to the 
row number from the first matrix and the column number from the second. 
Because of the way that matrix multiplication works, it is necessary that 
the first matrix have the same number of columns as the second has rows. If 
this is not the case, the matrices cannot be multiplied. If you write the 
matrices you want to multiply as nAp (n rows, p columns) and xBy 

(x rows, y columns), you can determine whether they multiply by checking 
that the subscripts between the two matrices are equal: 

nApxBy 	 (B.18) 

If p x, this multiplication is possible and the product AB exists. 
Furthermore, the product matrix has dimensions given by the outer sub
scripts, nand y, so that the product will be an n x y matrix. On the other 
hand, for 

xBynAp 	 (B.19) 

ify =/: n, then BA does not exist and multiplication is not possible. Note that 
this means that in general, for matrices, 

...... 
c: 
E 

8 
::l 

DDDDD 

DDDDD 

+ 

+ 

+ 
Sum of + 

products 	

DD• 
Rowi DD 

DD 
DD 
DD 

'-.t-" 
Product element ij 

Figure 8.5 Matrix multiplication. 

I AB=/: BA 	 (B.20) 

t and multiplication is not commutative; it is order dependent. To denote 
order is required, the terms pre- and post-multiply are used. This 

I is important when matrices are used to transform between coordinate 
spaces (see Section B.5 and Chapter 10). In the example above 

[ 4 -2] (B.21)C =AB = -16 11 

but 

26 -37 48] 
D = BA = 16 -23 30 (B.22)

[ 
6 	 -9 12 
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The product D is not even th(l HUIlI(' HiZ(1 IIH C, IInd thiH iH !lot UlluAllll1. 

However, it is useful to know thnt (AB)C A(BC). The rule iH thut pro
vided the written order of multiplicationH iH preHerved, muitipIicutionH mny 
be carried out in any sequence. 

Matrix Transposition 

The transpose of a matrix is obtained by swapping rows for columns. This 
operation is indicated by a superscript T, so that the transpose of A is 
written A'f. Hence 

[1 2 3JT [1 4] 
 (B.23)4 5 6 = 	 2 5 
3 6 

Note that this definition, combined with the row-column requirement for 
multiplication, means that ATA and AAT always exist. The product aT a is of 
particular interest when a is a vector, because it is equal to the sum of the 
squares of the components of the vector. This means that the length of a 
vector a is given by JaTa, from Pythagoras's theorem. See Section B.5 for 
more on this. 

8.4. SOLVING SIMULTANEOUS EQUATIONS 
USING MATRICES 

We now come to one of the major applications ofmatrices. Say that we have 
a pair of equations in two unknowns x and y, for example: 

3x+4y = 11 
(B.24)

2x - 4y =-6 

The usual way to solve this is to add a multiple of one of the equations to the 
other, so that one of the unknown variables is eliminated, leaving an equa
tion in one unknown, which we can solve. The second unknown is then 
found by substituting the first known value back into one of the original 
quations. In this example if we add the second equation to the first, we get 

(3 + 2)x + (4 -	 4)y 11 + (-6) (B.25) 

Matrices and Matrhc Mathematics 

which giVOH lIH 
'. 


which we easily solve to get y 2. This is simple enough. But what if we" 
have three unknowns? Or four? Or lOO? Or 10,000? This is where matrix 
algebra comes into its own. To understand how, we must introduce two 
more matrix concepts: the identity matrix and the inverse matrix. 

'"" The Identity Matrix and the Inverse Matrix 

The identity matrix, written I, is defined such that 

lA AI A 	 (B.29) 

Think of the identity matrix as the matrix equivalent ofthe number 1, since 
1 x z z x 1 = z, where Z is any number. It turns out that the identity 
matrix is always a square matrix with the required number of rows and 
columns for the multiplication to go through. Elements in 1 are all equal to 1 
on the main diagonal from top left to bottom right. All other elements are 
equal to O. The 2 x 2 identity matrix is 

(B.30)1 = [~ ~J 

The 5 x 5 identity matrix is 


1 0 0 0 0 

0 1 0 0 0 

1=10 0 1 0 0 (B.31) 

0 0 0 1 0 

0 0 0 0 1 

• so tnat x = 

so that 

5x 5 

1. Substituting this into (say) the first equation, we get 

3(1) + 4y = 11 

4y 11- 3 

(B.26) 

(B.27) 

(B.28) 
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and so on. We now define tho iUIWI'HI! A I of Illutrix A. Huch thut 

AAI A lA 1 (B.32) 

Finding the inverse of a matrix is tricky, and not always possible. For 2 x 2 
matrices it is simple: 

[ a bJ- 1 

1 [d -bJ (B.33)e d -ad be -e a 

For example, if 

A=[~ !J 	 (B.34) 

then we have 

1 [ 4 -2J
A -1 = (1 x 4) - (2 x 3) -3 1 

_~[ 4-2J 
(B.35)2 -3 1 

n-4J 
We can check that this really is the inverse of A by calculating AA-I: 

[1 2J [-2 1JAA-1 = . 3 1 
3 4 - 

2 2 

= [(1 x-2) + (2 x~) (1 x1) + (2 x-~)] 
(B.36) 

(3 x-2) + (4 x~) (3 x1) + (4 x-D 
= 	 [~ ~J 

, 

f,' 

We leavt) it to you to chuck thllt the pf'Oduct A I A also equates to I. 

f Unfortunately, finding the inverse for larger matrices rapidly becomes 
much more difficult. Fortunately, it isn't necessary for you to know how to 
perform matrix inversion. The important thing to remember is the defini
tion rnd its relation to the identity matrix. 

Some other points worth noting are that: 

• 	The quantity ad be is known as the matrix determinant and is 
usually denoted IA I. If IA I = 0, the matrix A has no inverse. The 
determinant of a larger square matrix is found recursively from the 
determinants of smaller matrices, known as the eofaetors of the 
matrix. You will find details in texts on linear algebra (Strang, 
1988, is recommended). 

• 	It is also useful to know that 

(AB)-1 = B-1A-I 	 (B.37) 

You can verify this from 

B-1A-IAB = B-I(A-IA)B 

= B-1(1)B 
(B.38)

B-IB 

=1 

• Also useful is 

(ATr 1 (A-1l 	 (B.39) 

Now ... Back to the Simultaneous Equations 

Now we know about inverting matrices, we can get back to the simulta
neous equations: 

3x+4y = 11 
(B.40)

2x -4y =-6 

MatrlcII Ind Mltrlx Mathematics 
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The key is to realize that thmm can be rowritttlll HH the matrix eC/lwliim 

(BA1)[~ -~J' [;J = [~~J 
Now, to solve the original equations, if we can find the inverse of the first 
matrix on the left-hand side, we can premultiply both sides of the matrix 
equation by the inverse matrix to obtain a solution for x andy directly. The 
inverse of 

[~ -~J 
is 

~[-4 -4J 
20 -2 3 

Pre-multiplying on both sides, we get 

• 


(BA2) 

(BA3) 

'"' 

1 [-4 -4] [3 1 [-4 -4] [11 ] (BA4)4] [X]
20 -2 3' 2 -4 Y - 20 -2 3'-6 

~ 
which gives us ~! 

10] [x] 1 [(-4 x 11)+(-4 x ]
[o 1 . y = - 20 (-2 x 11) + (3 x -6) 

x] 1[-44 + 24]
[Y 20 -22 - 18 

(B.45) 

1 [-20] 
20 -40 

[:] [~] 
which is the same solution for x and y that we obtained before. This all 
probably seems a bit laborious for just two equations! The point is that this 
approach can be scaled up very easily to much larger sets of equations, and 
provided that we can find the inverse ofthe matrix on the left-hand side the 

Matrices and Matrbc Mathematics 

equutimlH CHn ho !omlvod. Wt' eHn gmwrulizo thiH reHult. Any HYHiom of equa
tions can be written 

Ax b (BA6) 
c -

and the solution is given by premultiplying both sides by A-1 to get 

A -1Ax = A 1b (BA7) 

Since A -1A = I, we then have 

Ix x =A-1b (B.48) 

This is an amazingly compressed statement of the problem of solving any 
number of equations. Note that if we calculate the determinant of A and 
find that it is 0, we know that the equations cannot be solved, since A has no 
inverse. Furthermore, having solved this system once by finding A-I, we 
can quickly solve it for any values of the right-hand side. 

Partly because of this general result, matrices have become central to 
modern mathematics, statistics, computer science, and engineering. In a 
smaller way, they are important in spatial analysis, as will become clear 
in the main text. 

B.5. MATRICES, VECTORS, AND GEOMETRY 

Another reason for the importance of matrices is their usefulness in repre
senting coordinate geometry. We have already seen that a vector (in two or 
more dimensions) may be considered a column vector, where each element 
represents the vector's length parallel to each of the axes of the coordinate 
space. We expand here on a point that we have already touched on, relating 
to the calculation of the quantity aTa for a vector. As we have already 
mentioned, this quantity is equal to the sum of the squares of the compo
nents of a, so that the length of a is given by 

lIall JaTa (B.49) 

This result applies regardless of the number of dimensions of a. 
We can use this result to determine the angle between any two vectors a 

and b. In Figure B.6 the vector a forms an angle A with the positive x axis, 
and b forms angle B. The angle between the two vectors (B A) we label e. 
Using the well-known trigonometric equality 
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Figure B.6 Derivation of the expression for the angle between two vectors. 

t
l 
J 

cosCB -A) = cosAcosB + sinAsinB CB.50) f(," 
\'i' 

we have 
I'"~i'I,,, 
'.' 

cose = cosAcosB + sinAsinB .~ 
Xa Xb) (Ya Yb ) 	 1/ 

= 	 ( W x Ilbll + lIall x Ilbll 

XaXb +YaYb CB.51) 
",u(

lIallllbll 


aTb 


JaTaJbTb 


The quantity a Tb is known as the dot product or scalar product of the 
two vectors, and is simply the sum of products of corresponding vector 
components. One of the most important corollaries of this result is that 
two vectors whose dot product is equal to zero are perpendicular or 
orthogonal. This follows directly from the fact that cos 90° is equal to 
zero. Although we have derived this result in two dimensions, it scales 
to any number of dimensions, even if we have trouble understanding 
what perpendicular means in nine dimensions! The result is also con
sidered to apply to matrices, so that if ATB = 0, we say that matrices A 
and Bare orthogonal. 

it\)J1 

Matrices and Matrh( Matnematlcs 

The Geometric Perspective on Matrix 

Multiplication 


In th~ context it is useful to introduce an alternative way of understanding 
the matrix multiplication operation. Consider the the 2 x 2 matrix A and 
the spatial location vector s: 

A = [ 0.6 0.8J CB.52)s = [!J-0.8 0.6 

The product As of these is 

CB.53)As=[~J 


We can look at a diagram of this operation in two-dimensional coordinate 
space as shown on the left-hand side of Figure B.7. The vector As is a 
rotated version of the original vector s. If we perform the same multiplica
tion on a series ofvectors, collected together in the two-row matrix S so that 
each column of S is a vector, 

3 0 -1[ 0.6 0.8] [1 	 -2.5]AS= . 
-0.8 0.6 1 -2 5 4 -4 

CB.54)
0.2 4 2.6 -4.7]= [ 1.4 

-0.2 -3.6 3 3.2 -0.4 

we can see that multiplication by the matrix A may be considered equiva
lent to a clockwise rotation of the vectors (through 53.13° for the record). 
These operations are shown on the right-hand side of Figure B.7 for con
firmation. 

In fact, any matrix multiplication may be thought of as a transformation 
of some coordinate space. This property of matrices has ensured their wide
spread use in computer graphics, where they are an efficient way of doing 
the calculations required for drawing perspective views. Transformation 
matrices have the special property that they project the three dimensions 
of the objects displayed into the two dimensions of the screen. By changing 
the projection matrices used, we change the viewer position relative to the 
objects displayed. This perspective on matrices is also important for trans
forming between geographical projections (see Chapter 10). As is demon
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Figure B.7 Matrix multiplication as a transformation of coordinate space. In the left
hand grid the multiplication As is shown. In the right-hand grid each column of S is 
shown as a vector that is rotated after multiplication by A. 

r1f##t~' --L~~ 

strated in Chapter 9, the geometry of matrix operations is also helpful in 
understanding least-squares regression. 

Finally, this perspective also provides an interpretation ofthe inverse of a 
matrix. Since multiplication of a vector s by a matrix, followed by multi
plication by its inverse returns s to its original value, the inverse of a matrix 
performs the opposite coordinate transformation to that of the original 
matrix. The inverse of the matrix above therefore performs a 53.13° 
counter-clockwise rotation. You may care to try this on some examples. 

Eigenvectors and Eigenvalues 

Two properties important in statistical analysis are the eigenvectors and 
eigenvalues of a matrix. These only make intuitive sense in light of the 
geometric interpretation of matrices we have just introduced, although 
you will probably still find it tricky. The eigenvectors {el ... en} and eigen
values fA1 ... An} of an n X n matrix A each satisfy the equation 

Aei = Aei 	 (B.55) 

Seen in terms of the multiplication-as-transformation view, this means that 
the eigenvectors of a matrix are directions in coordinate space that are 
unchanged under transformation by that matrix. Note that the equation 

.,.,...•• 
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mean8 thut the oigenVGctorH and eigenvalues are associated with one 
another in pairs {(Ab el), (Al. ed.... , (lion' en)}. The scale ofthe eigenvectors 
is arbitrary, since they appear on both sides of equation (B.55), but nor
mal!.}' they are scaled so that they have unit length. We won't worry too 
much about how the eigenvectors and eigenvalues of a matrix are deter
mined Strang, 1988, for details). As an example, the eigenvalues and 
eigenvectors of the matrix in our simultaneous equations 

3 4J 	 (B.56)
2 -4 

are 

0.9701J) -0.4472 J)and 	 (B.57)( Al = 4. el [ 0.2425 = -5, e2 = [ 0.8944 

It is straightforward to check this result by substitution into equation 
(B.55). 

Figure B.8 may help to explain the meaning of the eigenvectors and 
eigenvalues. The unit circle shown is transformed to the ellipse shown 
under multiplication by the matrix we have been discussing. However, 
the eigenvectors have their direction unchanged by this transformation. 
Instead, they are each scaled by a factor equal to the corresponding eigen
value. An important result (again, see Strang, 1988) is that the eigenvectors 

6 

6 

·5 

·6 

Figure B.8 Geometric interpretation of eigenvectors and eigenvalues . 
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of a symmetric matrix arc mutually orthogonul. 'l'hllt iH, if A iH Hynllnctric 
about its main diagonal, any pair of its cigonvectors ei and ~i have a dot 
product erej = O. For example, the symmetric matrix 

• 

(B.58)[~ !] 

•'

Index 
has eigenvalues and eigenvectors

/ 

7630 J)4.541 [0.6464]) and (-1.541, [-0. (B.59)( , 0.7630 0.6464 

and it is easy to confirm that these vectors are orthogonal. This result is 
significant in principal components analysis, discussed in Chapter 11. 
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hypothesis testing, 96-98, 116, 404-411 

images, 9, 14 
incomes, example, 404-405 
independence, 59, 344, 345, 347, 394 
independent random process (!RP), 51, 56-58, 

58-64,67,71,74,58-64,65,71,72,74, 
96, 99, 100, 101, 104-106, 109, 116, 161, 
162-163, 186, 188-190, 370 

indexed overlay, 305-306 
indexlllg, 148, 170 
indicator kriging, 281 
inference engine, 363 
intelligence, 369, 379, 430 
intensity, 64-66, 79, 81, 98, 102, 106, 110,399 
interaction, 36-37, 41-42, 79 
internet, 136, 369, 374 
:nterpolation, 49, 88, 215, 217, 220-234, 


281-282,286-287 
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interpretation in mapping, :10:1 
interquartile range, 391 
intersection, 21, 286, 301, 302 
interval data, 13, 304 
intrinsic hypothesis, 275 
inversion, 253-254, 260, 280, 422-423, 428 
inverse distance weighting, 227-232, 265 
IRP, see independent random process 
isolines, 72. See also contours 
isotherms, 222 
isotropy, 51, 66, 268, 275 
iterative leaSt squares, 310 

joins counts, 29, 180-196 
journey lengths, 150; 159 
junctions, 155 

K function, 92-95, 124,125, 102-104, 
130-131, 357 

kernel,85 
K-means clustering, 334-335 
knowledge base, in AI, 363, 364 
knowledge-driven approach to overlay, 289 
Knox test, 125 
kriging, 232, 248, 265-281,357,378 

L function, 103, 124 
labels, 177 
Lagrangian multiplier, 275, 277 
lags, 48, 203 
Lancashire (England), 126 
land cover, 365, 367, 373, 374 
land use planning, 285 
landform, 235 
landslides, 286-287, 304, 305-306, 308, 

309-310 
latitude, 290, 293, 299 

170, 364-365, 376 
leal'l1ing, 363, 365 
least squares, 282, 309-310 
length, 66-67, 136, 142-151, 159 
leukemia, 117-121, 126 
levels of measurement, 11-15 
Life, Game of, 373 
line objects, 66-70, 137-142, 161-163 
linear trend surface, 256-262 
linearity, 359-361 
local statistics, 85, 203-205, 225-226, 

228-229, 335 
loess,286 
logarithmic data, 14 
longitude, 290, 293, 299 

MAGICAL, 377 
Mahalanobis distance, 325 
Manhattan distance, 324 
Mantel test, 125 
map algebra, 205, 304 
Map Explorer (MAPEX), 121 
map overlay, 284-314 

'"dele 

17 :W, 17~ 
mlll'M, 'f, r1171i, 71, 216, 2H4-:114, :14:1, alii, 

alia, :J71i 
matriCl!H, :i9-42, 129-1:.12, 19:1, 21iO-21i6, 

276-280, 412-4:30 
adjacency, 155-161 
of elevations, 213-214, 218-220, 220 
powers of, 157-158 
of scatter plots, 336-337 
of statistical distances, 340 
transformation, 291, 294-299 
See also DEM; grids 

MAU problem, 30-32, 53, 78, 81-82, 119, 122, 
123, 125 

mean, 385, 388,398,399,401, 402,403 
mean center, 80 
measurement, 11-12 
median, 390 
meningitis, 117 
minimum spanning tree, 128 
Minkowski distance, 324, 325 
models, of spatial process, 370-378 
modifiable areal unit problem, see MAU 

problem 
Monte Carlo procedures, 105-106, 120, 124, 

196,311, 360 
Moran's I, 29, 197-201, 204 
MP3,14 
multiagent systems, 369 
multicollinearity, 322 
multicriteria evaluation, 306 
multidimensional scaling (MDS), 315, 317, 

338-343 
multidimensional spaces, 316-323, 366 
multiplication, of matrices and vectors, 

41fHo20, 427-428 
multiquadric analysis, 232 
multivariate analysis, 366 
multivariate data, 316-323, 336-338, 346, 

353, 366 
mutation, in GA, 368 

naive estimator, 85 
nearest neighbor, 36, 88-89, 100-101, 

104-106, 128, 129 
nearness, 221, 224-225 
neighborhood, 37-39, 43, 126-129, 182, 191, 

193, 225-227, 265, 371 
Network Analyst software, 164 
networks, 78, 9,136,152-161,240-241,412 
neural networks (ANN), 163, 364-367, 368 
neurons, 364-365 
New Zealand, 143 
nodes, 155 
nominal data, 12,304,317,371 
normal distribution, 401-402 
normalization, 306 
notation, 384,385-387,392,412-415 
nuclear waste, 287,304 
nugget, 269 
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t 

null 	hypnl.hllHiH, 1lIl, WO, Ill. lW, 12:1, III I, 
HIli, 404, 4()7 

objects, 46, 89, 285-286 
ar~a, 5,9, 43, 71,167-208 
lin81\5, 9, 43, 66-70, 135-165 
point, 5, 9, 43, 54-66, 77-114 

ordinal data, 13, 305-306 
ordinary kriging, 274-281 
ordination, 338-343 
Ordnance Survey (GB), 120 219 
orientation, 152 
orthogonality, 345, 426 
overdetermination, 250, 253 
overfitting, 263 
overlay, 21, 284-314 

PANORAMA, 219 
parallel coordinates, 336-338 
parameters of a population, 388, 389, 404 
paths, statistics for, 150-151. See also vectors 
pattern, and processes, 51-76, 79-95, 

110-112,370 
PCRaster, 374, 378 
peaks, 239 
pedestrians, 374 
Pennsylvania towns, 339 
percentiles, 390 
permutations, 328, 395 
pits, 239 
pixels, 170, 301 
plains, 240 
planar enforcement, 7, 171-172, 192, 286, 301 
planation surfaces, 235 
plane, 78, 256-262 
plant ecology, 84 
point pattern analysis, 52, 77-114, 115-134, 

127-129,323 
points, 218, 320 
Poisson distribution, 63-64, 98, 109, 116, 118, 

370, 399 
pollution, 86, 111, 256 
polygon, 3, 20,42-45, 126-129, 170,172,200, 

224, 285-314 
polyline, 137-138, 143 
population, 12,53, 374 
post codes, 119, 126 
precision, 289, 300, 303, 311 
prediction in space, 220, 370, 371, 375 
presidential election (U.s.), 192-196, 198-201 
pressure, atmospheric, 217, 325 
principal components analysis, 315, 317, 323, 

343-350,430 
probability, 57, 58, 67, 70,306-307,309-310, 

392-396 
process, 51-76, 396-402 
product, of scalars, 425-426 
production rules, 363 
projection, 78, 340, 427-428 
proximity, 42-45, 126-129,220, 224-225 

PYl'llophyluctic property, HI:! 

Pythagoras' theorem, 39, 88, 142-143, 324 


quadrat counting, 82-85, 98-100 

quadratic polynomials, 263 

quadrats, 59, 62-64,82-83 

quadtrees, 148 

quartiles, 391 


radial line index, 178-179 
radiation, 117, 121 
rainfall, 73, 213, 217, 224, 232,247,307, 325 
randomness, 51, 57, 72, 396-402 
range, 269 
raster, 5, 6,170,218-220,301,371. See also 

DEM; grid; matrix 
raster-to-vector conversion, 141-142 
ratio data, 13 
realizations, of a process, 53-58, 62, 74, 96, 

182 
regionalized variables, 73, 266 
regions, 168, 316, 335 
regression, 210, 276, 248-265, 300, 309-310, 

317,366,412 
relations, 39-42, 157 
relative relief, 235 
RePast language, 375 
representation, 4, 5, 710 
residuals, 224, 249, 252, 256, 261 
resolution, 143, 144, 151-152, 219 
Richardson plot, 146, 149 
ridge lines, 240 
~tion, 291, 293-294, 295, 296 
roughness, 235 
rounding, 239 
run-length coding, 140 
runs test, 181-186 

saddles, 240 
sampling, 79, 82-84, 104-105, 169, 182, 

18-45, 201, 213-214, 233-234, 402-404 
scalars, 210, 256, 425-426 
scale, 5, 10, 33, 53, 138, 149, 216, 289, 325 
scaling, 291, 292-293, 295 
scatter plots, 336-337, 348-349 
scenarios, 371 
scree plots, 347-348, 349 
second order effects, 29, 51, 65, 79-80, 88 
segment, 137 
self-definition, 6 
self-similarity, 149 
Sellafield (England), 117-121 
semivariance, 267 
semivariogram, 49, 203, 266-274. See 

variogram 
sensitivity, 311 
separation, 79 
series, geometric, 153-154 
shape, 168, 177-179 
shortest paths, 158,159-160 

http:129-1:.12
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sieve mapping, 285-314 

significance, in science, 108-109, 119, 122, 


389, 405 

sill, 270 

similarity, 326 

Simpson's rule, 174-175 

simulation, 68,71, 96, 104-108, 110, 120, 


124, 201, 202, 361, 405 

skeleton, 176-177 

skewness, 390 

slope, 217, 236, 303, 406 

Small Worlds, 162-163 

smoothing, 242. See also generalization 

soils, 6, 169, 171, 176, 303 

Space Time Attribute Creature (STAC), 121, 


369 

space, 33-34, 317-323,352 

spatial analysis, 2, 21-22, 28-33, 34-49, 53, 


66,73,108-112,122-123,315,357,358 

spatial autocorrelation, 180-196, 197-201 

spatial data, 2, 3, 411, 16-22, 26-50 

spatialization, 336-355 

spherical model, 269-273, 277 

splines, 138, 232 

spot heights, 213, 218, 258 

spread, 389, 391 

standard deviation, 183, 346, 385, 388, 389, 


398,399,401,402,403-404 

standard distance, 80-81 

StarLogolanguage, 374 

State Plane Coordinates, 290 

States of V.S., residential desirability of, 


330-334, 341-343, 347-350 

stationarity, 65-66, 275 

statistical analysis, 384-411 


of fields, 246-283 

of line objects, 161-163 

of point patterns, 95-108, 122-123 


streams, 152-154. See also drainage 

stress, 340, 342 

subscripts, 386 

subtraction, of matrices and vectors, 415-416 

summary circle, 81 

surfaces, 218, 239-240. See also fields 

Swarm language, 375 

SYMAP, 228, 231 

symbols, on maps, 290 


telescope, 360 

temperature, 213, 222-223, 247, 256, 


263-264, 360 

tessellation, 170 

tick points, 300 

till fabric analysis, 69 

time, 10, 122, 125-126,376-377 

T~, 6, 213, 218, 220, 232-233,237, 241. See 


also Delauney triangulation; triangles 
Tobler's Law, 180,221. See also First Law of 

Geography 

lopogrullhie IIIl1pll, 2 Hi, 218 

topography. 149.232 

topology, 147, 154, 155 

training, 366-367 

transformation, 346, 427-428 

TRANSIMS model, 374 

translation, 290, 292, 294, 296 

transposition, 420 

trapezoids, 173-174 

tree networks, 152-154 

trend, 256. See also drift 

trend surface analysis, 217, 238-239, 


247-248,256-265,282,317 

triangles, 44, 83-84, 170, 220. See also 


Delauney triangulation; TIN 

Tyneside (England), 121 


Uganda, 126 

uncertainty, 6 

uniform probability distribution, 57, 


400-401 

unique conditions, 288, 301, 406-407 

unit length coding, 140, 143 

units, 15 

universal kriging, 274, 281 

VTM, 290, 299 


valency, 241 

variance, 281, 322, 347, 388, 398,399 

variance-covariance matrix, 322-323, 344, 


347 

variance/mean ratio, 98-99 

variogram, 29, 45-49, 267. See also 


semivariogram 

Variowin, 280 

vector data, 45, 89, 14, 151-152, 172,236, 


301,413-415,425-426 

vertices, 155 

very important points (VIP), 220, 239-240 

viewsheds, 241-242 

Virtual Reality Modeling Language (VRML), 


220 

Visualization, 18-20, 86, 320-323, 336, 356 

VMR, see variance/mean ratio 

Voronoi tessellation, 170 


Ward's method of clustering, 329 

watersheds, 241 

weather forecasting, 73 

weight of evidence, 306, 308 

weight matrices, 201-203, 228, 265, 274-281 

weighted linear combination, 306, 309 

WGS84,290 

wiggliness, 148 

windowing, 297 


yardstick, 143, 145 


z scores, 183-184325, 347, 389, 402 
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